ROMANIAN MATHEMATICAL MAGALZINE

In any A ABC with p,, pp, Pc

— Spieker cevians, the following relationship holds :

Jmep, Jmpp, Jmp. V3 (b +¢c c+a a+ b)
+ + > — + +3-2V3
h, h, h, 3 a b C

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India

A

B

Let AS produced meet BC at X and m(3BAX) = a and m(4£CAX) = B (say)
and inradius of A DEF =r'(say)

Now, 16[DEF2—ZZ< ><b2> 216 = z a2b? — Z _lér’s

rs LN rs
:>[DEF]=Z=>r’ 22# =Z:r———>(1)

. . . C 2B+C B+m-—A
- Spieker center is incenter of A DEF, . m(5AFS) = B + 2 = > = >

W A—B B m A-C

andm(AAES)=C+E=E—T—>(2)

Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :

AS2 r? +c2 2r (c) ~A-B r? +b2 2r (b) A-C
= —_— —)sin = —_— —) sin
4sin2§ 4 Zsing 2 2 4sinzg 4 Zsing 2 2

r? 2r (c)sinA_ B r? b?

4$m2 4 Zsm; 2 4sin2 g 4

= 2482 2
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2r cn, . A-B 2r by  A-C
Now, C (E) sin 2 + ZsinE (E) sin 2
2

r C A-B B A-C
= 2 <4Rcoszsin + 4RcosEsin )
_R (2_ A+B  A-B 2si A+C A—C)
= Rr|( 2sin 2 sin 2 + 2sin 2 sin 2

=Rr <1 - Zsin2§+ 1- Zsinzg -2 (1 — 2sin? %)
— oRr <2a(s —b)(s—c)—-b(s—c)(s—a)—c(s—a)(s — b))

abc

Rr
= m(Za3 + (b + c)a? — 2a(b? + c?) — (b + ¢)(b — ¢)?)
. oA . oA
_ 4(b + c)bcsin? 2 — 2a.2bccosA ~ bc ((ZS - a)sng —-a (1 — 2sin? E))
- 8s B 2s
. 2A
bc ((Zs + a)sin 7 a) (2s + a)(s — b)(s — )
= = — 2Rr
R 2r (c) . A—B 2r (b) . A-C
- —)sin - —|)sin
ZsinE 2 2 Zsing 2 2
»—2s+a)(is—b)(s—c
) =( )( )(s —¢) + 2Rr
2s
Avai r? . r? r2< ca N ab )
ain, =—
& 4sinzg 4sin2§ 4 \(s—c)(s—a) (s—a)(s—b)
r? ab + ca (=) 12 r2
—m(ca(s—b) +ab(s—c)) =2 —2Rr =

. B ., C
4s1n25 4s1n25

. _b*+c?+ab+ca (2s+a)(s—b)(s—c)
(i), (%), (xx) = 2AS?% = _ _

4
_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)

8s
_ b3 +c® —abc+a(2b® +2¢% — a?) , ) b3 +c® —abc+ a(4m?)

= 2AS
4s 4s
.. r AS cAS
Via sine law on A AFS, C = = c
Zsinisina cos —— (a+ b)sinE
S esina 2 TP dviasine] A AES, bsing =7 T@ 1O
csina = — - — andvia sine alw on ,1 sinf = 7AS
Now, [BAX] + [BAX] = [ABC] = Epacsina + Epabsin[} =rs
via (x++) and (++=) p,(a+b+ a+ c) 4s A
= = = =
4AS ST Pa= 55+ a
,viaG) 1652 b3 +c® —abc+ a(4m?)
>ps: = 5
(2s+a) 8s
) 2s
a2 o 3, .3 2
. |ps = m(b + ¢®> —abc+ a(4ma))
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Now, b + ¢ — abc + a(4m2) = b3 + ¢3 — abc + a(2b? + 2¢? — a?)
= (b + ©)(b? — bc + ¢2) + a(b? — bc + ¢?) + a(b? + % — a?)
= 2s(b? — bc + c%) + a(b? — bc + ¢ + bc — a?)
2 _(h_ )2
= (Zs+a)(b2—bc+c2)+a<(b+c) 2 (b-0o _

a(b+c+2a)(b+c—2a)_a(b—c)Z

aZ

= (2s+ a)(b? —bc +¢?) +

4 4
= (2s+a)(b?—bc+c?) + a2s—a+2a)b+c—2a) ab-c)*

4 4
4b% + 4c? —4bc+a(b+c—2a) a(b-c)?

