ROMANIAN MATHEMATICAL MAGAZINE

In any A ABC with p,, pp, Pc

— Spieker cevians, the following relationship holds :

pa+wa + pb+wb + pc+wc <2
2rna + \V PaWqa Zrnb + \V PprWp zmc + PcW¢ B

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India

A

Let AS produced meet BC at X and m(£BAX) = a and m(£CAX) = B (say)
and inradius of A DEF = r'(say)

a?\ [b? at 1 16r2s?
2 _ - I RAE— 22 _ 4 —
Now, 16[DEF] _22<4><4> 216 16(22“’ Za) 16
a b c

rs S+o+- rs r
= [DEF] = —=>r' |+ 22 =z>r=5-O

. L C 2B+C B+m—A
- Spieker center is incenter of A DEF, . m(5AFS) =B+ = = =

2 2 2
T _A-B mdm(saEs) =c+o=2_2"C_
= — — = —_————_—
2 Tz andmiz 22 2z °@
Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :
r? c? 2r c A-B
AS? = +—— =) sin
4sin2§ 4 Zsing (2) 2
r? N b? 2r (b) A-C
= S —|sin
4sinzg 4 Zsing 2 2
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b

2 Zsm— (2

_r<4R C . A_B+4-R B A — C)

=3 coszsm > coszsm >
A—-B . A+C | A—C)

R (2' A+B +2
= Rr|( 2sin 2 sin 2 sin 2 sin >
2_

B C A
_ C 9cin? o  ein? o el
—Rr<1 2sin 2+1 2sin > 2(1 2sin 2))

<2a(s —b)(s—=c)—b(s—c)(s—a) —c(s—a)(s — b))

) sm2

Now,
ZsinE 2

abc

Rr
= BRrs (2a® + (b + c)a? — 2a(b? + c?) — (b+ c)(b —¢)?)
4(b + c)bcsin? % — 2a.2bccosA  bc ((25 — a)sin? % —-a (1 — 2sin® ;))
- 2s

8s
bc ((ZS + a)sin? % - a) _ 2s+a)(s—b)(s—c) SRy

R 2r (c) . A—-B 2r (b) . A-C
— —)sin — —|sin
2sin— 2 2 ZsinE 2 2
x —2s+a)(s—b)(s—c
() —( )( )( ) + 2Rr
2s
Avai r? N r? r2< ca ab )
ain,
g 4sin2 g 4$1n2 (s—o)(s— a) (s—a)(s—Db)
2 ab + ca () 12 r?
=-——(ca(s—-b)+ab(s—¢))=—————-2Rr = —5+——
4r’s 4 4sin? 3 4sin? 5
b?2+c2+ab+ca (2s+a)(s—b)(s—c
(@), (), (++) = 2AS% = 2 ! X 23 X )
(a+b+c)(b® +c2+ab+ca)— (2a+b+c)(c+a—b)(a+b—c)
B 8s
b3 + ¢3 — abc + a(2b? + 2¢? — a?) i) b3 + ¢ — abc + a(4m?)
= = 2AS? =
4s 4s
r AS cAS

Via sine law on A AFS, = =
(a+ b)sinE

. . A-B
2sin 7 sina cos -
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= csing ) Flatb) d via sine 1 A AES bsing = r(a+c)
csina =" — - andviasine alw on ,1 sinf = 7AS
Now, [BAX] + [BAX] = [ABC] = Epacsina + EpabsinB =rs
via (+++) and (++++) p,(@a+b + a + c) 4s
= =s=> = A
4AS ST Pa= 55 a S

,vie 16s* b3+ ¢ —abc + a(4m?)

>p: = .
(2s + a)? 8s
O 2s
w2 3, .3 2
~|Pa = s+ a)? (b + ¢® —abc + a(4ma))

Now, b3 + ¢3 — abc + a(4m?) = b3 + ¢3 — abc + a(2b? + 2¢? — a?)
= (b + ¢)(b? — bc + ¢2) + a(b? — bc + c2) + a(b? + c% — a?)
= 2s(b? — bc + c?) + a(b? — bc + ¢ + bc — a?)

2 _ (h_ )2
=(Zs+a)(b2—bc+c2)+a<(b+c) (b-0) —a2>

4
a(b+c+2a)(b+c—2a) _a(b—c)2

4 4
a2s—a+2a)(b+c—2a) a(b-c)?

= (2s + a)(b? — bc + ¢?) +

= (2s + a)(b? — bc + ¢?) +
4
4b? + 4c? —4bc+a(b+c—2a) a(b—c)?

= (2s + a). m 2
= (2s+ a).
4z+x)?+4(x+y)?—4Z+0)x+y)+y+D)((z+x)+(x+y) —2(y +12))
4
_a(b—c)2

(a=y+zb=z+x,c=x+Yy)
4x(x+y+z)+2x(y+z)+3(y—2)?* ab-c)?
4

= (2s+a)<s(s—a)+%(b—c)2+

= (2s + a).

a(s—a)\ a(b-oc)?
2 ) 4
- _ a2
=2s+a) <s(s —a) +%(b 02+ a(sz a)> _(a+2s is)(b c)

— )2 _ _~\2
(b—20¢) +a(s a)>+s(b c)

=(Zs+a)<s(s—a)+ > > >

(D)
~ b3+ ¢ —abc+ a(4m?) = (2s+a) ( > > >

_ _ 2 — 2
(s a)(Zs+a)+(b c)>+s(b c)

o (8),(s0) > p2 = 2s ((s — a)(2s + a)? s (2s + a)(b — ¢)? . s(b — c)Z)

(2s + a)? 2 2 2

2 1 1
:S(S_a)-l_(b_c)Z((Zsj—a) +Zsj—a+1_z>
(b —©)?

