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In any A ABC with p,, pp, Pc
— Spieker cevians, the following relationship holds :
VPoPc | yPcPa  vPaPb >@<b+c+c+a+a+b
h, h, h, 3 a b C

—6>+3

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco
Solution by Soumava Chakraborty-Kolkata-India

A

Let AS produced meet BC at X and m(£BAX) = a and m(£CAX) = B (say)
and inradius of A DEF = r’'(say)
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- Spieker center is incenter of A DEF, .. m(4AFS) = B + 2 = > = >
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2 2 andm(AAES):C+E=E—T—>(2)

Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :
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2r \/by . A—C
(2] ) sin

2 Zsing 2 2

r<4R C. A-B AR B . C)
2 coszsm 2 + coszsm 2
_R<2_ A+B . A-B o A+C . A—C)
= Rr|( 2sin 2 sin 2 + 2sin 2 sin 2

B C A
= Rr <1 - 2sin2E +1-— 2sin2E -2 (1 — 2sin? —))

2r cn, . A-B 2r by  A-C
Now, C (—) sin + (—) sin

2
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= 2Rr
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B 2s B 2s TR

(2a® + (b + ©)a? —2a(b? + c?) — (b + c)(b — ¢)?)
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—) sin — — | sin

ZsinE 2 2 Zsing 2 2

® —-2s+a)(s—b)(s—c

) -@s+a)s-b)s-0

2s
2

Rr

2 2
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Again,

ab + ca (=) T z
-2

Rr =
4sinzg 4sinzg
b?+c2+ab+ca (2s+a)(s—b)(s—c)

r

2
= ﬁ(ca(s —b) + ab(s — c)) =

(D), (), (x+) = 2AS?% = 1 P
_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)

8s
343 2 2 _ g2 b3 4 3 2
=b + ¢ — abc + a(2b? + 2¢% — a?) ZASZ(;)b + ¢ — abc + a(4m?)

4s 4s
AS cAS

Via sine law on A AFS, < = e c
ZsinEsina cos —— (a+ b)sinE

(=) r(a+b) (xe) T(@ + €)
o = e el

= csi - .. . =
csin T2AS and via sine lalw on A AES,:)smB 2AS
Now, [BAX] + [BAX] = [ABC] = Epacsina + EpabsinB =rs
via (+++) and (=) p,(a+ b+ a+ c) 4s
= =S P, =

4AS
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,viaG) 1652 b3 +c® —abc+ a(4m2)

“Pa = (2s +a)?’ 8s
® 2s
~|pa = st a2 (b3 +c3 —abc+ a(4m§))

Now,b? + ¢ — abc + a(4m2) = b3 + ¢® — abc + a(2b? + 2¢? — a?)
= (b + ©)(b? — bc + ¢2) + a(b? — bc + ¢?) + a(b? + c? — a?)
= 2s(b? — bc + ¢%) + a(b? — bc + ¢ + bc — a?)
(b+c)?—-(b-0)?
Z _
alb+c+2a)(b+c—2a) a(b-c)?

aZ

= (Zs+a)(b2—bc+c2)+a<

=(2s+a)(b?—bc+c?)+ 2 2
a2s—a+2a)(b+c—2a) a(b-c)?

= (2s+ a)(b%? — bc +¢?) +
4
4b% + 4c? —4bc+a(b+c—2a) a(b-c)?

= (2s+ a).

4 4
= (2s + a).
4z+x)?+4(x+y)? -4+ 0)x+y)++z2)(Z+x)+ (x+y) —2(y+12))
4
a(b — c)?

(a=y+zb=z+x,c=x+Yy)

—7)2 — M2
=(zs_l_a)ltlx(x+y+z)+2x(y+z)+3(y z) _a(b )

4
a(s—a)\ a(b—-c)?
2 4
(s—a)\ (a+2s—2s)(b-c)?
2 - 4
2 2
(b—-o0) +a(s—a)>+s(b—c)

= (Zs+a)<s(s—a)+%(b—c)2 +

:(Zs+a)<s(s—a)+%(b—c)2+a

2 2 2

(s—a)2s+a) (b-0)?\ sb-c)?
2 T2 >+ 2

2s s—a)2s+a)? @2s+a)b-c)? s(b—c)?

(2s + a)? ( 2 + 2 + 2

s 2 s 1 1
=s(s—a)+(b—c)2<(zs+a) +Zs+a+Z_Z>
(b-0)?

=(2s+a) (s(s —a)+

~|b% + ¢ — abc + a(4m?) e (2s+ a)(

L (), (s) = pE =

_ 2z (S 1)
+ -0 '(Zs+a+2

(b—1c)? <(4s + a)? )

=s(s—a) -

=s(s—a)+

4 (2s+a)?

(se9) s(3s+ a)(b — ¢)?
>p2 = s(s—a)+ Zs+ )
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2b2 —bc+2¢?  p? _ (2b% —be+2¢?)”
=2

Now, p, =

6R hg 36R2.2C
@pﬁ—h§> 2b% — bc + 2¢? 1 sz—bc+2c2+1
hZ 3bc 3bc

s(3s+a)(b—c)? s(s—a)(b—c)?

via (o) S(S— @) + o —s(s —a) + —— 55— _4b- ©)?(b% + bc +c?)

