ROMANIAN MATHEMATICAL MAGAZINE

In any A ABC with p, — Spieker cevian, n, — Nagel cevians, the following
Lationships hold : S0~ LShbd
relationshipshold : ——<n, —p, < —
P a(2s +a) a”Pa="50

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India

A

Let AS produced meet BC at X and m(3BAX) = a and m(£CAX) = B (say)
and inradius of A DEF = r'(say)

a?\ [b? at 1 16r2s2
N ,16DEF2=ZZ — || = —Z_z_ ZZ zbz_z 4) =
oW 16(DEF <4><4> 16 16( “ a) 16
a b ¢
= [DEF] == > =,=>r=5-0

. L C 2B+C B+m—A
- Spieker center is incenter of A DEF, . m(5AFS) = B + 2 = =

2 2
T _A-B nd (£AES) c+o T _AC .,
= — — = —_————_—
2 " andmis 272 2 @
Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :
r? c? 2r c A-B
AS? = — =) si
4sin2S 4 2sin < (2) o 2
2 2
r? N b? 2r (b) A-C
= —— —|sin
4sin22 4 2sin2 | \2 2
2 2
i r? c? 2r c A-B r? b?
= 2AS% = —— =) sin + +—
4sin? g 4 Zsing (2) 2 4sin? g 4
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—( 4Rcos = si 4Rcos —

CcoS > sin > + CcOoS 2 sin >

_r (2_ A+B A—B+2_ A+C . A—C)
= Rnr sin 2 sSin 2 sin 2 sin 2
=Rr(1 2'ZB+1 Z'ZC 2(1 2'2A)
= Rnr sSin 2 sin 2 sSin 2

<2a(s —b)(s—=c)—b(s—c)(s—a) —c(s—a)(s — b))
= 2Rr
abc

2
r( C A-B B A—- C)
2

_ RC a3+ b+ a2 — 2a(b? + ¢2) — (b + (b — ©)2)

~ 8Rrs
. 2 A _ . 2A  pein2A
_ 4(b+ c)besin® ; — 2a.2bccosA bc ((ZS a)sin“> —a (1 2sin 2))
B 8s B 2s
. oA
bc ((ZS + a)sin 7= a) (2s + a)(s —b)(s — ¢©)
= = — 2Rr
2s 2s
R 2r (c) . A—B 2r (b) . A-C
— —)sin — —|sin
2sin— 2 2 ZsinE 2 2
*) —(2s+a)(s—b)(s—c
( )( )( )  2Rr
Zs
Avai r? N r? r? ( ca N ab )
ain, =—
g 4sin? g 4sin2§ 4\(s—c)(s—a) (s—a)(s—b)
2 ab + ca (+) 12 r2
=—— (ca(s—b)+ab(s—c))=——2Rr— 5+ c
4r?s 4 4sin? 3 4sin? 5

(i), (%), (x%) = 2AS? = b?2+c2+ab+ca (2s+a)(s—b)(s—c)
, (%), = Z _ .
_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—gl)))(a+b—c)

b3 + ¢3 — abc + a(2b? + 2¢? — a?) i) b3 + ¢ — abc + a(4m?)
= = 2AS% = -

4s
r AS cAS
Via sine law on A AFS, =

2sin 5 sina cos % (a+ b)sin <
(****) r(a +¢)

(=» r(a+b)
and via sine law on A AES, bsinf 2AS

= csi =" —~
csina A8

1 . 1 .
Now, [BAX] + [BAX] = [ABC] = 7 Pacsina + Epabsmﬁ =rs
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via <***>;;“' () pg@+b+a+c) n 4s A
4AS =STPaT o5 a
_ 2 via (i) 16s? b3+ c3 —abc + a(4m?)
Pa = (2s + a)?’ 8s
2 2s
* " (2s + a)?
2s
2 _ 2 _ 3 3 _ 2 _ 2
=>pi—m; = 2s T a)? (b + ¢’ —abc + a(4ma)) m;
2s 8sa
_ 3, 3 _ _(1_
(2s + a)? (b% + ¢* — abc) (1 (2s + a)z)
_4(a+b+ c)(b3 + ¢ —abc) — (2b% + 2c?2 — a?)(b + ¢)?
a 4(2s + a)?
B a’(b—-c)?2+4a(+c)(b—c)? + 2(b?% —c?)?
B 4(2s + a)?
((a? +2a(b + ) + (b + ©)%) + (b + )% + 2a(b + ©) + a?) — a?)
(b —¢)? , o (b—0)*(8s*—a?)
_4(25+a)2(2(a+b+c) —at) = 4(2s + a)?
(b — c)?(8s? — a?) (+*)
~“D:—m?= > >
Now, b3 + ¢3 — abc + a(4m?) = b3 + ¢3 — abc + a(2b? + 2¢? — a?)
= (b + ¢)(b%? — bc + ¢2) + a(b? — bc + c2) + a(b? + c% — a?)
= 2s(b? — bc + c?) + a(b? — bc + ¢ + bc — a?)

~|p (b3 + ¢ —abc + a(4m§))

2
a

_ (b-0)?
"~ 4(2s + a)?

