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If pg, Pp, Pe

— Spieker cevians in A ABC, then the following relationship holds :
4
PatPp+PcSW, + W, +w, + 3 (max{a,b,c} — min{a,b, c})

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India

A

Let AS produced meet BC at X and m(3BAX) = a and m(4£CAX) = B (say)
and inradius of A DEF = r'(say)

a?\ [b? at 1 161252
Now,16[DEF]? =2 ) (—|[— |- ) —=-—(2 22 _ 4 _
ow, 16[DEF] Z<4><4> 216 76 Z“ E,“) 16
a b c
_rs_ [ztati\_ s, r
= [DEF] = =T 5 =,=>r=5-@

. . . C 2B+C B+m-—A
- Spieker center is incenter of A DEF, . m(5AFS) = B + 2 = > = >

m A-B B nm A-C
=—— andm(AAES)=C+E=E_T_,(2)

Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :
2 2
r C 2r C A—-B
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2r \/by . A—C
(2 ) ) sin

Now 2r (E) sinA —B + 2r (E) sinA —¢
' 2 Zsing 2 2
r C. A-B B —C
=E<4Rcosism > > > )
A+B . A-B A+C . A—C)

=Rr<251n 2 sin 2 + 2sin 2 sin >

=Rr <1 - Zsinzg+ 1- Zsinzg -2 (1 — 2sin® %))
— oRr <2a(s —b)(s—c)—b(s—c)(s—a)—c(s—a)(s — b))

abc

+ 4Rcos —sin

_ Rr
~ 8Rrs
. 2 A — a)sin2 A _ —2gin2A
_4(b+c)bcstE—Za.ZbccosA_bC((ZS a)sin” 2 a(l 2sin 2))
8s 2s

B bc ((Zs + a)sinzg— a) _ @2s+a)(s—b)(s—0) -
B 2s B 2s B

(2a® + (b + ©)a? —2a(b? + c?) — (b + c)(b — ¢)?)

2r (c) . A—B 2r (b) . A-C
=) sin — —]sin

ZsinE 2 2 Zsing 2 2

x —2s+a)(is—b)(s—c

) ~Csta)s-b)s-0)

2s
2

Rr
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r N r r < ca N ab )
4sinzg 4sin2§ 4 \(s—-0(s—a) (s—a)(s—b)
2

Again,

r2

ab + ca (xx) T
— 2Rr = 5 C
4sin? 3 4sin2 5

b?+c2+ab+ca (2s+a)(s—b)(s—c)

2
= ﬁ(ca(s —b) + ab(s — c)) =

(D), (%), (x+) = 2A8? = 1 P
_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)

8s
_ b3+ c® —abc+a(2b® +2¢% — a?) , ) b3 +c® —abc+ a(4m?)

= 2AS

4s 4s

o AS cAS
Via sine law on A AFS, < = e c
ZsinEsina cos —— (a+ b)sinz

S esina 2 T@FD)dviasinel A AES, bsing (=7 T@ 1O
csina = — - — andvia sine alw on ,1 sinf = 7AS
Now, [BAX] + [BAX] = [ABC] = Epacsina + Epabsin[} =rs
via (x++) and (++=) p,(a+b+ a+ c) 4s
= =s> = AS
4AS ST Pa= 55+ a

,viaG) 1652 b3 +c® —abc+ a(4m?)

= = )
Pa (2s + a)? 8s
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. 2s

~|pa = st a2 (b3 +c3 —abc+ a(4mﬁ))
Now,b? + ¢ — abc + a(4m2) = b3 + ¢3 — abc + a(2b? + 2¢? — a?)

= (b + ©)(b? — bc + ¢2) + a(b? — bc + ¢2) + a(b? + % — a?)
= 2s(b? — bc + c%) + a(b? — bc + ¢ + bc — a?)
2 _(h_ )2
= (25 + a)(b? — bc + ¢?) +a<(b+c) 2 ®b-9 —az)

a(b+c+2a)(b+c—2a)_a(b—c)Z

4 4

= (2s+a)(b? —bc+c?) + a@s-—a+2a)btc—2a) ab-o
4 4

4b% + 4c? —4bc+a(b+c—2a) a(b-c)?

4 4
= (2s+ a).
4z+x)?+4(x+y)? -4+ 0)x+y)+ +2)(z+x)+ (x+y) —2(y+12))
4

~
—

= (2s+ a)(b? —bc + ¢?) +

= (2s+ a).

_ a(b —c)?

4
4x(x+y+z)+2x(y+z)+3(y—2z)? _a(b—c)2

(a=y+zb=z+x,c=x+Yy)

= (2s+ a).