= (2s+ a). 1 2
= (2s + a).
4z+x)?+4(x+y)? -4+ 0)x+y)+ +2)(z+2)+ (x+y) - 2(y+12))
4
_a(b—c)2

(a=y+zb=z+x,c=x+Yy)
4x(x+y+z)+2x(y+2z)+3@y—-2z)? alb-c)?

=(2s+a) -
— — )2
=(2s+a) <S(S—a) +%(b—c)2 +a(sz a) _a(b4 )
- - — )2
=(2s+a) <s(s —a) +%(b —0%+ a(sz a) _ (a+2s Zs)(b )
—_o)? _ e
= (2s+a) <S(S—a)+ ® ZC) +a(52 a)) +s(b2 )
_ — 2 —
~|b% + ¢3 — abe + a(4m2) ¥ (25+a)<(s a);2s+a) O Zc) >+ s(bz 9

(0.2 =Pa = ey 2 2 2

s 2 S 1 1
— — - 2 14 a
=s(s—a)+ (-0 ((25+a) +zs+a+4 4)

_ 2 _ M2 _ 2
2s <(s a)(2s+ a) +(2s+a)(b c) +s(b c))

b— 2
Css—a) " 4°) +(b—c)2.(2:+a+%)

(b-1c)? ((45 + a)? )

=ss—a)+ 4 (2s+a)?

(s09) s(3s+ a)(b — ¢)?

=>p2 ="s(s—a)+ Zs 1 )2

2b?% — bc + 2¢? o p2 - (2b2 — be + 2¢2)’
6R hi = 3erz.2<

4R2

p2—h%2 (2b%—bc + 2c? 2b? — bc + 2¢?
= -1 +1

Now,p, =

h2 3bc 3bc

s(3s+a)(b—c)?
ey —s(s—a) + >4(b—c)2(b2+bc+c2)

s(s—a)(b—c)?
(2s+a)? a?
hZ - 9b2c?

via (eee) S(S - a) +
=14
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4s*(b — ¢)? - 4(b — ¢)?(b? + bc + ¢?)
=

a’h%?(2s+a)? — 9b2c2

st b2 + bc + c2
= >

4s(s—a)(s—b)(s—c)(2s+a)? —  9b2¢2
9s°b%c” > (b% +be + ¢2)(s — b)(s — ©)
4(s—a)(Zs+a)2_ cTeis S—¢
= (b? + bc + c?)(—s(s —a) + bc)

9S3b2 2

4(s — a)(Zs +a)? —

9s3b?%c?
 h2e2 > (he — <( g )2
© G- a@star e +bes(s — a) = (be—s(s — a))((2s — a)? — 2bc)
9s3b?c?

< 4(s —a)(2s + a)?
(bc—s(s — a))(2s — a)? — 2b%c? + 2bcs(s — a)

(+(b-0? > 0)

> (bc — s(s — a))(b? + ¢2) + b?c? — bes(s — a)

—b2%c?2 +bes(s—a) >

o e, (s—a)(2s—a)?—be(s(s—a) + 2s —a)?) > 0
16— 2sT a)? c’+s(s—a)(2s—a c(s(s—a s—a)*) =
25s% — 12sa? — 4a3 (@)
_ 2 _ _a)? >
& 16— 2s T a)? .b?%c (Ss 5sa+ a ) bc+s(s—a)(2s—a) 0

Now, LHS of (@) is a quadratic polynomial with discriminant =
25s3 — 12sa? — 4a3
(5s% — 5sa+a2)2 - Zs 1 a)? .s(2s — a)?
_ —a*(12s* — 18s3a + 5sa® + 2sa® — a*)
- (2s + a)?
—a’(s—a) ((s —a)(12s? + 6sa + 5a%) + 6a3)

- (2s + a)? <0Cs>a)

=~ (@) is true (strict inequality)
b%+c2 2b%2-bc+2c2

pa > 2b% — bc + 2¢? _, MaP, Terezshin TR o
6R h2 b7c”
4R2
mg,p, (b—c)*  (2b% —bc + 2c?)(b? + c?) — 6b?c? — 2(b — ¢)*
h2 3b%cz 6b2c?
_Tbeb-c? 20b-0% mep,_  ®b-0O' 20b-0°_ ( (-0 2
~ 6b%¢2 T 3bc  hZ ~ 3b2c2 V3be V3bc
v MgPq (b — )2 \/mapa \/mbpb \/mcpc
= =1+ and analogs . + =
h, V3be 8" h, hy h,
- Zb2+c — 2bc 3+1 Zb+c 6
V3’ a

cyc cyc

m m m V3/b+c c+a a+b
\/ apa_l_\/ bpb+\/ CpCZ—( + + )+3_2\/§
h, hy, h, 3 a b
Vv A ABC, with equality iff A ABC is equilateral (QED)



