ROMANIAN MATHEMATICAL MAGAZINE

If n,, n,, n. - Nagel cevians, g,, gy, g. — Gergonne's cevians in A ABC, then

n,g, Npg, 0N.g. VRZ+3Rr—r?
>tz T3 2
h; h;, hz r

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India
Stewart’s theorem = b?(s — ¢) + ¢*(s — b) = an? + a(s — b)(s — ¢) and
b%(s —b) + c%(s — ¢) = ag? + a(s — b)(s — ¢) & adding the two, we get :

(b2 + ¢?)(2s —b—c) = an? + ag? + 2a(s — b)(s — ¢) = 2a(b? + ¢?)
=2a(m2+ g2) +a(a+b—-c)(c+a—-b) > 2(b%+c?)
=2m2+g3)+a’?—(b-c)?=2(Mb*+c?) —a’*+ (b—c)? =22+ g2)
=>4m2+ (b—-c)? =22+ g2)=>2(b—-c)?+4s(s—a) =2(n2 + g2)
=>nfl+gfl(;)(b—c)2+25(s—a)

Again, Stewart’s theorem = b?(s — ¢) + ¢c?(s—b) = an? + a(s —b)(s — ¢)
= s(b%? + ¢%?) — bc(2s — a) = an? + a(s? — s(2s — a) + bc) = s(b? + ¢?) — 2sbc
= an? + a(as — s?) = s(b? + ¢? — a? — 2bc) = an? — as? = an? = as? +

A 4sbc(s—b)(s—c)(s—a
s(2bccos A — 2bc) = as? — 4sbcsin? - = as? — ( )( )( )
2 be(s — a)
) as(cta—-b)(a+b—-c¢) ) a? — (b — ¢)2
=as" - =as?—as|———
a a
aZ_ b—C2 (*%) b_cz
A S e It

Via (+) and (%), g5 = (b — ©)* + 2s(s —a) —s* + As(s—b)(s—©)

a
4s(s—b)(s—¢)

=s?—-2sa+a*+(b-c)?—-a®+

a
:(S_a)z+(b—c+a)(b—c—a)+4S(S_b)(s—c)

a
(- a)?—4(s—b)(s— o) + 56 ';)(S —©
4(s—a)(s—b)(s—c)

=(s—a)2+4(s—b)(s—c)(%—1):(s—a)2+ _
2 _ — 2 e — 2
=(S—a)<s—a+#> (— (s — a)<s—(b c)>

a

_ _ )2
o (x%), (xxx) > n2g% = s(s — a) (s—a+ (® ac) )(s— (b-©) >

a

(b—c)? (b—C)2 (b—o)*
:s(s—a)<s(s—a)+s. " (s—a)— p >
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4
=s(s—a)<s(s—a)+(b—c)z—¥>

— —_ — 2

C2(s—a)? + (b— 0. T “)(ZZ D=9 _ (s —a)2+(b—c)2£

= n2g? = s?(s — a)? + (b — ¢)2.hZ and analogs - (1) - n2g%.nigi =
(s2(s —a)? + (b — ¢)%.h2).(s%(s — b)? + (c — a)®.h})
> (s?(s—a)(s—b) + |b—c|lc — al.h hy)?
N,g.. Npgy = s’(s—a)(s —b) + |b — c||c — al.h,h,|and analogs - (2)

1 a*s?(s — a)? a’(b — c)?
Nowz aga"‘a()z ( )+ (b—oc)

