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In any A ABC with p,, pp, Pc
— Spieker cevians, the following relationship holds :

JPaa  /Poly  /Penc \/3<b+c c+a a+b>
>— 3-2v6
h + ™ + e T3 PR -+ V6
Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco
Solution by Soumava Chakraborty-Kolkata-India

A

Let AS produced meet BC at X and m(£BAX) = a and m(5CAX) = B (say)
and inradius of A DEF = r'(say)

a?\ [b? a* 1 16r2%s?
2 _ == - = 2H2 _ 4) =
Now, 16[DEF] —ZE< >< ) E 16 16(25ab Ea) 16

rs §+§+§ rs r
= [DEF]=—=r'|—/7F]|=—=1r'=2-> ()

4 2 4 2
. . . C 2B+C B+m-—-A
- Spieker center is incenter of A DEF, . m(zAFS) = B + 2 = > = >
m A-B B m A-C
=—— andm(ziAES)=C+E=E_T_,(2)

Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :
2

AS2 rr c? 2r (c) _A-B
= - —) sin
4sin2& 4 2sin & [ \2 2
2 2
r? N b? 2r (b) A-C
= I —)sin
4sin22 4 2sin® | \2 2
2 2
2

2 AS2 @ r N c? 2r (c) _A-B N r? N b?
N = -— —) sin —
4sin2§ 4 2sin§ 2 2 4sinzg 4

2r (b) . A-C
— — | sin
Zsing 2 2
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2r cn, . A-B 2r by  A-C
Now, — (—)sm + B (—)sm

ZsinE 2 2 ZsinE 2 2
_r(4R C BB rcosBain c)
=3 coszsm > coszsm >
_R (2_ A+B . A—B+2_ A+C | A—C)
= Rr|( 2sin > sin > sin > sin >
=Rr(1 2in2B+1 2inZC 2(1 ZinzA)
= SIS S SIS
2a(s—b)(s—c)—b(s—c)(s—a)—c(s—a)(s—Db)
= ZRr abc

= %(2613 + (b + c)a? — 2a(b? + c?) — (b + ¢)(b — ¢)?)

. A . A
4(b + ©)besin? > — 2a.2bccosA  be ((Zs — a)sin?2 — a (1 - 2sin? ;))

8s 2s
. 2A
bc((25+a)sm E—a) (2s+a)(s—b)(s — ©)
_ — — 2Rr
ZS ZS
N e T e
- =) sin - CYAL
Zsing 2 2 Zsing 2 2
) —(2s+a)(s—b)(s—c
© —=( )(zs )( )+2Rr

2 2 2

r N r T ( ca N ab )
4sin2§ 4sin2§ 4 \(s—-0(s—a) (s—a)(s—b)
2

Again,

r2

ab + ca (xx) T
— 2Rr = 5 C
4sin? 3 4sin2 5

b?+c2+ab+ca (2s+a)(s—b)(s—c)

2
= ﬁ(ca(s —b) + ab(s — c)) =

(D), (), (x+) = 2AS? = 2 P
_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)

8s
34 ¢3 2 2 _ g2 S h3 4+ o3 2
:b + c3 — abc + a(2b? + 2¢% — a?) ZASZ(;)b + ¢ — abc + a(4m?)

4s 4s
AS cAS

Via sine law on A AFS, < = e c
ZsinEsina cos —— (a+ b)sinE

(=) r(a+b) (xe) T(@ + €)
o =

= csina = “2AS and via sine law on A AES, bsinf} = 2AS
Now, [BAX] + [BAX] = [ABC] = %pacsina + %pabsin[} =rs
via (+++) and (+++) p,(a+b+ a+ c) 4s
= 4AS =SS Pa=5 g8

vieG) 165> b3+ c3 —abc+ a(4m?)
>p; = :
(2s + a)? 8s
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~|p2 = (ZSZTi“)z(bS + ¢ —abc+ a(4m,zl))
Now,b? + ¢ — abc + a(4m2) = b3 + ¢ — abc + a(2b? + 2¢? — a?)
= (b + ©)(b? — bc + ¢2) + a(b? — bc + ¢?) + a(b? + c? — a?)
= 2s(b? — bc + ¢%) + a(b? — bc + ¢ + bc — a?)
(b+c)?—(b-c)? az>

~
—~

4
a(b+c+2a)(b+c—2a)_a(b—c)Z

4 4
a2s—a+2a)(b+c—2a) a(b-c)?

= (Zs+a)(b2—bc+c2)+a<

= (2s+ a)(b? —bc+c?) +

= (2s+a)(b%? —bc+c?) +
4 4
4b% + 4c? —4bc+a(b+c—2a) a(b-c)?

= (2s + a).

4 4
= (2s + a).
4z+x)?+4(x+y)? -4+ 0)x+y)++z2)((Z+x)+ (x+y) —2(y+12))
4
_a(b —c)?

(a=y+zb=z+x,c=x+Yy)
4x(x+y+z)+2x(y+z)+3(@y—-2?% alb-c)?

= (2s+ a). -
- — )2
=(Zs+a)<s(s—a)+%(b_c)z+a(sz a) _a(b4 c)
- - — )2
= (2s+a) <s(s—a)+%(b_c)2 +a(sz a) _(a+ZS is)(b c)
—0)? _ _ )2
=(2s+a) (s(s —a)+ (b ZC) + a(SZ a)) N s(b . )
— RY Y
+|b3 + ¢* — abe + a(4m2) ¥ (25+a)<(s a>;2s+a> L@ 2c) >+ s(bz 0
2s s—a)2s+a)? @2s+a)b-c)? s(b—c)?
HO )= P = (2s + a)? ( 2 * 2 R—

s 2 S 1 1
— — - 2 14 a
=s(s—a)+ (-0 <(2$+a) +2s+a+4 4)

(b —¢)? 5 s 1,2
=sts—a)=— +(:)_c) '(Zsz+a+f)
(b—0c)*(/(4s+a)
=ss-a)+ 4 (2s+a)?2
(s09) s(3s+ a)(b — ¢)?
2
>ps: = s(s—a)+ Zs+ a)?
2b2 —bc+2¢2  p? _ (2b% —bc +2¢2)°
Now,p, = 6R =4 2 = b2
a 36RZ.

