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ABOUT THE SPIEKER’S CEVIANS IN TRIANGLE 

By Bogdan Fuștei-Romania 

ABSTRACT: We consider ABC a triangle with usual notations. We will study the Spieker’s 
cevians in a triangle ABC. Spieker center is obtain as follow:  Le be 𝐌𝟏-middle of the side 
BC,𝐌𝟐-middle of the side AC,𝐌𝟑-middle of the side AB.  Spieker center of △ABC is the 
center of the circle inscribed in the medial triangle of △ABC. (∆𝐌𝟏𝐌𝟐𝐌𝟑).Notation for 
Spieker center: 𝑺𝒑 ; 

RESULTS: 

Notation for Spieker center: 𝑆𝑝 ; We consider AA1= pa Spieker cevian from A (and analogs); 

We consider: α = ∡BAA1 and β = ∡CAA1 ; α +  β=A, M1M2 , M2M3 , M1M3-middle lines in 

triangle ABC , M1M2 =
1

2
 c , M2M3 =

1

2
 a, M1M3 =

1

2
 b 

From direct manipulations using Heron formula we obtain: area ∆𝑀1𝑀2 𝑀3 =
1

4
 S 

S = area of triangle ABC. 

1

2
(M1M2 + M2M3 + M1M3) =

1

2
 
1

2
(a + b + c) =

1

4
 2p = 

1

2
p. 

We consider 𝑟1-inradius of the circle inscribed in medial triangle of △ABC. 

From  
1

4
 pr = 

1

2
pr1 → r1 =  

1

2
r.  We consider △AM3 Sp , M3 Sp= 

r1

sin
C

2

 = 
r

2sin
C

2

 (and analogs) 

In △AM3 𝑆𝑝 we use sinus law and obtain: 
M3 Sp

sin α
=

ASp

sin AM3 Sp
 

∡AM3 M2=∡ABC because M2M3 ∥ BC 

∡M1M3 M2 =∡ACB because M1M3M2 C parallelogram and two angles are opposite angles. 

∡ AM3 Sp =∡ AM3 M2 +
1

2
(∡M1M3 M2 ) = ∡B+∡

1

2
C 

M3 Sp

sin α
=

ASp

sin AM3 Sp
→

M3 Sp

sin α
=

ASp

sin (B +
1

2
C)

 

r

2sin α sin
C

2

 =
ASp

sin(B+
1

2
C)

 →
r

2sin α sin
C

2

=
ASp

sin(
2B+C

2
)
 

A+B+C=π → B + C= π − A → 2B + C =  π + B − A 

r

2sin α sin
C

2

=
ASp

sin(
π+B−A

2
)
=

ASp

sin(
π

2
−

A−B

2
)
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We use the well-known formula:sin (
π

2
− x)=cos x and obtain: 

sin (
π

2
−

A−B

2
) = cos

A−B

2
,  cos

A−B

2
=

a+b

c
sin

C

2
 (and analogs) (Karl Mollweide formulas) 

We obtain: 

𝐫

𝟐𝐬𝐢𝐧 𝛂 𝐬𝐢𝐧
𝐂

𝟐

=
𝐀𝐒𝐩

𝐚+𝐛

𝐜
𝐬𝐢𝐧

𝐂

𝟐

→ 𝐬𝐢𝐧 𝛂 =
𝐚+𝐛

𝐜
 

𝐫

𝟐𝐀𝐒𝐩
(1) 

Using same method for △AM2 Sp obtain:  

𝐬𝐢𝐧 𝛃=
𝐚+𝐜

𝐛
 

𝐫

𝟐𝐀𝐒𝐩
(2) 

S△BAA1
+S△CAA1

=S=p r,  𝑆△BAA1
=

1

2
 cpa sin α =

1

2

r(a+b)

2ASp
pa and 

𝑆△CAA1
=

1

2
 bpa sin β =

1

2

r(a+c)

2ASp
pa,  

1

2

r

2ASp
pa(a + b + a + c)=p r → 

𝐩𝐚 =
𝟒𝐩

𝟐𝐩+𝐚
 𝐀𝐒𝐩 (and analogs) (3) 

We will use this theorem: Points I, G,SP,Na are colinear, line that passes through these 
points is called Nagel line. I (incenter), G (triangle centroid), SP (Spieker center),  Na (Nagel 
point).[1] 

 

From this we obtain: 

𝐥𝐚 ≤ 𝐦𝐚 ≤ 𝐩𝐚 ≤ 𝐧𝐚 (and analogs) (4) 

From (3) and (4) → 
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𝐥𝐚 ≤ 𝐦𝐚 ≤
𝟒𝐩

𝟐𝐩+𝐚
 𝐀𝐒𝐩 ≤ 𝐧𝐚 (and analogs) (5) 

We obtain 

AI≤AG≤  𝐀𝐒𝐩 ≤ 𝐀𝐍𝐚(6) 

AI= 
r

sin
A

2

 =4Rsin
B

2
sin

C

2
 =√bc − 4Rr(and analogs),  AG= 

2

3
ma(and analogs) 

