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In any A ABC with p,, py, Pc
— Spieker cevians, the following relationship holds :

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India
A

Let AS produced meet BC at X and m(£BAX) = a and m(5CAX) = B (say)
and inradius of A DEF = r'(say)

a?\ (b2 at 1 161252
Now,16[DEF]? =2 ) (—|[— |- ) —=-—(2 22 _ 4 _
ow, 16[DEF] Z<4><4> 216 16( Z“ E,“) T
a b c
rs_ fytatz) s r
= [DEF] = =T 5 =,=>r=5-@

. .. C 2B+C B+m—-A
- Spieker center is incenter of A DEF, . m(5AFS) = B + 2= = >

m A-B B nm A-C
=—— andm(AAES)=C+E=E_T_,(2)

Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :
2 2
r C 2r C A—-B
AS? = et —- c ( ) sin
4sin? 5 4 2sin; 2

2
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oasz ¥ r? LC 2r (c) _A-B N r? N b?
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2
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- — | sin
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2r cn, . A-B 2r by  A-C
Now, —< (—) sin 2 + ZsinE (E) sin 2
2

ZsinE
r( C A-B B A—C)

== 4Rcoszsm > +4RcosEsm >

2
R (2_ A+B . A-B o A+C . A—C)
= Rr|( 2sin 2 sin 2 + 2sin 2 sin 2

=Rr <1 - Zsinzg+ 1-— Zsinzg -2 (1 — 2sin? %))
— oRr <2a(s —b)(s—c)—-b(s—c)(s—a)—c(s—a)(s — b))

B abc

_ Rr
~ 8Rrs
. 2 A — a)sin2 A _ —2gin2A
_4(b+c)bcstE—Za.ZbccosA_bC((ZS a)sin” 2 a(l 2sin 2))
8s 2s

. 2A
bc<(25+a)sm E—a) 2s+a)(s—b)(s—c¢)

— = — 2Rr
2r (c) _A-B 2r (b) . A-C
—) sin - —|sin
2sin; 2 2 Zsing 2 z

»—2s+a)(is—b)(s—c
) =( )( )( )+2

2s
2

(2a® + (b + ¢)a? — 2a(b? + %) — (b + ¢)(b — ©)?)

Rr

2 2

r N r r ( ca N ab )
4sinzg 4sin2§ “4\s-o(s—a) (s—a)(s—b)
2

Again,

r2

ab + ca (xx) T
— 2Rr = 5 C
4sin? 3 4sin2 5

b?+c2+ab+ca (2s+a)(s—b)(s—c)

2
= ﬁ(ca(s —b) + ab(s — c)) =

(D), (%), (x+) = 2AS? = 1 73
_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)

8s
_ b3+ c® —abc+a(2b® +2¢% — a?) , ) b3 +c® —abc+ a(4m?)

= 2AS
4s 4s
o AS cAS
Via sine law on A AFS, C = = c
Zsinisina cos —— (a+ b)sinE
S esing T T@tb) i sinel A AES, bsing = r(a+c)
csina = — - — andvia sine alw on ,1 sinf =" — ¢
Now, [BAX] + [BAX] = [ABC] = Epacsina + Epabsin[} =rs
via (x++) and (++=) p,(a+b+ a+ c) 4s
= =s> = AS
4AS ST Pa= 55+ a
,viaG) 1652 b3 +c® —abc+ a(4m?)
=Pa = .
(2s + a)? 8s
2 (m) 2s

pz = m(b3 +c3 —abc+ a(4m§))
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We have : 1_[(25 +a) =8s3 + 4522 a+ ZSZ ab + 4Rrs
cyc cyc cyc

= 8s% + 4s2.2s + 2s(s? + 4Rr + r?) + 4Rrs
(mm)
= 1_[(25 +a) = 2s(9s%+ 6Rr + r?)

cyc

Now, b3 + ¢ — abc + a(4m2) = b3 + ¢3 + a® — abc + a(2b? + 2¢% — a?) — a®
= Z a® — abc + 2a.2bccos A = 2s(s? — 6Rr — 3r?) — 4Rrs + 16Rrs cos A

cyc
( )
= b3 + ¢® — abc + a(4m3) - 2s(s? — 8Rr — 3r? + 8RrcosA) - (m), (mmm)

