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In any A ABC with p,, py, Pc
— Spieker cevians, the following relationship holds :
4R +r
Pa, Py Pec_
h, h, h, 3r

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco
Solution by Soumava Chakraborty-Kolkata-India

A

Let AS produced meet BC at X and m(£BAX) = a and m(£CAX) = B (say)
and inradius of A DEF =r'(say)

Now, 16[DEF]? = zZ( ><bz> z = 16 z a2b? — Z 16r2s2

rs LN rs r
:>[DEF]=Z:>r’ % :Z:”’:E_’(l)

. . . C 2B+C B+m-—A
- Spieker center is incenter of A DEF, .. m(4AFS) = B + 2 = > = >

m A-—B B m A-C

=E— 2 andm(AAES)=C+E=E—T—>(2)

Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :
2

AS2 r +c2 2r (c) _A-B
= - — — ) sin
4sin2§ 4 Zsing 2 2

r? N b? 2r (b) A-C
= I —)sin
4sinzg 4 Zsing 2 2
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2r cn, . A-B 2r by  A-C
Now, C (—) sin + (—) sin

ZsinE 2 2 Zsing 2 2

r C.  A-B B . C

= 2 (4Rcos§ sin > + 4Rcos Esm > )
. A+B _ A-B .A+C  A-C
=Rr<251n > sin > + 2sin > sin > )

=Rr <1 — Zsin2§+ 1- 2sin2§— 2 (1 — 2sin? %)
— oRr <2a(s —b)(s—c)—-b(s—c)(s—a)—c(s—a)(s — b))

- abc

Rr
= ﬁ(2a3 + (b + c)a? — 2a(b? + c?) — (b + ¢)(b — ¢)?)
. 2A . 2 A
4(b + c)bcsin? % — 2a.2bccosA  bc ((ZS —a)sin®> —a (1 — 2sin’ 5))
B 8s B 2s
. 2A
bc ((Zs + a)sin 7= a) (2s + a)(s — b)(s — ¢)
= = — 2Rr

2s 2s

R 2r (c) . A—B 2r (b) . A-C

- —)sin - —)sin
ZsinE 2 2 Zsing 2 2
»—(2s+a)(is—b)(s—c
O-@staG-b)s-9
2s
Avai r? N r? rz( ca N ab )
ain, =—
g 4sinzg 4sin2§ 4\(s-c)(s—a) (s—a)(s—b)
r? ab + ca w) T2 r?
= m(ca(s —b) + ab(s — c)) =—F " 2Rr (:)

. B ., C
4sm25 4sm25

. _b?+c?+ab+ca (2s+a)(s—b)(s—c)
(), (), (+x) = 2AS% = _ -

4
_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)

8s
343 2 2 _ g2 b3 4 3 2
=b + ¢ — abc + a(2b? + 2¢% — a?) ZASZ(;)b + ¢ — abc + a(4m?)

4s 4s
r AS cAS
Via sine law on A AFS, c = e c
ZsinEsina cos —— (a+ b)sinE
. (=) r(a+b) L. ] (%) T(@ + €)
= csina = ———— and via sine law on A AES,bsin} = ————

2AS 2AS
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1 1
Now, [BAX] + [BAX] = [ABC] = Epacsina + EpabsinB =rs

via (xxx) and (xxxx) pa(a +b+a+ C) 4s A
—1 = = =
4AS ST PeT 551 a
,via 16s? b3 +c® —abc+ a(4m?)
= = )
Pa (2s + a)? 8s
® 2s
~|pa = st a2 (b3 +c3 —abc+ a(4m,21))

Now,b? + ¢ — abc + a(4m2) = b3 + ¢® — abc + a(2b? + 2¢? — a?)
= (b + ©)(b? — bc + ¢2) + a(b? — bc + ¢?) + a(b? + c? — a?)

= 2s(b% —bc + %) + a(b? — bc + % + bc — a?)
b 2 _ b— 2

=(25+a)(b2—bc+c2)+a<( 9 4( ©) -

a(b+c+2a)(b+c—2a)_a(b—c)2

aZ

=(2s+a)(b?—bc+c?)+ 2 2
a2s—a+2a)(b+c—2a) a(b-c)?

