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If p., Pu, Pc — Spieker cevians and n,, n,, n, — Nagel cevians in A ABC,
then the following relationship holds :

pa_ha+pb_hb+pc_hc>4r(na ny ng )

>—|—+—+—-3
n,+h, ny,+h, n.+h. 3s\h, h, h

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India

A

Let AS produced meet BC at X and m(£BAX) = a and m(5CAX) = B (say)
and inradius of A DEF = r'(say)

a?\ [b? at 1 16r2%s?
2= B | - _—— 2p2 _ 4 =
Now, 16[DEF] ZE<4><4> E T 1()(Zgab Ea) T

a b+c
rs sto+3\ rs r
=>[DEF]=I=>r’ 22# =Z=>r’=§—>(1)

. .. C 2B+C B+m—-A
- Spieker center is incenter of A DEF, . m(AFS) = B + 2= = >

W A—B B m A-C

=5 andm(AAES)=C+E=E_T_,(Z)

Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :
2

AS2 rr c? 2r (c) _A-B
= - — —)sin
4sin2§ 4 2sin§ 2 2

r? N b? 2r <b) A-C
= _ — | Ssin
4sin2 g 4 Zsing 2 2




ROMANIAN MATHEMATICAL MAGAZINE

2 ZsinE 2 2
r C.  A-B B . C
= 2 (4Rcosz sin > + 4Rcos Esm > )

. A+B _ A-B .A+C  A-C
=Rr<251n > sin > + 2sin > sin > )

B C A
= Rr <1 - 2sin2E +1-— 2sin2E -2 (1 — 2sin? —))

2r cn, . A-B 2r by  A-C
Now, C (—)sm + B (—)sm

2
<2a(s —b)(s—c)—-b(s—c)(s—a)—c(s—a)(s — b))
= 2Rr

- abc

_ Rr
~ 8Rrs
. 9 A . 2 A
4(b + c)bcsin? % — 2a.2bccosA  bc ((25 —a)sin®> —a (1 — 2sin’ ;))
- 8s - 2s

~ bc ((Zs + a)sinzg— a) _(@s+a)(s—b)(s—0©) IR
B 2s B 2s B

(2a® + (b + ©)a? — 2a(b? + ¢%) — (b + ¢)(b — ¢)?)

2r (c) . A—B 2r (b) . A-C
—) sin — — | sin

ZsinE 2 2 Zsing 2 2

® —2s+a)(s—b)(s—c

) ~Csta)s-b)s-0)

2s
2

Rr

2 2

r N r T ( ca N ab )
4sinzg 4sin2§ 4 \(s—0)(s—a) (s—a)(s—b)
2

Again,

r2

ab + ca (#x) T
—2Rr = 5 C
4sin2 5 4sin2 5

. _b?+c?+ab+ca (2s+a)(s—b)(s—c)
(), (), (+x) = 2AS% = _ -

4
_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)

2
= ﬁ(ca(s —b) + ab(s — c)) =

8s
3,3 2 2 _ g2 b3 4 3 2
=b +c3 — abc + a(2b? + 2c _a):ZASZ(;)b + ¢ — abc + a(4m?)

4s 4s
AS cAS
Via sine law on A AFS, c = e c
ZsinEsina cos —— (a+ b)sinE
. (=) r(a+b) L. ] (%) T(@ + €)
= csina = ————— andvia sine law on A AES,bsin} = ————

2AS 2AS
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1 1
Now, [BAX] + [BAX] = [ABC] = Epucsina + EpabsinB =rs

via(***)gd(****) pa(a+b+a+c) Csop, = 4s A
4AS * 2s+a
,viaG)  16s? b3 +c® —abc+ a(4m?)
“Pa = (2s + a)?’ 8s
) 2s

2 34 o3 _ 2
“= Zsta)y (b + ¢ —abc+ a(4ma))
Now, b3 + ¢3 — abc + a(4m2) = b? + 3 — abc + a(2b? + 2¢% — a?)
= (b + ©)(b? — bc + ¢2) + a(b? — bc + ¢?) + a(b? + c? — a?)
= 2s(b% —bc + c%) + a(b? — bc + % + bc — a?)
b 2 _ b— 2
=(Zs+a)(b2—bc+c2)+a<( o) 4( o _

a(b+c+2a)(b+c—2a)_a(b—c)2

aZ

=(2s+a)(b?—bc+c?)+ 2 2
a2s—a+2a)(b+c—2a) a(b-c)?

= (2s+a)(b? —bc+c?) +

4 4
2 2 _ _ — )2
=(Zs+a).4b + 4c 4b(;+ a(b+c Za)_a(b4 c)
= (2s+ a).
4z+x)?+4(x+y)? -4+ 0)x+y)++z2)(Z+x) + (x+y) —2(y+12))
4
_a(b—c)2

(a=y+zb=z+x,c=x+Yy)

4x(x+y+2)+2x(y+2) +3(y-2? ab-o?
4 4

- — )2

=(2s+a) (s(s— a) +%(b—c)2 +a(sz a)) _a(b4 c)

- - — )2
= (2s+a) <S(s_a)+%(b_c)2+a(sz a))_(a+2s is)(b c)

(b—c)?> a(s—a)\ s(b—c)?
2 2 >+ 2

_ Y Y
(s a)(Zs+a)+(b c))_l_s(b c)

= (2s+ a).