< h2 - 9b2¢2
4s*(b — ¢)? - 4(b — ©)?(b? + bc + ¢2)
o
a’h?(2s+a)? — 9b2c2
st b2 + bc + c2

S 4s(s—a)(s —b)(s — ¢)(2s + a)? = 9bZc? ( (b—c)? > 0)

= 9s’bic? > (b% + bc+ c?)(s—b)(s —¢)
4(s—a)(2s+a)? —
= (b% + bc + ¢2)(—s(s — a) + bc)
o 9s3b?c? -
4(s—a)(2s+a)? —

o BPC et bests—a) 2 (be— s — @)((2s - @) - 2be)
4-(s—a)(25+a)2 C CS(S a) = C S(S a S a C
9s3b2c?

< 4(s —a)(2s + a)?
(bc—s(s — a))(2s — a)? — 2b%c? + 2bes(s — a)

o 9s3b?c?
4(s—a)(2s + a)?
25s3 — 12sa? — 4a®

(m)
2.2 _ (22 _ 2 _ —a)2 >
& 1 —a)2s T a)? .b%c (Ss 5sa+a ).bc+s(s a)2s—a)* =0

Now, LHS of (m) is a quadratic polynomial with discriminant =
25s% — 12sa? — 4a3
(5s% —5sa + az)z — Zs 1 a)? .s(2s — a)?
_ —a*(12s* — 18s3a + 5s%a® + 2sa® — a*)
B (2s + a)?
—a*(s—a) ((s —a)(12s% + 6sa + 5a%) + 6a3)

B (2s + a)? <0Cs>a)

=~ (m) is true (strict inequality)
Lo 2b% — bc + 2c?
e pa = 6R
(2¢? — ca + 2a?)(2a? — ab + 2b?) 2 (4a® + 4bc — ab — ac)”
36R2 - 144R?

(bc —s(s — a))(b? + ¢2) + b%c? — bes(s — a)

—b?%c?2 +bes(s—a) >

+b%c? +s(s—a)(2s—a)®> —be(s(s—a) + (2s —a)?) =0

and analogs —» (m)

“ PpPc =

15a2(b — ) P - (4a2+4bc—ab—ac)2
(=14 — -
a )~ = 2 rue - pppc = 144R?
4a* + 4bc — ab — ac
>
= /PpPc = 17R and analogs — (n)
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V6 /b+c c+a a+b \V6 (s% — 2Rr + r?
NOW,—( + —6)+3 (——6)+3

3 a b C 3 2Rr
_ V6 (s? —14Rr +r? (V6 b+c c+a a+b 2
_?< 2Rr >+3<?( a b ¢ _6)+3>

2 2)2
= (Gl 2?:::; ) +9 +g(s2 — 14Rr +r?)
(s? — 14Rr + rz)2 + 54R%r? + 6V6Rr(s? — 14Rr + r?)
- 6R2r2
(s — 14Rr + rz) + 54R?r? + 15Rr(s? — 14Rr + r?)
Gerretsen ?ll}jll(:
( sZ — 14Rr + r? > 0 and 225> 216 = 15 > 6\/3)

~ in order to prove the original inequality, it suffices to prove :

pbpc PoPe Z < PoPc > (am (s* — 14Rr +1r2)” + 54R%r? + 15Rr(s? — 14Rr + r2)

hbh - 6R?r2

cyc

Now, via (m) and (n), pbpc +2 z < pbpc ) >

hph,
z a?(2c¢? —ca + 2a2)(2a - ab + sz)
36R2.4r2s2
cyc
zz 4a? + 4bc — ab — ac 2b? —bc+ 2c?> bc
12R ' 6R "4r2s?
cyc
~ 4Ycyca® — 2%y (ab(Zcyc a* — c4)) +12% ¢y (azb2 (Zeyea® — cz)) —3abcY . a®
B 144R?%r2s?
—4 ¥ cyca®b3 + 5abc ((chc a)(Xeycab) — 3abc)
+ 144R?r?s2
_ 8(3s® — (36Rr + 11r?)s* + r2s?(148R? + 116Rr + 13r?) — 5r3(4R + 1))
- 144R2r2s2

/using Z a® = 4s%(s? — 6Rr — 3r2)2 -2 ((s2 +4Rr + r2)3 — 24Rrs?(s? + 2Rr + r2)>,\
| E- !
I Z a* = ZZ a’b? — 16rzsz,z a’b? = (s* + 4Rr + rz)2 — 16Rrs? and I
cyc cyc cyc
k Z a®b3 = (s? +4Rr+r2) — 24Rrs?(s? + 2Rr +1?) )
cyc
(s — 14Rr + r2)” + 54R?r? + 15Rr(s? — 14Rr + r?)
6R?r? ,
© (3R—17r)s* + rs?(28R? + 155Rr + 10r?) - 5r2(4R+1)* = 0

(mmm)

Now, (3R — 17r)s* + rs?(28R? + 155Rr + 10r?)
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Gerretsen

= (3R - 6r)s* — 11rs* + rs?(28R? + 155Rr + 10r?) >
(3R — 6r)(16Rr — 5r?)s? — 11r(4R? + 4Rr + 3r?)s? + rs?(28R? + 155Rr + 10r?)

? ? R
=r(32R? + 7r?)s? > 5r?(4R + 1)% & 48t> — 100t* + 13t— 10> 0 (t = ;)

Euler

?
s (t- 2)(46t2 +2t(t—2) + 5) >0->true~t > 2= (mmm) = (mm)is true
V6 /b+c c+a a+b
. YPoPe  yPcPa  yPaPb 2_( N N _6) 3
h, hy, h, 3\ a b
v A ABC, with equality iff A ABC is equilateral (QED)