2 _ — )2
=(2s+a)(b2—bC+c2)+a<(b+c) 4(b ©) a2
— — )2
=(2s+a)(b2—bc+c2)+a(b+c+2a;(b+c Za)_a(b4 )
=(25+a)(b2—bc+c2)+a[(zs_a[+2“‘)“””3—2“0_a!(b—C)2
4 4
2 2 _ _ N2
=(Zs+a).4b + 4c 4bc4+a(b+c Za)_a(b4 c)
=(2s+ a).
4z+x)*+4x+y)? -4+ 0)x+y)+ Y+2((z+x) + (x +y) — 2(y +2))
4
_a(b—c)2

(a=y+zb=z+x,c=x+Yy)
4x(x+y+2z)+2x(y+z)+3(y—2)?% al-c)?

4 4
—_ _ 2
=(2s+a) <s(s— a) +%(b — o+ a(s2 a)) B a(b4 c)

a(s — a)> _ (a + 2s —2s)(b — c)?

= (2s+ a).

=(25+a)<S(S—a)+%(b_c)2+ 2 4
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— )2 _ 2
= (2s+a) (s(s—a)+(b ©o°  als a>>+8(b )

2 2 2

— — )2 — )2
+|b3 + ¢3 — abe + a(4m2) =’ (25 + @) <(S D@sta) b-o > Gl

2 2 2

4 (2), (s00) > p2 = 2s ((s —a)(2s + a)? s (2s + a)(b — ¢)? s s(b - c)2>

(2s + a)? 2 2 :
=s(s—a) + (b —c)? <(Zsia)2+2sj—a+%_i>
R e ]
=s(s—a)+ b ;dz (g;:gi - 1)
s(3s + a)(b — ¢)?

D)
>p2 ="s(s—a)+ 25 + a)?

Again, Stewart’s theorem = b?(s — ¢) + ¢c?(s—b) = an? + a(s —b)(s — ¢)
= s(b%? + ¢%) — bc(2s — a) = an? + a(s? — s(2s — a) + bc) = s(b? + ¢?) — 2sbc
= an? + a(as — s?) = s(b? + ¢ — a? — 2bc) = an? — as? = an? = as? +

A 4sbc(s—b)(s—c)(s—a
s(2bccos A — 2bc) = as? — 4sbcsin? — = as? — ( ) ) )
2 bc(s — a)
, as(cta-b)la+b-c) 5 a? — (b — c)?
= as? — =as’?—as|————
a a
a? — (b —¢)? b —¢)?
:nﬁzs(s—¥>:nfl=s<s—a+( )>
a a
>nZ = s(s—a)+-.(b—c)?
? s|b— (| ? (b — ¢)? s|b — |
< 2 o242 O Y A
Now, n, p"_Zs+a(:)na_pa+S (Zs+a)2+ Passa
via (ss++) and (s++++) s s(3s+ a)(b —c)?
_ _ — )2 _ _ _
o s(s a)+a.(b c)*—s(s—a) 25 + a)?
? (b — ¢)? s|b — c|
<s?— .
=S (Zs+a)2+ Passia
s s(3s+a) s? , s|b — |
A - - < ]
<a (2s + a)? (Zs+a)2> (b—c)* < 2p, 2s+a
4s3|b — c|? < b—c o 2 2s2 b—c (< b—c| > 0)
a2sia) S S.Pg ¢l & ap, =5 ——. c| (= c|l >
via (s++) s(3s+a)(b—c)?\ ? 4s*
2 _ _ 2
< a <S(S @)+ (2s + a)? - (Zs+a)2'(b ©
4s* — a’s(3s + a) ?
2elc— ) — 2>
< a*s(s—a) 25t ) .(b—0c)*=0
s(s—a)(2s + a)? ?
e a’s(s—a) — ( ) ) .(b-0c)?=>0

(2s + a)?
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s|b — c|

2s+a
Now, b? + ¢3 — abc + a(4m?) = b3 + ¢3 + a® — abc + a(2b? + 2¢? — a?) — a®

= Z a3 — abc + 2a.2bc cos A = 2s(s? — 6Rr — 3r%?) — 4Rrs + 16Rrscos A

cyc

es(s—a)a* - (b—c)?)=0-true.n, —p, <

s
=pt= st ar 2s(s? — 8Rr — 3r%2 + 8Rrcos A)

_ % (s —sRr—3r2+8R (1-2si ZA)
=@t | r—3r r sin”
4s? A 4s* 2s?
=— = _ (s?-3r2-16R '2—)<—=> -
(2s + a)? (S r Pg) S @s+az " P 251 " M Pe

s s(3s+a) Y
_ ntzl - ptzl > (a (Zs+a)2) (b C)

(+n2=s?2-2h,r,<s?=n,<s)

- na + pa = s+ 252
2s+a
_stas?+sa)b-c _stb-0? _sboo?
) a(2s + a)>. (“Zﬂ) Ta@s+a) " PeTaizsra) O
2s+a
s(b —c)? slb—c|

— —~ _<n,—-p, <
a(25+a)_na Pa="¢ta vAABC,
with equality iff A ABC is equilateral (QED)