= (2s+a)(b?—bc+c?)+
4 4
4b% +4c? —4bc+ab +c—2a) ab-c)?

= (2s + a). m m
(Zs) 4z+x)?+4(x+y)? -4+ 0)x+y)+ +2)(z+x)+ (x+y) —2(y+2))
+a’’ 4
2
_a(b ) (a=y+zb=z+x,c=x+Yy)
4x(x+y+z)+2x(y+z)+3(@y—-2?% alb-c)?
= (2s+ a). —

4
(s—a)\ a(b-c)?
2 4

:(Zs+a)<s(s—a)+%(b—c)2+a

= a(s—a _ — )2
2s+a) <s(s a) + E (b — ¢)? (Sz ) (a+2s—2s)(b—c)
= b-c)? a(s—a — )2

(2s+a) (s(s —a)+ ( . c) (52 )) s(b . c)

_ — )2 — 2
- |b3 + ¢ — abe + a(4m?) () 2s+ @) <(s a);25+a)+(b 2c) >+S(b2 ()
. 25 ((s—a)2s+a)® (2s+a)(b-c)? s(b—c)?
"G~ pa= (25+a)2< 2 " 2 T2
s 2 s 1 1
=s(s—a)+(b—c)2<(zs+a) +Zs+a+Z_Z>
(b-¢)? s 1)
=s(s—a) - 4 +(b_°)2'(25+a+i)

a(b—c)? a(4s+a)?
4 (4s + 2a)?

= |ap? g as(s—a) — .(b—10c)?
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a(4s+a)?  (4s+2a)® -2a(4s +2a) + a®

ow, (4s + 2a)? a- (4s + 2a)?
B (a+2s—-2s)? (a+2s—2s)
2s+a (4s + 2a)?
B (25 +a) + 4 4s? +1 (2s+a)® —8s® —3(2s+a)(2s)a
-a sTa ST 2s+a 4 (2s + a)?
_, 4s? +2s+a 2s3 3s(a + 2s — 2s)
T4 T %s+a 4 (2s + a)? 2(2s +a)
55 a 4s? 2s3 3s 3s?

2 +Z_2s+a_(2s+a)2_7+25+a
. a(4s + a)? (s00) a s’(4s+a)
as+2a)2 = T2 (@2s+a?
(ccc)’ (02000) =3 apg = )
a(b—c¢) , ab-o0
. ) — +s(b—-c) +—24( |
s“(4s+a a<s s“(4s+a
-~ 7 —c)2 < — —c)2 -
(Zs+a)2'(b 0 < as(s—a)+s(b—c) 25+ 5)2

(4s+a)(b —c)?

as(s—a) —

.(b—c¢)?

=as(s—a)+s(b—-c)? -

5s(b—c)? a(b—c)?
9 9

.-.Zap?l:s(ZS—Z(s —4Rr—r2) +& Za —Zab

cyc cyc cyc

—% Z(ab(ZS —¢)) — 6abc

cyc
10s(s? — 12Rr—3r2?) 2s(s? — 14Rr +r?)
9
2s(4s2 — 10Rr — 7r2) Y. apg (’) 4s2? — 10Rr — 7r2 Pa Pb  Pe CBS
= =

L L
2rs and et e T h, S

Zpg Z 1 [Zyeapd apa 1 Vla(’) 4s2 — 10Rr— 7r2
h,’ h, 2rs
cyc cyc

Gerrétsen \/4(4R2 + 4Rr + 3r2) — 10Rr — 7r?

=as(s—a) + and analogs

=s(8Rr + 2r?) +

- 9r2

B 16R2 + 6Rr + 5r2 Elier 16R2 + 6Rr + r2 + 2Rr _ |(4R+ r)?2
N 9r2 = 9r2 N 9r2

+
% + % + % < v AABC,” =" iff A ABCis equilateral (QED)
b c

3r



