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In any A ABC with p,, py, Pc
— Spieker cevians, the following relationship holds :
Pa Pb Pc S
< —
b+c+c+a+a+b_4r

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco
Solution by Soumava Chakraborty-Kolkata-India

A

Let AS produced meet BC at X and m(£BAX) = a and m(£CAX) = B (say)
and inradius of A DEF =r'(say)

Now, 16[DEF]? = zZ( ><bz> z == 16 z a2b? — Z 16r2s2

a
_Is _+ _rs_ T
:>[DEF]—4:>r > _4:>r—2—>(1)

. . . C 2B+C B+m-—A
- Spieker center is incenter of A DEF, .. m(4AFS) = B + 2 = > = >

T A-B nd (4AES) ci BT A-C
= — — = —_,——
2 Tz andmis 2 2 =2 @

Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :

AS2 r? +c2 2r (c) _A-B
= - — — ) sin
4sin2§ 4 Zsing 2 2

r? b? 2r (b) A-C
—_— —)sin
4sinzg 4 Zsing 2 2

r2

= 2AS? ©

2

c? 2r (c) ] A—B+ r? +b2
sin —
4sin? g 4 Zsing 2 4sin2 g 4
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N 2r (c) . A-B 2r (b) . A-C
ow, C sin + 2 sin 2

_r<4R C. A-B AR B . C)
=5 coszsm 2 + coszsm 2
A+B  A-B A+C A—C)

=Rr<2s1n 2 sin 2 + 2sin 2 sin >

=Rr <1 — Zsin2§+ 1- 2sin2§— 2 (1 — 2sin? %)
— oRr <2a(s —b)(s—c)—-b(s—c)(s—a)—c(s—a)(s — b))

abc

Rr (2a® + (b + ©)a? —2a(b? + c?) — (b + c)(b — ¢)?)

- 8Rrs
. 2A . 2 A
4(b + c)bcsin? % — 2a.2bccosA  bc ((ZS —a)sin®> —a (1 — 2sin’ 5))
B 8s B 2s
. 2A
bc ((Zs + a)sin 7= a) (2s + a)(s — b)(s — ¢)
= = — 2Rr
2s 2s
R 2r (c) . A—B 2r (b) . A-C
- —)sin - —)sin
ZsinE 2 2 Zsing 2 2
= —(2s+a)(s—b)(s—c
) -@s+a)-b)G-0 .
2s
Avai r? N r? rz( ca N ab )
ain, =—
& 4sinzg 4sin2§ 4\(s—c)(s—a) (s—a)(s—b)
r2 ab + ca () r? r2
—m(ca(s—b) +ab(s—¢)) = 2 —2Rr =

. B ., C
4sm25 4sm25

. _b*+c?+ab+ca (2s+a)(s—b)(s—c)
(i), (%), (xx) = 2AS?% = _ -

4
_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)

8s
343 2 2 _ g2 b3 4 3 2
=b + ¢ — abc + a(2b? + 2¢% — a?) ZASZ(;)b + ¢ — abc + a(4m?)

4s 4s

L. r AS cAS
Via sine law on A AFS, < = e c
ZsinEsina cos —— (a + b)sin >

S esina 2 T@FD)dviasinel A AES, bsing =7 T@ 1O
csina = — - -— andvia sine alw on ,1 sinf = 7AS
Now, [BAX] + [BAX] = [ABC] = Epacsina + EpabsinB =rs
via (+++) and (=) p,(a+ b+ a+ c) 4s
= =S Ppg =
4AS 2s+a
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,viaG) 1652 b3+ ¢ —abc+ a(4m3)
@ 7 (2s+a)? 8s

(m) 2s
pz = @star (b3 +¢3 —abc+ a(4m§))