2s
/s — 8Rr — 3r2 + 8Rrcos A
2s+a

= Pa =

_ 2s
T 2s+a’

A
\/SZ — 8Rr — 3r2 + 8Rr (1 — 2sin? E)

_ 2s
T 2s+a’

T, I T, 2s + ar,

Pa Po Pc <2 Zs.\[s2 —3r2 — 16Rrsin2%

_eye(2s+a) Iy
B 2s '

A
> Pa Jsz — 3r% — 16Rrsin? ) and analogs

cyc \/sz —3r%2 —16Rr sinzg(ZS +b)(2s+ ¢)

via (wm) 25(9s% + 6Rr + r?)

2s

Iz

cyc \/(SZ — 3r2 — 16Rrssin? %) (2s +b)(2s + O)r,./(2s + b)(2s + O,

Bergstrom
>

(952 + 6Rr> (Beyela)”
) .
r Deye <\/(s2 — 3r% — 16Rrsin? %) (2s+b)(2s + O)r,./(2s + b)(2s + c)ra)

cBs (9s% + 6Rr + 1r?) (4R + r)?

- \/Z‘"’Y‘"’ ((s2 — 3r2 — 16Rrsin? %) (2s+b)(2s + c)ra).Jchc((Zs +b)(2s + Or,)

Iq Iy Ic (’)

Pa Pb Pc
(9s% + 6Rr +r?)(4R + 1)?

chyc((sz — 3r2 — 16Rrsin? %) (8s% — 2sa + bc)ra).\/zcyc((Ss2 — 2sa+bo)ry,)

A
r, stan; s ,A s s+ (4R+1)?
Wehave:Z—: A A:—Zsec—z——
a 4Rtan;coszg 4R 2

4R’ s2
cyc cyc
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Ty (llll)S +(4R+I‘)2 a—s+s
and Zara = rsz
a s—a

cyc cyc cyc

s(4Rr + r? ( )
=rs <—3 +¥> = Zara B=an (4R — 2r)s

rZs
cyc

A
We now proceed to evaluate : Z <—16Rr sin® 7 (8s% — 2sa + bc)ra>

cyc

. 2 . oA 2 ,A A
Flrstly,z<—85 .16Rr sin Er“) = —128Rrs Z (1—cos E)stani

cyc cyc
A A)

= —128Rrs?(4R +r) + 32rs3 Z (4RcosEsinE

cyc

= —128Rrs?(4R +r) + 32rs3(2s)
A
z (—852. 16Rr sin? Era) = —128Rrs?(4R + 1) + 64rs* > (3)

cyc

A A
Secondly,z <<—16Rr sin? E) (—Zsa)> = 32Rrsz ((1 — cos? E) ara>

cyc cyc

A A via(mmmmm)
= 32Rrs z ar, — z (a.stani.cos2 E) =
cyc cyc
4R 2
= 32Rrs?(4R — 2r) — 8rs? z a? = 32Rrs?(4R — 2r) — 16rs?(s?> — 4Rr — r?)

cyc

Z <(—16Rrsin2 %) (—25a)> = 32Rrs2(4R — 2r) — 16rs2(s2 — 4Rr — rz) S @)

cyc

sa A A
32Rrs ((4R 2r)s — —. (4Rcos—sin5)>

A sinzg stang—
Thirdly,z (—16Rrsin2 —bcra) = —16Rr.4Rrs. z n
2 4R cos22 S-tanz

cyc

A
= —16Rr? Z 2 - Z <—16Rrsin2 Ebclra) = —16Rr2((4R +1)2—252) > (5)

cyc cyc

¥

Again,z ((852 —2sa+ bc)ra) =8s2(4R+r) — ZSZ ar, + 4Rrs.z =
cyc cyc cyc @

via (mmmm)and (ammmm) SZ+(4R+I‘)2

= 8s%(4R +r) — 2s%(4R — 2r) + 4Rrs.
4Rs

Z ((85% - 2sa +bo)r, ) = (24R + 13r)s? + r(4R +1)2 - (6)

cyc

Via (3),(4), (5), (6),2 <(s2 — 3r?2 — 16Rrsin? %) (8s% — 2sa + bc)ra>

cyc
= (s2 - 3r%)((24R + 13r)s? + r(4R + r)?) — 128Rrs>(4R + 1) + 64rs*
+32Rrs?(4R — 2r) — 16rs?(s? — 4Rr — r?) — 16Rr?((4R + r)? — 2s?)

