
 
Solve  the differential equation: 

𝒖𝒕𝒕 + 𝒖𝒙𝒙 = 𝟎    𝒖(𝒙, 𝟎) = 𝐬𝐞𝐜𝒂 𝒙 + 𝒄𝒐𝒔𝒆𝒄𝒃𝒙 − 𝟏       𝒖𝒕(𝒙 , 𝟎) = 𝟎 

where: b+1=a=tg2z-2  and 
𝟐

𝒕𝒈𝟐𝒙
= 𝒔𝒊𝒏𝒛𝒄𝒐𝒔𝒛(𝟐𝒄𝒕𝒈𝒛 − 𝟏), 𝟎 < 𝑥 <

𝝅

𝟐
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Solution by proposer 

Firstly, solve  the trigonometric equation: 𝟎 < 𝑥 <
𝝅

𝟐
 

𝟐

𝒕𝒈𝟐𝒙
=

𝟐𝒔𝒊𝒏𝒙𝒄𝒐𝒔𝒙𝒄𝒐𝒔𝒙

𝒔𝒊𝒏𝒙
− 𝒔𝒊𝒏𝒙𝒄𝒐𝒔𝒙 

𝒂𝒏𝒅 𝒂𝒄𝒄𝒆𝒑𝒕𝒆𝒅 𝒕𝒉𝒂𝒕 ,

𝒕𝒈𝟐𝒙 =
𝟐𝒕𝒈𝒙

𝟏 − 𝒕𝒈𝟐𝒙
    𝒔𝒊𝒏𝒙 = 𝒄𝒐𝒔𝒙𝒕𝒈𝒙     𝒄𝒐𝒔𝒙 =

𝟏

𝟏 + 𝒕𝒈𝟐𝒙 
. 𝑻𝒉𝒆𝒏: 

𝟏 − 𝒕𝒈𝟐𝒙

𝒕𝒈𝒙
=

𝟐 − 𝒕𝒈𝒙

𝟏 + 𝒕𝒈𝟐𝒙
 

𝟏 − 𝒕𝒈𝟒𝒙 = 𝟐𝒕𝒈𝒙 − 𝒕𝒈𝟐𝒙 

𝒕𝒈𝟒𝒙 − 𝒕𝒈𝟐𝒙 + 𝟐𝒕𝒈𝒙 − 𝟏 = 𝟎 

(𝒕𝒈𝟐𝒙)𝟐 − (𝒕𝒈𝒙 − 𝟏)𝟐 = 𝟎 

𝒕𝒈𝟐𝒙 − 𝒕𝒈𝒙 + 𝟏 = 𝟎 𝒉𝒆𝒓𝒆 𝑫 < 0   𝑏𝑢𝑡    𝑡𝒈𝟐𝒙 + 𝒕𝒈𝒙 − 𝟏 = 𝟎 

𝒕𝒈𝒙 =
√𝟓 − 𝟏

𝟐
 

According to the formula above:    𝒕𝒈𝟐𝒙 = 𝟐 . 𝑨𝒏𝒅 𝒂 = 𝟎 , 𝒃 = −𝟏 

𝐖𝐞 𝐜𝐨𝐧𝐬𝐢𝐝𝐞𝐫 𝐢𝐧 𝐰𝐚𝐯𝐞 𝐞𝐪𝐮𝐚𝐭𝐢𝐨𝐧: 

𝒖𝒕𝒕 + 𝒖𝒙𝒙 = 𝟎    𝒖(𝒙, 𝟎) = 𝒔𝒊𝒏𝒙             𝒖𝒕(𝒙 , 𝟎) = 𝟎 

𝒖(𝒙, 𝒕) =
𝒔𝒊𝒏(𝒙−𝒊𝒕)+𝒔𝒊𝒏(𝒙+𝒊𝒕)

𝟐
=

𝒆𝒊(𝒙−𝒊𝒕)−𝒆−𝒊(𝒙−𝒊𝒕)

𝟐𝒊
+

𝒆𝒊(𝒙+𝒊𝒕)−𝒆−𝒊(𝒙+𝒊𝒕)

𝟐𝒊

𝟐
=

𝒆𝒊𝒙−𝒆−𝒊𝒙

𝟐𝒊

𝒆𝒕+𝒆−𝒕

𝟐
= 𝒔𝒊𝒏𝒙𝒄𝒉𝒕                                                                           

                  

 

                                                         


