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ABSTRACT. In this paper we present new inequalities with Fibonacci and Lu-
cas numbers.

Fibonacci sequence: (Fy,)n>0,Fo =0,F1 =1, Fyy0 = Fppq1 + F,,Vn € N,
Lucas sequence: (Ly)n>0,Lo =2,L1 =1,Lp49 = Lpy1 + Ly, Vn e N

Application 1. In any triangle ABC with usual notations and the area F' holds
the following inequality:
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Application 2. In any triangle ABC' with usual notations and the area F' the
following inequality holds:
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Application 3. In any triangle ABC with usual notations and the area F' the
following inequality holds:

F2F. F? F. F? _F.
a "b 2n+1 b nel2n+l chingtf2n+1 F 2 2
2n+1+F, 2—Fopy1 o F
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Application 4.
a. If a,b,c € R such that abc = 1, then the following inequality is true

1 1 1 3
> .
BED+ Frosd) T BFuct Foma) | B(Fua+ Froab) = Fora'
b. If a,b,c € R} such that ab + bc + ca = 3, then is true
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+ + > ;
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c. If a,b,c € R such that a + b+ ¢ = 3, then is true
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1

But, ab+be+ca >3-/ (abe)? < (ab+bet-ca)® > 27(abe)? < (abe)* <1 & s >1
abe

From (1) and (2) yields the desired inequality.
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2
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9 3
Z b 2 =
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Remarks.
If a,b,c € RY such that abc = 1, then

1 3
Z m > 2 (IMO - 1995 - Toronto - Canada)

cyc

The problem from above show that the inequality also occurs if a,b,c € R such
that a + b+ c =3 and if a,b, c € R} such that ab+ bc + ca = 3. ([l

Application 5.
If a,b,c € RY such that abc = 1, then holds:

1 1 1 3
+ + >
ad3(Fpb+ Friic)  U3(Fhc+ Fhp1a)  A(Fpa+ Frpd) = Foio

Proof.
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Application 6.
If a,b,c € R% such that ab + bc + ca = 3, then is true
1 1 1 3
+ + >
a3(Fpob+ Fpy1c)  V3(Fpe+ Friia)  A(Fpa+ Frp1b) = Fogo
Proof.
. 2
S g d e (efed’
pv a?(F,b+ Fhyq0) pv abF,, + acF, 1 - chc(abFn +acF, 1)
() B (ab + be + ca)? B 3
~ (abe)2(F, + Fnp1)(ab+bc+ca)  (abc)2F, 1o
(2) X
But, ab+bc+ca > 3-{/(abe)? < (ab+bet-ca)® > 27(abe)? < (abe)? <1 & whe >1
abe
From (1) and (2) yields the desired inequality. O

Application 7.
If a,b,c € RY such that a + b+ ¢ = 3, then

1 1 1 3
>
BF2b 1 F2,,0) | B(F2et Fqa) |« A(F2at FZ0) = Fonpt
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Proof.

1
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Remark.
If a,b,c € R% such that abc = 1, then

1

z —_— > §, (IMO - 1995 - Toronto - Canada)

Szat(bte) 2

The inequality also occurs if a,b,c € R} such that a +b+c =3 and if a,b,c € R}

such that ab+ bc + ca = 3.

Application 8.

If m > 1,n € N* then
SO+ L2 >
k=1

(m + 1)2(m+1)

i (LnLns1 —2)

Proof.

e consider the function f : — S fle)=m +x —(m+ T wit
Wi id he f . f Rj. Rj_ f( ) m(]. )m+1 ( 1)m+1 ith
f'(x) = (m+1)((m+ma)™ —(m+1)"") and f"(z) = (m+1)-m™ (14+2)" "1 > 0,

1
Vo € R7. Therefore, f is convex and it has the minimum point zo = —.
m

1
> — ) =0, i.e.
So, f(x) > f(m) 0, i.e
1)20m+1)
(1) mm(1+z)" > (m+ 1" o (14 x)2(m+1) > —(m +m2)m z?

m (m+1) .
From (1) we get (14 Lj,)2(m+1) > %Lﬁﬂkz € N*, so we obtain that

d (m+ 12D 2

D (L Lyt > e 3 I

k=1 k=1

n
and taking acoount by Z L? = L,L,.1 — 2 we obtain the desired inequality.
k=1
O

Application 9.

(m + 1)2(m+1)

If m > 1,n € N* then 2(1 + Fy)2m+D) > > F,F, 1
m m

k=1
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Proof.
We consider the function f: R% — R*, f(z) = m™(1+2)™ — (m+1)" 1z with
J/(2) = (m+ 1)((m -+ ma)™ — (m + 1™+) and
(@) =(m+1)-m™T (1 +2)""! > 0,Ve € RY.
Therefore, f is convex and it has the minimum point 2o = . So, f(z) > f(&) =
ie.
1 2(m+1)
(m+ 17770

mZm

(1) m™142)" > (m+ 1) e e (1 +2)20mHD >

From (1) we get (1 + Fj,)?(m+1) > WF,E,V% € N*, so we obtain that

n m

m (m 4120 &
S0+ F)2mED > m2m ZFk

k=1
n

and taking account by Z F? = F, F,,,1 we obtain the desired inequality

k=1
O
Application 10.
If ,y,z > 0, then
22 y?
2 2 + 2 2 +
(5F5,y +22)(6F5,z+2y) (5F5,z+22)(5F5,x + 22)

N 2 .3
(bF3,x +2y)(5F2,y+2x) — L3,

Proof.