16rts+ 4rZs2
cyc cyc cyc
2
1 2 2,20 2
= Terts?’ Za (s—a) —ZZ(b c?(—s +sa+bc))
cyc cyc
N 2 Y. cyc a*b? — 16Rrs?
4-1‘2822
(Zs(s2 — 4Rr —r?) — 2s(s? — 6Rr — 3r2)) -2 (—sz((s2 + 4Rr + r?)? — 16Rrsz))
B 16r4s2
4Rrsz(s + 4Rr +r?) + (s? + 4Rr + r?)3 — 24Rrs?(s? + 2Rr + r?)
16r4s?
2s2((s + 4Rr + r?)? — 16Rrs?) — 16Rrs? . ngi:
4r2s? ' h:
cyc
3s* + (8R% — 44Rr + 14r?)s? — r?(64R® — 16R?r — 20Rr? — 3r?) ]
- (i)
8r2s2 ,
n n via (2) s“(s—a)(s—b)+|b—c|lc—al.hh
Agalnzz aga. bgb S ZZ ( )( ) |2 I . hghy,
hZh?
cyc cyc
Yeye (bzc2 (—s2 + sa + bc)) 1
= o +55- ) (ab.]b—cllc - al)
cyc
T“a"gle;‘eq“a“ty —s2((s? + 4Rr + r?)? — 16Rrs?) + 4Rrs?(s? + 4Rr + r?)
- 8r4s2
(s? + 4Rr + r?)? — 24Rrs?(s? + 2Rr + r?) 1
+ gt + 2r2g2 Z(ab(b —c)(c— a))
cyc
_ —s?((s® + 4Rr + r?)? — 16Rrs?) + 4Rrs?(s® + 4Rr + r?)

8r4s2
N (s? + 4Rr + r?)? — 24Rrs?(s? + 2Rr + r?)
8r4s2
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1
+—. acha—Zazbz —abc2a+abc2a
2r2s2

cyc cyc cyc cyc
_ —s%((s® + 4Rr + r?)? — 16Rrs?) + 4Rrs*(s® + 4Rr + r?)

8r4s2
(s + 4Rr + r?)3 — 24Rrs?(s? + 2Rr + r?)

8r4s2

(s + 4Rr +r?)? — 16Rrs? — 8Rrs? -
2rZs? z a“b“ = acha

cyc cyc

ZZ ( aga_nbgb> >

cyc

5s* — (68Rr — 10r?)s? + r?(64R3 + 112R?r + 44Rr? + 5r3)

8rzs2 ~ (i)
n n
. via (i) and (ii), Z naga +2 Z a'ga. b'gb >
h3 h;
cyc cyc
3s* + (8R% — 44Rr + 14r?)s? — r2 (64R3 — 16R?r — 20Rr? — 3r3)
8r2s2
55 — (68Rr — 10r?)s? + r?(64R3? + 112R?r + 44Rr? + 5r3)
8r2s2
_ s*+(R* — 14Rr + 3r?)s* + r’(4R + )2 ? R? + 3Rr — r?
r2s? r2

Gerretsen
& s* — (17Rr — 4r?)s? + r?(4R + r)2 Oand - (s?—16Rr+5r?)2 > 0
(°)
- in order to prove (+), it suffices to prove : LHS of (+) > (s> — 16Rr + 5r
?
< (5R — 2r)s? > r(80R% — 56Rr + 8r?)
(s*)

Rouche
Now, (5R —2r)s? > (5R —2r) (2R2 +10Rr — r2 — 2(R — 2r).+/R% — 2Rr)

2)2

?
> r(80R? — 56Rr + 8r?2)
?
& (R —2r)(10R? — 14Rr + 3r?2) 2 2(R—2r)(5R — 2r)y/R? — 2Rr

(...)
Euler
and * R—2r > 0 . inorder to prove (e¢¢), it suffices to prove :
2
(10R? — 14Rr + 3r?)% > (Z(SR —2r)yR?% — ZRr) < r?(80R%? — 52Rr +9r?) > 0

Euler

& r?(54R* + 26R(R—2r) + 9r?) > 0 > true “ R = 2r = (s00) = (e0) = (o)
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2
. . z NgGga _ z aga Z aga nbgb R2 + 3Rr — r?
1s true - = +2 )
h2 h2 2

cyc cyc cyc

n n n VR2 + 3Rr — r2
- a.ga + b.gb + c.gc >
hz h; h r

v A ABC,” =" iff A ABC is equilateral (QED)