4R2
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=4

pf,—h§> 2b% — bc + 2¢? 1 ZbZ—bc+2cZ_|_1
hz 3bc 3bc

s(3s+a)(b—c)? s(s—a)(b—c)?

via (ees) S(s — @) + asra? s(s—a)+—5— y 4(b — ¢)?(b? + be + ¢?)

< h2 - 9b2¢2
4s*(b — ¢)? - 4(b — ©)?(b? + bc + ¢2)
o
a’h?(2s+a)? — 9b2c2
st b2 + bc + c2

= 4s(s— a)(s —b)(s — ¢)(2s + a)? > 9bZc? ( (b — c)z > 0)

= 9s’bic? > (b% +bc+ c?)(s—b)(s —¢)
4(s—a)(2s+a)? —
= (b% + bc + ¢?)(-s(s — a) + bc)
o 9s3b?c? -
4(s—a)(2s+a)? —

o O 122 tbes(s— a) = (be - s(s — )((2s — a)? — 2be)
4-(s—a)(Zs+a)2 C CS(S a) = C S(S a S a C
9s3b?c?

< 4(s —a)(2s + a)?
(bc—s(s — a))(2s — a)? — 2b%c? + 2bes(s — a)

(bc—s(s — a))(b? + c?) + b%c? — bes(s — a)

—b?%c?2 +bes(s—a) >

= 9s’bic? + b2c? + s( )(2 )? — be(s( )+ (2 )2) >0
16— 2sT a? c’+s(s—a)(2s—a c(s(s—a s—a)*) =
2553 — 12sa? — 4a® (@)
2.2 _ (me2 _ 2 _ — a2 >

& 16— ) 2s T a)? .b%c (Ss 5sa+ a ).bc+s(s a)2s—a)* =0

Now, LHS of (@) is a quadraticspolynon;ial wisth discriminant =
(5s% —5sa + az)z 25 (212_:2)2 ta .s(2s — a)?
—a?(12s* — 18s3a + 5s%a? + 2sa® — a*)

- (2s + a)?
—a?(s—a) ((s —a)(12s% + 6sa + 5a%) + 6a3)

= <0(rs>
(2s + a)? (+s>a)

=~ (@) is true (strict inequality)
2b% — bc + 2¢?
“Pa = 6R

Again, Stewart’s theorem = b%(s — ¢) + ¢*(s —b) = an? + a(s — b)(s — ¢)
= s(b? + ¢2) — bc(2s — a) = an? + a(s? —s(2s — a) + bc) = s(b? + ¢2) — 2sbc

= an? + a(as — s?) = s(b%? + ¢ — a® — 2bc) = an% — as? = an? = as® +

4sbc(s—b)(s—c)(s —a)

be(s — a)
= as? —s(a®? — (b—¢)?) = as(s — a) + s(b — ¢)?

:>n§,=s(s—a)+%(b—c)2—>(l)

and analogs —» (m)

s(2bccos A — 2bc) = as? — 4sbc sinzi = as? —



ROMANIAN MATHEMATICAL MAGAZINE

N ;bz—bc+c2@na;b2—bc+c2@nﬁ 1> b% — bc + c? 1
OW:Ma =79R hy = be 2 < be
_(b- 0?(b% + cz) n —hi 2 b- c)z(b2 + ¢2) via 2 ®
b2c? hﬁ - b2c?
s s(s—a)(b— c)2 ? (b —c)?(b? + ¢2) b2c?
s(s—a)+—(b—c)2—s(s—a) o az) 2_ 2 b2c2 IRE
s(s—a) 7(b—c) b“ + ¢ ? b2 4 ¢
— > . — )2 >
@<a+ a? )(b o= 4R? (:)az_ 4R? (+®b-0*=20)

? Goldstone
© 4R%s? > a?b? + c?a? - true (strictinequality) = 4R?*s? >

b%Z — bc + ¢2
z a’b? > a’b? + c?a®? . n, > —————— and analogs — (n)

2R
cyc
2b%—bc+2c? b%—bc+c2 9 (b )4
L. Palg 6R " 2R Palg —C
~ via (m) and (n), z 2 o = ™ —-1-— 3 I
4R2
- (2b% — bc + 2¢?)(b% — be + ¢?) —3b%c? — 2(b— ©)*  5bc(b — ¢)?
B 3b2c? = T 3p2e2 .
2/6(b — ¢)? 2 (b—c)* 2V6(b-c)? 6(b —c)?
= V6l ©) panaZl+—.( © + Ve( ©) = 1+—‘/_( ©)
3bc h2 3" b?c? 3bc 3bc
v Palla \/g(b - C)z \/pana \/pbnb \/pcnc
= h, 1+——— 3bc and analogs - h, + by + h, >
6 b2 + c? — 2bc 6 b+c n n n
3+£.Z =3+£. z -6 ...\/pa a+\/pb b+\/pc C
3 bc 3 a h, hy, h,
cyc cyc
b+c c+a a+b
2£( + + )+3—2\/_VAABC
3 a b C
wit

th equality iff A ABC is equilateral (QED)