1
(1) 5F22n+2:5.g(a2n7ﬁ2n)2+2:a4n+64n72(aﬂ)2n+2:a4n+ﬂ4n :L4n

{L‘2 1‘2
(5F2.y+ 22)(5F2, 2+ 2y)  25F4 yz + 10F2,42 + 10F2 22 + dyz
22 PM-GM 2
C(2BEY, +4)yz +10F5, (2 +22) T (25FE +4) - LEE L 10F2 (2 + 22)
212 1 222 1 1y 222 1

2 = . = . = P——
(2) y2 + 22 25F24n +10F7, +4  y?>+22 (5F;, +2)2 y?+22 L3,

And other two similar inequality., i.e

(3) v A
(bF3,z 4 22)(5F2,x +22) — 22 +a% L3,

22 S 222 1
(5F3,x+2y)(5F3,y+2z) — 22 +y? L3,
Adding up the inequalities (2),(3) and (4) and taking account by Nesbitt - Ionescu

a

inequality (ie. > . .55 > > 3 for any a,b,c > 0) we obtain:

(4)

£L'2 y2 22

>
(5FZy+22)(5F2 2 1 2y)  (BF2.z + 20) (5. 1 22)  (5FLwz 1 29)(5FLy 1 21) ~
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202 1 2y2 1 242 1 Nesbitt - Ionescu
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2

Application 11.

If ABC is a triangle a, b, ¢ the lengths of the sides, R the lengths of circumradius,
r the lengths of the inradius and s the semiperimeter, then:

(FfaQ—&— n+1b2) (F2b2—|—F2+lc )2 (%)2 > 2F22n+1(52—r2—4R7’),
c a

Vn € N*

Proof.
By Bergstrom'’s inequality and the formula a? + b? + ¢? = 2(s% —r% — 4Rr) we have
F2a? + F2 ., b*\2 (F20* + F2 (*\2 (F2c* + F2  ad? 2 FZa® + F? b
) (A (B (R

c
cyc

(F2a? + F2,,b%)? Bersgtrom (,,o(Fia? + Fib?)°

p” 02 — (12 + b2 + CQ
(F3+F3+1)2(a2 +b2+02)2 2 2 2
= PECR =2F5,  1(s* —r° —4Rr)

O

Application 12.

If ABC be a triangle with a, b, ¢ the lengths of the sides, R the lengths of circum-
radius, 7 the lengths of the inradius and s the semiperimeter, then

Fra? + Fpogb®\2  (F 02 4+ Fii\2 [ Fpc® + Fpqa®\2
( a® + Fp1 )+< + Fnqic ) +(%) > 9F2,,(s2—r?—4Rr),
(& a

Vn € N*.

Proof.
By Bergstrom inequality and the formula a? + b? + ¢ = 2(s%2 — 7?2 — 4Rr) we have

Foa® + Fpi1b®\2  (Fo b2 + Fry1c®\2 [ Foc® + Fpp1a?\2 Foa? + Fy1b2\2
() () () X () -

Cc
cyc

2
_ Z (Fna2 =+ Fn+1b2)2 Berg;trijm (chc(Fnaz + Fn+1b2)

pv C2 — a2 +b2 +02
(Fy + Fry1)*(a® + 0% 4 ¢%)?
- a2+ b2+ 2 = 2F45(s” — 1% — 4Rr)
O
Application 13.
If a,b,c € (0,5), then
tana tanb tanc 3

> )
F,sin2b + F,, 1 sin 2¢ + F,sin2c+ F,+1sin2a + F,sin2a+ F,41sin2b = 2F, 19
Vn € N*
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Proof.
From a,b,c € (0, §) yields that tana > a,tanbd > b,tanc > ¢ and

sin2a = 2sinacosa < 2sina < 2a, similarly sin 2b < 2b, sin 2¢ < 2c.

Hence:
tana tanb tanc

. - + . - + . - =
F,sin2b+ F,41sin2¢  Fpsin2c+ Fy1sin2a  Fpsin2a + F41sin2b

- Z tana > Z a -
o o F,sin2b+ F,, 41 sin2c¢ 20F, + 2cF, 11 o

cyc
2 Bergstrom 2
_ 1 Z a gz 1 ) (a + b + C) _
2 po abF,, + acF, 1 2 Y oye(abFy +ack, 1)
1 (a+b+c)? B (a+b+c)?
2 (F,+Fyy1)(ab+bc+ca)  2F,19(ab+bc+ca)
3(ab+bc+ca) 3
= 2F,1o(ab+bc+ca)  2F, 1o
O
Application 14.
If a,b,c € (0,5), then
tana n tanb + tanc < 3
F2sin2b+ F2  sin2c F2sin2c+ F2  sin2a F2sin2a+ F2, sin2b = 2F5,11’
,Vn € N*
Proof.
From a,b,c € (0, §) yields that tana > a,tanb > b,tanc > ¢ and
sin2a = 2sinacosa < 2sina < 2a, similarly sin 2b < 2b,sin 2¢ < 2¢
Hence:
tana n tanb n tan c _
F2sin2b+ F2,  sin2c = F?sin2c+ F2, sin2a  F2sin2a+ F2,sin2b
tana a
= . B > —_—— =
; F2sin2b+ F2,, sin2c ; 20F? +2¢F?2,
1 2 Bergstrom ] + b + 2
DI B e
2 p” abF? + ackFy 2 > e(abF +acF7 )
1 (a+b+c)? B (a+0b+c)?
2 (F2+F2. )(ab+bc+ca) 2Fsi1(ab+be+ ca)
3(ab+bc+ca) 3
- 2F2n+1(ab + be + CCL) - 2F2n+1
([l
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