S 1\2
—_ 2 _
+( c)'(Zs+a+2)

=s(s—a)—
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=s(s—a)+

(b—-c)?/(4s + a)? 1
4 (2s + a)?
s(3s+ a)(b — c)?
(2s + a)?
+ w,
Now,—ra ™ Wa @ 3(pg + W,) — 2/paW, < 4m,

Zm + ,/pawa

S 9I(pg +Wg)% +4pawW, — 12(pg + Wg).\/PaWe < 16m2 and -
A-G
—12(pg + Wo).\/PaWa < — 24p,w, - it suffices to prove :

via (ee°)

9(p2 + w?) + 18p,w, + 4p W, — 24p,W, < 16m2 &

(...)
=>p: = s(s —a)+

s3s+a)(b—c)? s(s—a)(b—c)? (b—1c)?
2s(s — - ~1 -
9( s(s—a)+ (2s + a)? (2s — a)? 6(s(s—a)+ 4
9s(3s+a) 9s(s—a)
< — —4).(b=0¢c)?< - —
< 2p W, © < Zstaf  (2s—a)? 4|.(b—c)* <2p,w, —2s(s—a)
4s* — 36s3a + 25s%a? + 9sa® — 2a* , |™
& 5% —a?)? .(b—0)* | <|pw, —s(s—a)
4s* — 36s3a + 25s%a? + 9sa® — 2a* < 0 and then : LHS of (m) < 0
s(3s+ a)(b — ¢)? (b —c)?
v pi=s(s—a)+ >m2=s(s—a)+
< RHS of (m) Pa = st ) (2s + a)? a = s ) 4
Lascu + A-G
S PaWq — S(s —a) = m,w, —s(s— a) > 0
[Case 2]4s* — 36s3a + 25s2a? + 9sa® — 2a* > 0
via (o)
((:) t=—2>8.20584 (approxnmately)) and then: (m) ©
( )+4s —36s%a + 25s%a® + 9sa3® — 2a* ® )22
s(s—a (@s? — a?)? . c
( )+s(35+ a)(b — c)? ( ) s(s—a)(b—c)?
s\s—a (2s + a)? e a (2s — a)?
4s* — 36s3a + 25s%a? + 9sa® — 2a*)? s?’(3s+a)(s—a
- ( ) 4 ( )( ) (b— ) <
(4s% — a?)* (4s% — a?)?
/ s?(3s+a)(s—a) s*(s—a)?
(2s + a)? (25— a)? )
b — S
| 2s(s — a)(4s* — 36s3a + 25s%a? + 9sa® — 2a*) (b=
\ (4s% — a?)? /
(4s* — 36s3a + 25s%a? + 9sa® — 2a*)? + s2(3s + a)(s — a)(4s% — a?)? b o
(4s? — a?)* ' ¢

( s?(B3s+a)(s—a)(2s — a)? —s?(s— a)?(2s + a)z)
2s(s — a)(4s* — 36s3a + 25s%a? + 9sa® — 2a*)

< (s? —a?)? .(b—=1c¢)?
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/4(5 —a) (1657 — 64s°a + 300s°a? — 12854a3)

| —135s3a* + 13s%a® + 8sa® — a’ (b — c)?
& (b—0)?| (4s2 — a?)* ' <0
\ 4sa(s — a)(16s® — 12s%a — 4sa? + a?)
(452 — aZ)Z
- (1657 — 64s%a + 300s°a® — 128s*a® — 13553a4) b-o?|<

+13s%a® + 8sa® — a’
sa(16s® — 12s?2a—4sa’? + a®>)(4s>—a?®)? (- (b—-c)?>0and (s—a) > 0)
Now, 16s” — 64s°a + 300s°a? — 128s*a® — 135s3a* + 13s2a® + 8sa® — a’
= (s — a)(16s® — 48s%a + 252s*a? + 124s3a® — 11s%a* + 2sa® + 10a®) + 9a’
(16s° + 225s*a? — 120s%a) + 27s*a? + 113s3a® ;
=(s—a) + 9a
+11s%a®(s — a) + 2sa® + 10a®
3 — 2 2 5 4 2 3 3 s>a
(4s3 — 15s c;) 3+ 72s a+27: a +1613s @\ L 947 °2%
+11s%a’(s — a) + 2sa’ + 10a
and v (b—c)? < a? ~. LHSof (mm) <
16s’ — 64s°a + 300s°a? — 128s*a® — 135s3a*\ , ’
2,5 6 _ 7 a” <
+13s“a’> + 8sa® — a
sa(16s3® — 12s?a — 4sa? + a®)(4s? — a?)? &
256t% — 208t7 — 128t% — 188t + 176t* + 115t3 —17t2 - 7t+ 1> 0
6 5 4 3 ?
+3532t“ + 7087t + 14180
— true - t > 8.20584 (approximately) >2 = (t—1),(t—2)>0> (mm)
= (m) is true (strict inequality) and combining both cases, (m) is true vV A ABC

+w, 2
Pa =< 3 and analogs V A ABC =

=(s—a)<

2ma + pawa
Pa + W, Pp + Wp Pc + W
+
2rna t /PaWa zrrlb + vV PpoWp ch t /PcWc
with equality iff A ABC is equilateral (QED)

< 2VAABC,



