ROMANIAN MATHEMATICAL MAGAZINE

In any A ABC with p,,n,, g,
— Spieker cevian, Nagel cevian, Gergonne cevian,
the following relationship holds :
w, +2p, <4m, —w, <3p,<2m,+n, < g, +2n,

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India
A

Let AS produced meet BC at X and m(3BAX) = a and m(4CAX) = B (say)
and inradius of A DEF = r’'(say)

a?\ (b? at 1 16r2s?
2 _ — 22 _ 4) —
Now, 16[DEF] _zE (—4)(—4) E e —16(zE ab E a) =
b [

rs r
= [DEF] = =1’ % =, =>r=5->@1

. . C 2B+C B+m-—-A
> Spieker center is incenter of A DEF, . m(5AFS) = B + 33 = >
. m A-B B m A-C

andm(AAES)=C+E=E—T—>(Z)

Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :
2
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2r (b) . A-C
— —|sin

N 2r (c) . A—B+ 2r (b) . A-C

ow, —) sin —|sin
Zsing 2 Zsing 2 2

A —

_r(4R C. A-B AR B . C)
== cosEsm > + cosEsm >

2
R (2_ A+B_A-B _ _ A+C_ A—C)
= Rr(2sin——sin— sin——sin—
=Rr(1 2'ZB+1 2'ZC 2(1 2'2A)
= Rr sin® > sin® > sin® >
2a(s—b)(s—c)—b(s—c)(s—a)—c(s—a)(s—Db)
= 2Rr
abc
Rr 3 2 2. .2 2
=m(2a + (b + ©)a? — 2a(b? + ¢%) — (b + ¢)(b — ©)?)
. oA . 2A
_ 4(b + c)bcsin? % — 2a.2bccosA _ bc ((25 — a)sin? S a (1 — 2sin® 5))
- 8s - 2s
.. 2A
bc((Zs+a)sm E—a) (2s + a)(s — b)(s — ¢
= = — 2Rr
2s 2s
2r (c) . A-B 2r (b) . A-C
= — —)sin - —)sin
2sin? | \2 2 2sin> | \2 2
) —2s+a)(s—b)(s—c
) —( )( )( )+2Rr
2s
Avdi r? N r? rz( ca N ab )
ain, =—
g 4sin2§ 4sin2§ 4\(s—c)(s—a) (s—a)(s—b)
r? ab + ca (%) r? r?
=——(ca(s—b)+ab(s—c)) =———2Rr =
ar%s ) 4 4sinZ2  4sin?3
b2+ c2+ab+ca (2s+a)(s—b)(s—c)

(i), (), (x) = 2AS% = 2 s
_(a+b+c)(b®+c?+ab+ca)—(2a+b+c)(c+a—-b)a+b-c)

8s
b3 + ¢3 — abc + a(2b? + 2¢2 — a?) oagz @ b3 + ¢3 — abc + a(4m3)
= = =

4s 4s
AS cAS

Via sine law on A AFS, C = 5 = c
Zsinzsina cos—— (a+ b)sinz
«) r(a + b) (x+¢) T(@ + €)

.« .. .
= = - Z —
csina 2AS and via sine law on A AES, bsinf8 2AS

1 1
Now, [BAX] + [BAX] = [ABC] = Epacsina + EpabsinB =TS
via (+++) and () p,(a+b+ a+ c) 4s
=s=> = AS
= 4AS ST PaT 55 a
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, via@ 165> b3+ c3 —abc + a(4m3?)

Pa = (2s + a)?’ 8s
() 2s
pg = m(b3 + C3 —abc + a(4m,21))

Now, b3 + ¢ — abc + a(4m3) = b® + ¢3 — abc + a(2b? + 2¢? — a?)
= (b + ¢)(b? — bc + ¢2) + a(b? — bc + ¢2) + a(b? + ¢ — a?)
= 2s(b% — bc + ¢2) + a(b? — bc + ¢ + bc — a?)

b+c)2—(b—c)?
:(Zs+a)(b2—bc+c2)+a<( © 4( © —az)
ab+c+2a)b+c—2a) a(b-—c)?
4 4 5
2s—a+2a)(b+c—2 b —
:(Zs+a)(b2—bc+c2)+a(S ¢ i)( c-2a) o 4C)
4b% + 4c> —4bc+a(b+c—2a) a(b—c)?
4 4
= (2s + a).
4z+x)?+4(x+y)?2—4z+x0)(x+y) +(y+2)(z+x)+ (x+y) —2(y +2))
4

=(2s+a)(b?—bc+c?)+

= (2s + a).