A
Z <<52 — 3r? — 16Rrssin? E) (8s% — 2sa + bc)ra>

cyc
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= (24R + 61r)s* — r(368R? + 160Rr + 22r?)s?
—r2(256R3 + 176R?r + 40Rr + 3r3) - (7)
T,
~(6),(7) and (@) = % + 2 4 =
Pa Pb pc
(9s% + 6Rr + r?) (4R + r)?

J(24R + 61r)s* — r(368R2 + 160Rr + 22r2)s2 — r2(256R3 + 176R2r + 40Rr2 + 3r3)
1 2

V(24R + 13r)s2 + r(4R + )2
& (9s? + 6Rr + r2)2(4R +r)* ;
(24R + 61r)s* — r(368R? + 160Rr + 22r?)s?
< —-r?(256R® + 176R?r + 40Rr? + 3r?)
& —(5184R? + 15984Rr + 7137r%)s®
+(20736R* + 96768R%r + 74880R’r? + 20160Rr? + 2106r*)s*
+r(27648R° + 140544R*r + 132480R%r? + 50688R’r® + 8748Rr* + 567r°%)s?

2 (9216R6 + 49152R5r + 50560R*r2 + 22720R3r3 + 5220R%r* + 604Rr5) z 0
+28r®

>3

) ((24R +13r)s + r(4R + r)z)

()
Now, Rouche = s> — (m —n) > 0 and s? — (m + n) < 0,wherem =
2R? + 10Rr —r?andn = 2(R — 2r).v/R%Z — 2Rr
(s2 —(m+ n)) (s2 —(m— n)) <0
= s*—s?(2m) + m? —n? < 0 > s* — s?(4R? + 20Rr — 2r?) + r4R+1r)3* < 0
. in order to prove (+), it suffices to prove : LHS of (¢) >

—(5184R? + 15984Rr + 7137r2)(s?)(s* — s?2(4R? + 20Rr — 2r?) + r(4R + 1)3)

s* — s2(4R? + 20Rr — 2r?)
+r(4R+r)3 )
& (9504R5 — 132066R*r — 507708R3r? — 78813R?*r3 + 77400Rr* — 3132r5%)s?

(567936R6 +2535072R°r + 2415368R*r* + 818798R°r> + 71163R*r 4) © 0
—13168Rr° — 2044r° =
9504R% — 132066R*r — 507708R3*r? — 78813R?*r® + 77400Rr*
—3132r° > 0 and then : LHS of (e¢) >
5 _ 4. 3.2 _ 2.3 4
(9504R 132066R*r — 507708R3r? — 78813R?r3 + 77400Rr )(16Rr_ 5r2)

—-3132r°
(567936R6 + 2535072R°r + 2415368R*r? + 818798R3r3 + 71163R?*r 4) ?

>0
—13168Rr> — 2044r°
< 360000t° + 187248t — 2523815t + 1048165t3 + 851814t% — 225140t

? R
+6808 =0 (t = F)

—4r(17712R3 + 65745R?r + 22653Rr? — 4095r3) (

?

4 3
+4719881t + 9550630

Euler .
>true~t > 2= (eo)istrue

9504R5 — 132066R*r — 507708R3*r? — 78813R?*r® + 77400Rr*
—3132r° < 0 and then : LHS of (e¢) >
5__ 4. 3.2 _ 2.3
(9504R 132066R*r — 507708R 78813R?*r )(4R2 + 4Rr + 3r2)

+77400Rr* — 3132r°
(567936R6 + 2535072R5r + 2415368R*r? + 818798R3r3 + 71163R?*r 4)

—13168Rr> — 2044r°®

?

=0
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& 19008t” + 38844t° + 2244t> — 163457t* — 354989t3

?
+65898t? + 103252t — 5720 > 0 &

5 4 3 2 ?
+1781759t + 3513322

Euler
—>true vt > 2 = (e¢)istrue .. combining both cases, (¢¢) = (°) is true

T, I T,
v A ABC -. p—“ + p—" + p—° >3 v AABC,” =" iff A ABC is equilateral (QED)
a b [



