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In any A ABC, the following relationship holds :

m, my, m, 1 5R
+ + < —( + —)
\/(b+c)2+8a2 \/(c+a)2+8b2 \/(a+b)2+8c2 8 2r
Proposed by Tapas Das-India
Solution 1 by Soumava Chakraborty-Kolkata-India
Lets—a=x,s—b=yands—-c=z-.s=x+y+z

sa=y+zb=z+xandc=x+y

2 4 4 * X 4R
Now, = = > = S =>S (_)(chc ) and1+—
r2 F?2 s(s —a)(s —b)(s —c¢) XyZ r
4sab +z
—14 sapc — 14 Hcyc(y )
4s(s — a)(s — b)(s —¢) XyZ
4'R (**) XYz + Hcyc(y + Z)
=1+
T XyZ
y + Z a (x) chc((x +V)(y+ Z)Z) .
Also, Y == 15N LS Mogts D=

cyc cyc

(26 e ) B

cyc

(xyz + [eye(y + Z)> (chc((x +yY)(y+ Z)Z))
Xyz [leye(y +2)

i, (n<y . z)> (z ) . (m o z)) (zm Do+ z>z>>

cyc cyc cyc cyc
()
=3 z x’y* + Z x3y3 | >|xyz 2 x%y + 3x%y?z?
cyc cyc cyc
A-G
Now,if u,v,w > 0,then : v + v3 +u® > 3v?u,
A-G A-G
w3 +wd+v3 > 3w?vand u® + u® + w® > 3u?wand adding these three :

Z ud > Z uv? and choosing u = xy,v = yz and w = zx, we get :

cyc cyc
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(e
Zx3y3 > xyz

szy and sz 4 > 3x2y?
cyc

o (00) + (eee) = (o) is true
cyc cyc ( )

s2

Ja=(e)a o

cyc

Z Z Z + x b (****) chc((x + Y)Z(y + Z))
Moreover,

y + Z Hcyc(y + Z) (*)' (**)’ (****)
cyc cyc cyc
s2 b 4R (chc x)3
i Zyc:a (1+T)® XyzZ =
(sz + Hcyc(y + Z)) (ch(:((x + y)Z(y + Z)))
xyz Hcyc(y + z)
3

[[o+2 ) D %) 2(me+] [o+2 )| D @+yre+)
by 5

cyc
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& Z xty? + Z By | =

cyc

> |xyz Z xy? + 3x%y?z?
cyc cyc cyc
_ A-G
Now, if u,v,w > 0,then : u? + u3 +v3 > 3u?y,

A-G
3+v3+w? > 3viwand w3 + w3 + u® > 3w?u and adding these three :
z 3> z u?v and choosing u = xy,v = yz and w = zx, we get

cyc cyc

D) A—
z xy3 > xyz z xy? |and 2 5
cyc

2 22
cyc

(ooooo) + (oooooo)
cyc  (seveee

= (eeee) is true - :—z > g) (1 + g) - (2)

? 2c2 + ab 2b% + 2¢% — a?)\ [2c?
Nowm,m, <——< 1

+ 2a? — b? ; (2¢? + ab)?
- 16
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?
o a* + b* — 2a?b? — a’c? + 2abc? —b%c? >0

o (@+b)2(a—b)?—c*(a-b)? >0 (a—b)?@+b+c)(a+b-c) =0

2¢%2 + ab
- true = |m,m,;, < — and analogs — (3)
Lascu
and
1 5m,m,m, Tereshin
Now,E 1+ Tofz Z m, =

cyc

1 14 5 H(b+c A) Z:b2+c2
2 9r2s? 2 053 4R

cyc cyc
1 14 5 [2s(s?+2Rr+r?) s \/s?—4Rr—-r?
2 9r2s2 8 "4R R
? s? 5(s?2 + 2Rr + r?)(s? —4Rr —r?) ? 2s? —4Rr —r?
= = =
r(4R +r) 144R?r? r(4R +r)

< (20R + 5r)s* — rs?(328R? + 10Rr) + r?(416R3 — 16R?*r — 50Rr? — 5r3)

w{V -~
(=]

Gerretsen

and - (20R + 5r)(s? — 16Rr + 5r?)> > 0 .. in order to prove (m),
it suffices to prove : LHS of (m) > (20R + 5r)(s? — 16Rr + 5r?)2

(mm)
& (156R? — 25Rr — 25r%)s?| > [r(2352R3 — 952R?r — 125Rr? + 65r?)

Gerretsen

Finally, (156R? — 25Rr — 25r%)s?> >  (156R? — 25Rr — 25r?)(16Rr — 5r?)

? ? R
> r(2352R3 — 952R?r — 125Rr? + 65r3) © 24t3 — 38t2 —25t—-10>0 (t = ;)

Euler

?
& (t—2)(24t2 +10t—-5)>0—>true~t > 2= (mm) = (m)is true

1 1_I_Smambmc Z - s? - Za Zb
2 9F2 Ma | | = r4R+r) ~ b a

cyc cyc cyc
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cyc cyc
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1 5m,m;m, a b
O | —t > ¢ > — —
2| e | 2me) |2 (| 2| 2 |- @

cyc cyc cyc

2m, 2m, 2m,

Now, implementing (4) on a triangle with sides 3 '3 ' 3

whose medians and area

F
and = respectively, we get :

ab c
as a consequence of trivial calculations are 2'2'2 3

5 a_bc Zma 2my,
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-
+
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9 cyc cyc 3
4Rrs
m, m,\| 1 5.7
= — — 1S5 1+—3
my, m, 2 r’s
cyc cyc 9
m m 1 5R
( =) = s—(1+—) - (5)
m,, m, 2 2r
cyc cyc

m, my, m,

A-G
) + + < Z—“
Jb+c)?+8a2 J(c+ta)?+8b2 (a+b)2+8c2  LV4be+8a?

Y A fm 2 )| 2
16mym, 4 m,’ ' m,, m,

cyc cyc

Now

via (5) 1 m, m, m,
< 3(1e3p)- B
8 2r/ /(b + )% + 8a? \/(c+a)2 +8b2  /(a+b)?+8c2
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1 5R
8 (1 + 2—) v A ABC,” =" iff A ABCis equilateral (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
By AM — GM inequality, we have
(b+c)?>+8a%?=(b+c)?+4a% +4a* > 4a(b +c) + 4a? =
= 4a-2s = 8sa (and analogs)
Then

Z 5 m,% _ZZ(b2+c2)—a2
Jb+ f:)2 + 8a2 \/8sa 8s T 4a

cyc cyc cyc

— 24 2
32sabc Zbc(b + c?) — abcz

cyc cyc
—3 2
= |128s2Rrr |? Z“ zbc - 3“’“2“
cyc cyc cyc

3
= \/12_832Rr [4(s?2 —1r? — 4Rr)(s? + 12 + 4Rr) — 3. 4Rsr2s]

B 3[s* —1r2(4R + 1r)% — 652RT]
B 32sZRr

Gerretsen

I T PP Gl N O T O ki
= 32rr|® T 2 = |32Rr rwer 2

B 3(2R—r)AMéGM1(3+2R—r)_1(1+R)E‘ﬁ<£"1(1+5R)
-~ 16r - 2\4 4r /) 4 r/ ~ 8 2r)’

Equality holds iff AABC is equilateral.