_a(b- c)?

4
Ax(x +y+z) +2x(y+z)+3(y —2)? _a(b— c)?

4
= (Zs+a)<s(s—a)+%(b—c)2+

(a=y+zb=z+x,c=x+Yy)

= (2s+ a).

4
a(s—a)\ a(b-c)?
2 >_ 4
- — — )2
=(2s+a) (S(S_a)+%(b—c)2 _l_a(s2 a) _(a+25 is)(b )
(b-0? ais—a)_ sb-c’
2 + 2 >+ 2
— _ 2 _ 2
(s—a)(2s +a) N (b—10) > N s(b—¢)

=(2s+a) (s(s—a) +

2 2 2
2s (s—a)2s+a)? (2s+a)(b-c)? s(b—c)?
(2s + a)? < 2 * 2 + 2 )

3 b ) s 2 s 11
=sts-a)+(b-o (Zs+a) T2sta 42

(b;c)2+(b—c)2.< s +1)2

~|b3 + ¢ — abc + a(4m32) © (2s + a) (

(o)' (oo) = pg =

=s(s—a)—

) 252+ a' 2
(b—c)*((4s+ a)
=sG-a)+ 4 (2s + @)
) s(3s+ a)(b —c)?
2 Vo
>p; = s(s—a)+ 25+ a)
P, (b — ¢)? via (s+*)
Now,m,n, = p; + e

18
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2

—¢c)2 — )2\ 2
<S(S_a)+(b4c))(S(S_a)+s(bac)>.2<S(S_a)+s(3s+a)(b c)>

(2s + a)?
(b—0c)* (b-c)? s(3s +a)(b —c)?
T 322 T o \SCTOt— G e
4, 2 2 4
3 2 (S 1) s(b—oc¢) ;s(Bs+a) (b—o¢)
ess-ab-c (a + 4 * 4a (2s + a)*
s(3s+a)(b—c)? (b—c)* (b—c)?> sBs+a)b-o)*
5 + +s(s—a). + 5
(2s+a) 324 9 9(2s + a)
o s ) s+1 2s(3s+a)(b—c)? 1
SSTMN T, (2s + a)? 9
s s?’(Bs+a)? 1 s(3s+ a) ?
—_ _ _ _ 2 5 . — )2 >
<4a (2s+a)* 324 9(2s+ a)2> b-0*20(+(b-0*20)
o s(s — a)(144s3 — 52s%a — 16sa® + 5a3)
36a(2s + a)?
N 1296s> — 772s*a — 608s3a? + 48s%a3 + 37sa* — a®
324a(2s + a)*
s(s—a) ((s — a)(144s% + 92sa + 76a%) + 81a3)
< 36a(2s + a)?
(s — a) ((s — a)(1296s® + 1820s%a + 1736sa® + 1700a3) + 1701a4)

2s(s — a).

(b—c)?=>0

+

.(b—1c)?
324a(2s + a)* (b=c)
? . . . 2 (b - C)Z
> 0 — true (strict inequality) .- m,n, > p; + T 3)
via (3)
Now, (2m, + ng)? — 9p2 = 4m? + n2 + 4m,n, — 9p? >
) s(b — ¢)? , 2(b-0o)? 2
4s(s—a)+ (b—c)*+s(s—a) +—+4pa+T—9pa
via (ee+) 11(b—-c)? s(b—c)? 5s(3s + a)(b — c)?
= b5s(s—a)+ 9 + —5s(s—a)— 2s + a)?
11 s 5s(3s+a 36s3 — 55s%a + 8sa? + 11a®
= —+———( ) .(b—C)2= -(b_c)z
9 a (2s+a)? 9a(2s + a)?
(s —a) ((s —a)(36s +17a) + 6a2)

_ o o
) 9a(zs + a)? (b= 0?20 (2mg +n,)* = 9p}

= 2m, + n, > 3p,and analogs — (4)

2 2 Via () 2s 3 3 2 2
Also, p; — mg m (b + c® —abc + a(4ma)) —mg
2s 8sa
- b3 3 _ b _ (1 _ —) 2
(2s + a)? (b° + ¢* — abc) 2s+a)?) “

4(a+ b+ c)(b3 + ¢ — abc) — (2b% + 2¢% — a?)(b + ¢)?
- 4(2s + a)?
_a’(b-c)? +4ad+c)(b—c)? +2(b? - cz)2
a 4(2s + a)?
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b — c)?
B ﬁ((az +2a(b+¢)+ (b +02) +((b+0?+2a(b+0 +a?) - a?)
_ (b-o0)?
"~ 4(2s+a)?
@ (b—0)*(8s? — a®) s>a
p; —mj = 4(Zs(+a)z )2 0= Pa 2Ma 2 Wa = Wa =< Pa
2 2 2 2

Pa — Mg mg; —Wg | -
< ,it suffices to prove :
Pt M, m,+w,

Pz —mg < mj —wg
vit::()-) (b — ©)?(8s% — a?) (b — ¢)?

