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In any A ABC with p,, pp, Pc
— Spieker’s cevians, the following relationship holds

1
P P+ Pp Tt P <S<M, +my+m,+ 3 (max{a,b,c} — min{a, b, c})

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India
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Let AS produced meet BC at X and m(5BAX) = a and m(5CAX) = B (say)
and inradius of A DEF = r’'(say)
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r? +c2 2r (c) A-B r? +b2 2r (b) A-C
——| ——=](=)sin = —_—— —) sin
4sinzS 4 2sins | \2 2 4sin22 4 2sin= | \2 2
2 2 2 2
@ r? c? 2r c A-B r?
- 2AS2 = =t —— c (—) sin + =
4sin2= 4 2sin- | ‘2 2 4sin2 -
2 2 2
N b? 2r (b) A-C
2 | 5snB/\2)%" 2
2

Acai 2r (c) . A—B+ 2r (b) . A-C
gain,| —— || =) sin —|sin
2 Zsing 2 2



ROMANIAN MATHEMATICAL MAGAZINE

_r(4R C . A_B+4R B . A—C)
=3 cosEsm > cosism >
R (2_ A+B A—B+2_ A+C A—C)
= Rr|( 2sin > sin > sin > sin >

B C A
_  9cin2 _ —2cin2— _ — 72¢in2 _
—Rr<1 2sin 2+1 2sin 2 2(1 2sin 2))

<2a(s —b)(s—c)—b(s—c)(s—a) —c(s—a)(s— b))
= 2Rr

abc
Rr
= 8Rrs (2a® + (b + ©)a? — 2a(b? + ¢%) — (b + c)(b — ¢©)?)

Y . oA
_ 4(b + o)bcsin” % —2a.2bccosA bc ((ZS —a)sin*; —a (1 — 2sin? E))

8s 2s
. ZA
bc ((Zs + a)sin 7 a) (2s + a)(s — b)(s — ¢)
= = — 2Rr
2s 2s
2r (c) . A-B 2r (b) . A-C
= — —)sin - — | sin
2sin | \2 2 2sing 2 2
v —2s+a)(s—b)(s—c
® ( )( )( )+ IR
2s
Al r2 N r2 r2 ( ca N ab )
S0, =—
4sinzg 4sin2§ 4\(s—co)(s—a) (s—a)(s—Db)
r2 ab + ca CON o r’
=——(ca(s—b) +ab(s—0)) = —2Rr = 5 =
4r2s 4sin25 4sin25
b2+c2+ab+ca (2s+a)(s—b)(s—c
(i), (), (++) = 2AS% = : S EeraeobiEo
_(a+b+)(b*+c*+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)
B 8s
_ b%+c® —abc+a(2b? + 2¢% - a?) L oasz ® b3 + ¢3 — abc + a(4m3)
B 4s B 4s

AS cAS

Via sine law on A AFS, = v c
Zsinz sina  cos — (a+ b)sinE

= coi () r(a+b) dvia sine A AES bsi G r(a+c)
csina = — - andviasine awlon , s;nB = "Jas
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(b-c)?

= m((az +2ab+c)+(b+0)?)+((b+c)?+2a+c)+a?) - az)
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Now, we shall prove that :

1 L
> (Jb—c|+|c—a]+|a-b]|) (=) max{a,b,c} — min{a,b, c}

aZch-‘-%(Ib—cI+|c—a|+|a—b|)=%(b—c+a—c+a—b)
= a— ¢ = max{a,b,c} — min{a,b, c}

a2c2b-'-%(|b—c|+|c—a|+|a—b|)=%(c—b+a—c+a—b)
=a—b = max{a,b,c} — min{a, b, c}

chZa-'-%(lb—c|+|c—a|+|a—b|)=%(b—c+c—a+b—a)
=b — a = max{a,b,c} — min{a, b, c}
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Case (4) bZaZc-‘-E(Ib—c|+|c—a|+|a—b|)=E(b—c+a—c+b—a)

=b — ¢ = max{a,b,c} — min{a,b, c}
c2a2b.'-%(|b—c|+|c—a|+|a—b|) =%(c—b+c—a+a—b)
= c—b = max{a,b, c} — min{a,b, c}
chEa-‘-%(lb—cl+|c—a|+|a—b|) =%(c—b+c—a+b—a)
= c¢—a = max{a,b,c} — min{a,b, c}
~ combining all 6 cases, we conclude : %(lb —c|+|c—a|+|a—b])
= max{a,b,c} — min{a,b, c}
= via (@), pg + Pp + Pc < M, + my, + m +%(max{a, b, c} — min{a,b, c})
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b — |

(strict) v s >a -~ m, +
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1
=>Zma+82|b—c| ZZpa:(l)istrue

cyc cyc cyc

> p, and analogs

1
S PatPptPc<my,+my+mg+ 3 (max{a,b,c} — min{a,b, c})
v AABC,” =" iff A ABCis equilateral (QED)