4
- — )2
- (Zs+a)<s(s_a)+%(b_c)2+a(sz a))_a(b4 ©)

- - — )2
=(2s+a) <s(s—a)+%(b_c)2+a(sz a))_(a+Zs Zs)(b c)

b-0¢)? a(s—a)\ s(b-c)?
2 2 >+ 2

=(2s+a) <s(s —a)+

_ — 2 2
~|b3 + ¢ — abc + a(4m32) @ (2s+a) <(S a);2s ta) + ® > © ) + s(b 5 ©
. _ 2s s—a)2s+a)? @2s+a)b-c)? s(b—c)?

o (O)r (Oo) = Pa = (ZS n a)2< 2 + 2 + 2

s 2 S 1 1
— — - 2 14 a
=s(s—a)+ (-0 ((25+a) +zs+a+4 4)

(b;c)2+(b—c)2.( s +%)2

=s(s—a)—

5 252+ a
(b—c)*/(4s+a)
=s(s—a)+ 4 (2s +a)?
(s09) s(3s+ a)(b — ¢)?
2 _
=>ps: = s(s—a)+ Zs+ a)?
! 2 22 2.4 2 4
Now, p, < w, +§|b—c| S ps < wWg +§(b—c) +§.wa.|b—c|
via (s++) s(3s+ a)(b —¢)? s(s—a)(b—c)?
o s(s—a)+ 25t @ —s(s—a)+ Zs — a)?

4 7 4
—a(b—C)Z SE-Wa-Ib_CI
s(35+a)+ s(s—a) 4
2s+a)? (2s—a)? 9

? 4
)Ib—cl <3W (< Ib—cl >0)



ROMANIAN MATHEMATICAL MAGAZINE

(20s* — 18s%a — s*a® — a*)|b — | 1l Wa

9(4s2 — a2)? - 3
(s — a)(20s® + 2s%a + sa? + a®)|b — c| ?
< 3(4s2 — a2)2 = Wa
o (s — a)?(20s® + 2s%a + sa? +a3)2(b—c)2 ; ( ) s(s —a)(b - ¢)?
9(4s2 — a2)* =sis—a (2s —a)?
s — a)(20s3 + 2s2a + sa? + a3)’ + 9s(2s — a)2(2s + a)* ?
<:>( ) ) ( ) ) .(b=c)? <sand

9(4s2 — aq2)*
(b —¢)? < a? - in order to prove this, it suffices to prove :
?
9s(4s? — a2)4 > a?(s — a)(20s® + 2s%a + sa® + a3)2 + 9sa?(2s — a)?(2s + a)*
?
& 2304t° — 3280t7 — 256t° + 1044t> + 288t* — 69t> —33t2 +t+1>0
s 2212t% + 92(t8 — %) + 884(t7 — %) + 1232(t7 — t5) + 2
(t=—)<:>(t—1) 7 _ 4 3 2 2 2 >0
188(t7 —t*) + 100t3 + 28t + 2(t2 —t) +t2 — 1

s
- true ~ t = a >1ap,<w,+ 3 |b — c| and analogs

2
= pa+pb+pcSwa+wb+wc+§(|a_b|+|b_cl+|C_a|) - (m)

1
Now, we shall prove that : E(lb —cl+]|c—al+|a—-Db])
= max{a,b,c} — min{a,b, c}

1 1

Case (1) aZbZc-‘-i(lb—cl+|c—a|+|a—b|)=i(b—c+a—c+a—b)
=a — ¢ = max{a,b,c} — min{a,b, c}
1 1

Case (2) aZch-‘-E(Ib—cl+|c—a|+Ia—bl):i(c—b+a—c+a—b)
= a—b = max{a,b,c} — min{a,b, c}
1 1

Case (3) chZa-‘-E(Ib—cl+|c—a|+Ia—bl):i(b—c+c—a+b—a)
=b — a = max{a,b,c} — min{a,b, c}
1 1

Case (4) bZaZc-‘-z(lb—cl+|c—a|+Ia—bl):i(b—c+a—c+b—a)
=b — ¢ = max{a,b, c} — min{a,b, c}
1 1

Case (5) cZaZb-‘-E(Ib—cl+|c—a|+Ia—bI):E(c—b+c—a+a—b)
= c¢—b = max{a,b, c} — min{a,b, c}
1 1

Case (6) chZa-‘-i(Ib—cl+|c—a|+Ia—bI):E(c—b+c—a+b—a)

= ¢ —a = max{a,b,c} — min{a,b, c} -~ combining all 6 cases, we conclude :

%(Ib —c| +|c—al| + |a—b|) = max{a,b,c} — min{a,b, c}|{|— (n) . (m) and (n)

4
S PatPbt P < Wg +Wp +W, + 3 (max{a,b, c} — min{a, b, c}) V A ABC,
with equality iff A ABC is equilateral (QED)