(b — ¢)?(8s? — a?
(2(a+b+c)?—a?) = 4(25(_'_ ) )

~ in order to prove :

s(s —a)(b — ¢)?
125 ta)? <s(s—a)+ . s(s—a) — b+ 02 >
_(b—-0)? X 4s(s—a)\ (b-c)? 2s—a)’+4s(s—a)
4 < * (2s — a)2> 4 (2s — a)?

N ((Zs —a)? +4s(s — a)) (2s + a)? = (8s% — a?)(2s — a)?
& 16s3 —12s?a—4sa’ +a®> >0 & (s —a)(16s* + 4sa) + a3 > 0
— true (strict) sinces > a
2 2 2 2
Pa — My mg; — Wq
< = <2 d l 5
o m. S m. T w, [pa + W, < 2m,|and analogs - (5)
(b —c)?(8s%2 —a?)s>a
4(2s + )2 = 0=p, 2m, = pW, = mw,

Lascu + A-G
> s(s—a) - (6)

Also,p% — m?2 =

via (e«¢) and (6)

Now, (3p, + Wg)? = 9p2 + w? + 6p,w, >
9s(3s + a)(b — c)? s(s —a)(b — ¢)?
9s(s —a) 2s t ay? +s(s—a)— 25— ay? + 6s(s—a)
?

> 16m2 = 16s(s — a) + 4(b — ¢)?
9s(3s + a)(b — c)? 2 s(s —a)(b — ¢)?

(2s + a)? - (2s-— a)z2 +4b-o)
9s(3s+a) ? s(s—a) +4(2s —a)
Castal > @oaz L ®9°20)

? S
o 20t* —36t3 +13t2+5t—2>0 (t:E)

?
e (t—-1) ((t —1)(20t> +4t+1) + 3) > 0 - true (strict) vt > 1
~|3pq + W, = 4m,|and analogs - (7)
Finally, an?.ag? > a’s*(s — a)? ©
2(c _ 2(c _ (@)

(bz(s —c)+c%2(s—b)—a(s—b)(s— c)) (b Esa(sb_) ;)ES(_S c)c)> > a?s?(s — a)?
Lets—a=x,s—b=yands—-c=z-s=x+y+z=>a=y+zb=z+X
and ¢ = x + y and via such substitutions, (a) &

(z(z +x)?2 +y(x+y)?—yz(y + z)) (y(z +x)?2 +z(x +y)? —yz(y + z))
>x%(y+2z)%(x +y+2)?
oxy?+xz?+y3+z3>2xyz+yz(y+z) ox(y-z2)?+(y+2)(y—-2)% >0
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(b)
— true = (a) is true = n,g, = s(s—a)

Also, Stewart’s theorem = b?%(s — ¢) + c?(s — b) = an? + a(s — b)(s — c¢) and
b%(s — b) + (s — ¢) = ag? + a(s — b)(s — ¢) and adding these two, we get :
(b% 4+ c®)(2s —b —c) = an? + ag? + 2a(s — b)(s — ¢) = 2a(b? + ¢?)
=2a(n2+g%)+a@a+b-c)(c+a—-b)
= 2(b% + ¢?) = 2(n% + g3) + a* — (b — ¢)?
=>2(Mb%+c?)—a’?+(b-c)?=2(n2+g%) =4m3+ (b—c)? =2(n3 + g2)
=>2(b-c)?+4s(s—a)=2(ni+g%)=>n2+gi=(b-c)?+2s(s—a)

via (b
= n2 + g2+ 2n,g, 2( ) (b-c)?+4s(s—a) = (ng + g,)* = 4m2
=(n, + g, = 2m,|and analogs - (8)
Now,w, + 2p, < 4m, — w, is equivalent to (5) and then :
4m, — w, < 3p, is equivalent to (7) and also,
3p, < 2m, + n, is equivalent to (4) and finally,
2m, +n, < g, + 2n, is equivalent to (8)
" Wo +2pg £ 4m, —w, <3p, <2m, +n, < g, +2n,VAABC (QED)




