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Abstract. In this paper we present new inequalities with Fibonacci and Lu-

cas numbers.

Fibonacci sequence: (Fn)n≥0, F0 = 0, F1 = 1, Fn+2 = Fn+1 + Fn,∀n ∈ N.
Lucas sequence: (Ln)n≥0, L0 = 2, L1 = 1, Ln+2 = Ln+1 + Ln,∀n ∈ N.

Application 1. In any triangle ABC with usual notations and the area F holds
the following inequality:
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Application 2. In any triangle ABC with usual notations and the area F the
following inequality holds:
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Application 3. In any triangle ABC with usual notations and the area F the
following inequality holds:
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Application 4.
a. If a, b, c ∈ R∗+ such that abc = 1, then the following inequality is true
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The problem from above show that the inequality also occurs if a, b, c ∈ R∗+ such
that a+ b+ c = 3 and if a, b, c ∈ R∗+ such that ab+ bc+ ca = 3. �

Application 5.
If a, b, c ∈ R∗+ such that abc = 1, then holds:
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Application 6.
If a, b, c ∈ R∗+ such that ab+ bc+ ca = 3, then is true
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Application 7.
If a, b, c ∈ R∗+ such that a+ b+ c = 3, then

1

a3(F 2
nb+ F 2

n+1c)
+

1

b3(F 2
nc+ F 2

n+1a)
+

1

c3(F 2
na+ F 2

n+1b)
≥ 3

F2n+1
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The inequality also occurs if a, b, c ∈ R∗+ such that a+ b+ c = 3 and if a, b, c ∈ R∗+
such that ab+ bc+ ca = 3.
Application 8.
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Proof.
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Application 10.
If x, y, z > 0, then
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Application 11.
If ABC is a triangle a, b, c the lengths of the sides, R the lengths of circumradius,
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Application 13.
If a, b, c ∈ (0, π2 ), then
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Proof.
From a, b, c ∈ (0, π2 ) yields that tan a > a, tan b > b, tan c > c and
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Application 14.
If a, b, c ∈ (0, π2 ), then

tan a

F 2
n sin 2b+ F 2

n+1 sin 2c
+

tan b

F 2
n sin 2c+ F 2

n+1 sin 2a
+

tan c

F 2
n sin 2a+ F 2

n+1 sin 2b
>

3

2F2n+1
,

,∀n ∈ N∗

Proof.
From a, b, c ∈ (0, π2 ) yields that tan a > a, tan b > b, tan c > c and

sin 2a = 2 sin a cos a < 2 sin a < 2a, similarly sin 2b < 2b, sin 2c < 2c

Hence:
tan a

F 2
n sin 2b+ F 2

n+1 sin 2c
+

tan b

F 2
n sin 2c+ F 2

n+1 sin 2a
+

tan c

F 2
n sin 2a+ F 2

n+1 sin 2b
=

=
∑
cyc

tan a

F 2
n sin 2b+ F 2

n+1 sin 2c
>
∑
cyc

a

2bF 2
n + 2cF 2

n+1

=

=
1

2

∑
cyc

a2

abF 2
n + acF 2

n+1

Bergström

≥ 1

2
· (a+ b+ c)2∑

cyc(abF
2
n + acF 2

n+1)
=

=
1

2
· (a+ b+ c)2

(F 2
n + F 2

n+1)(ab+ bc+ ca)
=

(a+ b+ c)2

2F2n+1(ab+ bc+ ca)
≥

≥ 3(ab+ bc+ ca)

2F2n+1(ab+ bc+ ca)
=

3

2F2n+1

�

References

[1] Romanian Mathematical Magazine - Interactive Journal, www.ssmrmh.ro

Mathematics Department, National Economic College ”Theodor Costescu”, Drobeta
Turnu - Severin, Romania

Email address: dansitaru63@yahoo.com


