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If n,, n,, n. - Nagel cevians, g,, gy, g. — Gergonne's cevians in A ABC, then

5 16r%(R — 2r)
n,g, +npgp + Ncg. =s“. [1+ 2R

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India

Stewart’s theorem = b%(s — ¢) + ¢*(s — b) = an? + a(s — b)(s — ¢) and
b%(s —b) + c2(s — ¢) = ag? + a(s — b)(s — ¢) & adding the two, we get :

(b%2 +c*)(2s—b—c¢) = an? + ag? + 2a(s — b)(s — ¢) = 2a(b? + c?)
=2a(nZ+g%)+ala+b-c)(c+a—b)=20b?+c?
=2(n2+g%)+a’-(b-c)?=2(b>+c?)—a?+(b-c)?=2(n2+g?%)
= 4m2 + (b—c)? =2(nZ + g2) > 2(b— c)? + 4s(s — a) = 2(n2 + g2)
= n2 + g2 © (b-0c)?+2s(s—a)

Again, Stewart’s theorem = b%(s — c¢) + c?(s —b) = an? + a(s —b)(s — ¢)
= s(b? + ¢2) —bc(2s — a) = an? + a(s* — s(2s — a) + bc) = s(b? + ¢%) — 2sbc
= an? + a(as — s?) = s(b? + ¢ — a? — 2bc) = an? — as? = an? = as? +
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= n2g?% = s*(s — a)? + (b — ¢)2.h2 and analogs — (1) -~ n2g%.nigi =
(s2(s —a)® + (b — ©)%.h%).(s%(s — b)? + (c — a)®.h})
> (s?(s—a)(s —b) + |b — c||c — al.hghy)”
|naga.nbgb >s?(s—a)(s—b)+|b—c|lc— aI.hahb|and analogs - (2)
+ ) (1agapgy) = 5° ) (s—@)s—b) +  (Ib— cllc— al.hghy)

cyc cyc cyc

4Rrs Triangle inequality
= s?(4Rr +1%) + AR Z(C-Ib—CIIc—aI) >

cyc

s?(4Rr + r?) +%s.

Z(c(b —o)(c—- a))

cyc

rs
= s2(4Rr + r?) + = |z:bc2 - 3abc—2c3 +Zc2a

cyc cyc cyc

=s%(4Rr +r?) + g |2s(s? + 4Rr + r?) — 24Rrs — 2s(s? — 6Rr — 3r?)|

2rs? 2rs?
= s2(4Rr + r?) +%. |-2Rr + 4r%| = s2(4Rr + r?) +%. (2Rr — 4r?)

2
Euler
( 2Rr > 4r2) (Z naga> > z n%g? + 2s?(4Rr +r?) +

cyc cyc
4-1'52 via (1) and analogs b—c z
—— . (2Rr — 4r?) = s? » (s — a)? + 4r%s? ( )
R a?
cyc cyc

5 o | 4rs? 5
+2s?(4Rr + 1 )+T.(2Rr—4r )
4r?s?
= s? (352 —4s?+2(s? —4Rr — rz)) +m.z b2c? Zaz —a® —2bc
cyc cyc
4rs?
+2s?(4Rr + %) + = (2Rr — 4r?)
2(g2 2 1 2 22 2,242 31,3
=s%(s —8Rr—2r)+m. a a“b” | — 48R°r*s* -2 ) a’b
cyc cyc cyc

4 2
+2s2(4Rr + r?) +%. (2Rr — 4r?) = s?(s* — 8Rr — 2r?) +

4r?
IRE (—s* + (12R? + 4Rr — 2r?)s? — r(4R + r)3) + 2s2(4Rr + r?)
using Z a’b? = (s? + 4Rr + rz)2 — 16Rrs? and \
4rs?

cyc

+——.(2Rr—4r?) | s |
R Z a®b® = (s? + 4Rr + r?)” — 24Rrs*(s? + 2Rr + rz)/
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2(p _ 2e2(R
<t 1_|_16r (R-2r) =S4_|_16r s“(R—2r)
s2R R
?
& s* — (4R? + 20Rr — 2r?)s? + r(4R + )3 <0

()
Now, Rouche = s2 — (m —n) > 0 and s> — (m + n) < 0,wherem =

2R% + 10Rr —r2and n = 2(R — 2r)./R%2 — 2Rr
(sz—(m+n))(sz—(m—n)) <0=s*-s22m)+m? -n?<0
= s* — s2(4R? + 20Rr — 2r?) + r(4R + )3 < 0 = () is true

2
16r2(R—2
= (Z naga> > s* <1 +%>

cyc

) 16r2(R — 2r)
S Ngga + Npgp +Ncge =5 |1 +T

v AABC,’ =" iff A ABC is equilateral (QED)