=(2s+a) (s(s —a)+

2 2 2
' _ 2s s—a)2s+a)? @2s+a)b-c)? s(b—c)?
= (9, (0) = P = (Zs+a)2< 2 * 2 T2 )

s 2 S 1 1
— — - 2 1 4
=s(s—a)+ (-0 <(25+a) Tosta 2 4)

b — c)? 1,2
_s(s—a) - 4°) + (-0 (5 +5)

(b—c¢)?[((4s + a)? L
4 <(Zs +a)? )

~|b% + ¢ — abc + a(4m?) e (2s+ a)(

=s(s—a)+
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5 (09 s(3s+ a)(b — ¢)?
=>p; = s(s—a)+ 25+ a)Z

? 2 (b — )2 via(ses) s(3s+ a)(b —c)?
> —. -
Now,p, = h, + 3 " s s(s—a)+ 25+ a)
; ( ) s(s—a)(b—c)2+4 (b—c)4+4ha (b —¢)?
>s(s—a pe 92. o 3 a
s(3s+a) s(s—a) 4(b-c)[? |4h,
_ > (b2 >
(2s + a)? a? 9a? (f) 3a ( (b-c)® = 0)
s3s+a) s(s—a) 4(b-c)2-a®>0-9*s(3s+a) s(s—a) 4
We have : + - - —
(2s + a)? a? 9a? (2s + a)? a? 9

_ 9s(3s + a)a® +9s(s —a)(2s + a)? — 4a*(2s + a)?
- 9a2(2s + a)?
4(s — a)(9s® + 9s?a + 5sa’ + a3) s>a

= 9a2 (25 1 a)? > 0=>LHSof(m)>0.-(m) &

T? 16(b—c)* 8T(b-c¢)? ? 16 s(s —a)(b — ¢)?
+ — > As(s—a)—

a*(2s + a)* 81a* 9a*(2s + a)?2 ~ 9a? a?
(T=sB3s+a)a?+s(s—a)2s + a)?)

16(b—c)* 8(b——c)? T T? 16s(s — a)
— —-2s(s—a) |+ —
81a* 9a* (2s + a)? a*(2s + a)* 9a?
4(b — c)? 2 N 4(b—c)? 4s(2s® —3sa®? — a?)
9 9 ' (2s + a)?
9T? — 16s(s — a)a?(2s + a)* 2 0
9(2s + a)* (_5_)
4(b — c)?

" whose |discriminant|

Now, LHS of (mm) is a quadratic polynomial in "’

B 16s%(2s® — 3sa® — a3)2 9T? — 16s(s — a)a?(2s + a)*

(2s + a)* ' 9(2s + a)*

16sa’ s
=————— (44t> —28t* — 49t3 + 10t + 19t + 4) (t =—
9(2s + a)* ( ) ( a)
16sa’ (t—1)%(44t% + 60t + 27t + 4) < 0 = LHS of (mm) > 0
== ~a- - = HE
9(2s + a)* 0

2 (b—c¢)?
=>(ll)=>(l)istrue.'-paZha+§.( )
Again, Stewart’s theorem = b?(s — c¢) + c?(s—b) = an? + a(s —b)(s — ¢)
= s(b? + ¢2) — be(2s — a) = an? + a(s? —s(2s — a) + bc) = s(b? + ¢2) — 2sbc
= an? + a(as — s?) = s(b%? + ¢ — a® — 2bc) = an% — as? = an? =

4sbc(s—b)(s—c)(s—a

as? + s(2bccos A — 2bc) = as? — 4sbcsin? — = as? — ( ) ) )

2 be(s — a)

as(c+a—-b)(a+b—-c) 5 (az—(b—c)2> )
— a = as” —as f > n; =

- (m)

2

= as a
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2 _ (h_ <2 Y
s(s_u>=s<s—a+(b ac)>=>n‘21=s(s—a)+2.(b—c)2

a
s 4r (ﬁ B 1) 4ra (nﬁ - hﬁ)

3s \h, ~3s.2rs’ n, + h,
—a)(b—c)?
_ 2a s(s—a)+2.(b—c)2—s(s—a)+w _ 2a s* (b—c)?
352’ n, +h, " 3s2'a? ng +h,
2 (b_c)z 1 via (m) Pa—hy po—h, 4r m,
=2 . < > ——1) d anal
3 a n, + h, n,+h, n,+h,  3s (hu and anatogs

_Pa—hs pp—hy pc—hczg<ﬁ+@+ﬁ_3>
n,+h, n,+hy, n.+h. " 3s\h, hy h
Vv A ABC, with equality iff A ABC is equilateral (QED)