Now, b3 + ¢ — abc + a(4m2) = b3 + ¢3 + a® — abc + a(2b? + 2¢% — a?) — a®
= Z a® — abc + 2a.2bccos A = 2s(s? — 6Rr — 3r%) — 4Rrs + 16Rrscos A

cyc

= b3 + ¢ — abc + a(4ma) Zs(s — 8Rr — 3r? + 8RrcosA)
We have : H(2s+a) = 8s3 + 45?2 Za+ZsZab+4Rrs

cyc cyc cyc

= 8s% + 4s2.2s + 2s(s? + 4Rr + r?) + 4Rrs
(mmm)
= 1_[(25 +a) = 2s(9s2 + 6Rr + rz) and

cyc

Z(Zs +b)(2s+¢) = Z(4s2 +2s(2s — a) + bc)

cyc cyc

( )
= 24s% —2s5(2s)+s?+4Rr+r? = Z(Zs +b)(2s +¢) " 2152 + 4Rr + 12

cyc

(m),(mm) =2 p, = As? — 8Rr—3r2+8chosAvm(;“)
Pa =55 a
2s
25(9s2 + 6Rr + r2) .2 — 8Rr — 3r2 + 8Rrcos A. (2s + b)(2s + ¢) and analogs
1 = Pa + Pb + Pc

= 92 T6Rr 112 z (\/(s2 8Rr — 3r2 + 8Rrcos A)(2s + b)(2s + ¢).1/(2s + b)(2s + c))

CBS 1

2 _ _3r2
9sZ+6Rr+r2 \/Z(s 8Rr — 3r2 + 8RrcosA)(2s +b)(2s + ¢). \/Z(Zs+b)(25+c)

cyc

(s2 —8Rr — 3r2)(21s%2 + 4Rr +r2) +
via (mmmm) 1 2 2
= 952+ 6Rr+r12’ 8RrZ((852 —2sa+ bc) cosA) J21s% +4Rr + 1
cyc
(s2 — 8Rr — 3r%)(21s% + 4Rr + r2)
1
= R+r 2rs bZ + c% — a? 2 2
9s2 + 6Rr + r2" |+8Rr| 8s2. —2s.—+ bc.——— 215% +4Rr + 1
R R 2bc
cyc
. Z A= 2rs
g acosA =—
cyc

B 1 (s2 — 8Rr — 3r2)(21s% + 4Rr + r?) \/21 T
" 952 + 6Rr + r2°_[+8r(8(R + r)s% — 4rs? + R(s? — 4Rr — r2))’ S r-r

= (pa +pb -}_pc)2 <
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(21s? + 4Rr + r?) (21s4 — (92Rr + 30r?)s? — r?(64R? + 28Rr + 3r2)) 2 (14R — )2
(9sZ + 6Rr + r2)2 =
3969s® — (15876R? + 14364Rr + 5562)s*

< —rs?(21168R% + 15912R?r + 6804Rr? + 855r3)

9

?
—r?(7056R* + 3648R°r + 1480R*r? + 344Rr? +28r*) < 0

(*)
Now, Rouche = s — (m — n) > 0 and s> — (m + n) < 0, where

m = 2R? + 10Rr —r? and n = 2(R — 2r)./R%2 — 2Rr
(s? = m+m)(s*~(m-m) <0

2 J
= s* —s?(2m) + m? — n? < 0 = s* — s?(4R? + 20Rr — 2r?) + r(4R + r)3 (S) 0
~ 3969s2(s* — (4R? + 20Rr — 2r?)s? + r(4R + 1)%) < 0 > in order
to prove (), it suffices to prove : LHS of (¢) <
3969s%(s* — (4R? + 20Rr — 2r?)s% + r(4R + 1)3)

(16254R — 3375r)s* — s2(68796R> + 51606R?r + 13608Rr? + 1206r?)

?
—r(1764R* + 912R°r + 370R?r% + 86Rr? + 7r*) < 0 and

)
via (#)
+ (16254R — 3375r)(s* — (4R? + 20Rr — 2r?)s? + r4R+1)3) < 0
= in order to prove (), it suffices to prove : LHS of (s¢) <
(16254R — 3375r)(s* — (4R? + 20Rr — 2r?)s? + r(4R + 1)3)
(1890R3 — 129987R?r + 56808Rr? — 2772r3)s?
=

D)
+r(521010R* + 282552R3r + 16709R?*r? — 12080Rr> — 1684r*) > 0
1890R3 — 129987R?r + 56808Rr? — 2772r3 > 0 and then : LHS of (s¢*)
>r(521010R* + 282552R3r + 16709R?*r? — 12080Rr® — 1684r*) > 0

= (eee) is true
1890R3 — 129987R?r + 56808Rr? — 2772r3 < 0 and then : LHS of (e+¢)

= — (~(1890R? — 129987R?r + 56808Rr? — 2772r%) ) s?

+r(521010R* + 282552R3r + 16709R?*r? — 12080Rr> — 1684r*)
Gerretsen
> - (—(1890R3 — 129987R’r + 56808Rr? — 2772r3)) (4R? + 4Rr + 3r?)

?
+r(521010R* + 282552R3r + 16709R?*r? — 12080Rr> — 1684r*) > 0

? R
& 3780t5 + 1287t* — 843913 — 85538t% + 65924t — 3704 > 0 (t = —)

r
?
& (t—2)(3780t* + 118713 + 3713t% + 17782t(t — 2) + 2500) > 0 > true

Euler
“t = 2= (eee)istrue -~ combining both cases, (¢¢¢) = (e¢) = (o)

_ , (14R-r1)?
istrue VAABC = (p, + Py + Po)” < — 9
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14R—r| Pa
3 “Lib+c

cyc

.Z(pa(c +a)(a+ b))
cyc

e pa"'pb‘i'pcS

1
~ 2s(s? + 2Rr + r?)

1
= 2
2s(s2 + 2Rr + r?2) z Pa Z ab | +a’pa

cyc cyc

< 1 14R—r Z b +Z ’
~ 2s(s2 + 2Rr +r2)’ 3 a @ Pa

cyc cyc

Chebyshev 1 14R—-r 1 )
< . . b -
2s(s + 2Rr + r2) 3 Z“ *3 Z“ zp“

cyc cyc cyc

2s
2s+a

A
v Pa = .\/s2 — 3r% — 16Rrsin? 7= in order to prove : p, < p, fora > b,
1 1

it suffices to prove : < and
P 2s+a” 2s+b

2 2 A 2 2 . B .
s“ — 3r“ — 16Rrsin ESS — 3r“ — 16Rrsin E,bothofwhlcharetrue

. WLOG assuminga > b > ¢ = p, < p, < p. and a? > b? > ¢?

< 1 14R —r z b +1 z 2 (14R—r)
S2ss2+2Rr+r2) |~ 3 |\ L*P T3 LG 3

cyc cyc

14R-r

_ 9 2
- 2) ab+ ) a* |+ ) ab
2s(s? + 2Rr +r?) @ @ a
cyc cyc cyc
_ (14R—r)(4s* + s + 4Rr + r?) 2
B 18s(s2 + 2Rr +r?) ~ 4r

& 9s* — (122Rr — 19r%)s? — r?(112R? + 20Rr — 2r?) é 0
(soee)
Now, LHS of (see) cergeen (144Rr — 45r?%)s? — (122Rr — 19r?)s?
—-r?(112R? + 20Rr — 2r2) (22Rr — 26r?)s? — r?(112R? + 20Rr — 2r?)

S (22Rr — 26r2)(16Rr — 5r?) — r*(112R? + 20Rr — 2r?) >0
Euler

& 40R?% — 91Rr + 22r? > 0 & (40R—11r)(R — 2r) > 0->true~vR > 2r
pa pb pc )
< —
b+c+c+a+a+b_4r
v AABC,' =" iff A ABCis equilateral (QED)

= (eeee) is true -