ANa=√4r2 + (b − c)2 =
ana

p
(and analogs). From (3), (6) and 

𝐀𝐍𝐚=
𝐚𝐧𝐚

𝐩
→ 𝐩𝐚 ≤

𝟒𝐚

𝟐𝐩+𝐚
𝐧𝐚(7) 

From (3), (6) and AG= 
2

3
ma → 

𝟖𝐩

𝟑(𝟐𝐩+𝐚)
𝐦𝐚 ≤ 𝐩𝐚(8) 

From (7) after some banal manipulations and summation we obtain 

𝐩

𝟐
(

𝟏

𝐚
+

𝟏

𝐛
)+ 

𝟏

𝟐
≤

𝐧𝐚

𝐩𝐚
+

𝐧𝐛

𝐩𝐛
(9) 

(𝐚 + 𝐛 + 𝐜) (
𝟏

𝐚
+

𝟏

𝐛
) ≤ 𝟒 (

𝐧𝐚

𝐩𝐚
+

𝐧𝐛

𝐩𝐛
) − 𝟐(10) 

From (8) after some banal manipulation and summation we obtain 

𝟖𝐩

𝟑
[

𝟒𝐩+𝐚+𝐛

(𝟐𝐩+𝐚)(𝟐𝐩+𝐛)
] ≤

𝐩𝐚

𝐦𝐚
+

𝐩𝐛

𝐦𝐛
 (11) 

Now we will use some proprieties of Nagel line and well-known results: 

1)NaSP = SPI →ASP-median in △AINa 

2)2NaI=3NaG=4SPI=6GI=12GSP 

3)9GI2=p2 + 5r2 − 16Rr → NaI2=p2 + 5r2 − 16Rr [1] 

4𝐀𝐒𝐏
𝟐=2(𝐀𝐈𝟐 + 𝐀 𝐍𝐚

𝟐) − 𝐍𝐚𝐈𝟐 =2(𝐀𝐈𝟐 + 𝐀 𝐍𝐚
𝟐) −  𝐩𝟐 − 𝟓𝐫𝟐 + 𝟏𝟔𝐑𝐫(and analogs) (12) 

 and an equivalent form 

4𝐀𝐒𝐏
𝟐=2(𝐛𝟐 + 𝐜𝟐 − 𝐛𝐜) + 𝟖𝐑𝐫 + 𝟑𝐫𝟐 − 𝐩𝟐(and analogs) (13) 

4𝐀𝐒𝐏
𝟐=𝐛𝟐 + 𝐜𝟐 + (𝐛 − 𝐜)𝟐+𝟖𝐑𝐫 + 𝟑𝐫𝟐 − 𝐩𝟐(and analogs) (14) 

From (3), (13), (14),3) we obtain: 

𝐩𝐚 =
𝟐𝐩

𝟐𝐩+𝐚
√𝟐(𝐛𝟐 + 𝐜𝟐 − 𝐛𝐜) + 𝟖𝐑𝐫 + 𝟑𝐫𝟐 − 𝐩𝟐(and analogs) (15) 
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𝐩𝐚 =
𝟐𝐩

𝟐𝐩+𝐚
√𝟐(𝐀𝐈𝟐 + 𝐀 𝐍𝐚

𝟐) −  𝐩𝟐 − 𝟓𝐫𝟐 + 𝟏𝟔𝐑𝐫(and analogs) (16) 

𝐩𝐚 =
𝟐𝐩

𝟐𝐩+𝐚
√𝐛𝟐 + 𝐜𝟐 + (𝐛 − 𝐜)𝟐 + 𝟖𝐑𝐫 + 𝟑𝐫𝟐 − 𝐩𝟐 (and analogs) (17) 

𝐩𝐚 =
𝟐𝐩

𝟐𝐩+𝐚
√𝟐(𝐀𝐈𝟐 + 𝐀 𝐍𝐚

𝟐) − 𝟗𝐆𝐈𝟐(and analogs) (18) 

4ASP
2=2(a2 + b2 + c2 − bc − a2) + 8Rr + 3r2 − p2=2(a2 + b2 + c2) − 2(a2 + bc)+ 8Rr +

3r2 − p2. We use a2 + b2 + c2 =2p2 − 8Rr − 2r2 

4𝐀𝐒𝐏
𝟐=3𝐩𝟐 − 𝟖𝐑𝐫 − 𝐫𝟐 − 𝟐(𝐚𝟐 + 𝐛𝐜) (and analogs) (19) 

𝐩𝐚 =
𝟐𝐩

𝟐𝐩+𝐚
√𝟑𝐩𝟐 − 𝟖𝐑𝐫 − 𝐫𝟐 − 𝟐(𝐚𝟐 + 𝐛𝐜) (and analogs) (20) 

From (13) and 4ma
2=2(b2 + c2) − a2 (and analogs) we obtain: 

4𝐀𝐒𝐏
𝟐=𝟒𝐦𝐚

𝟐 + 𝐚𝟐 − 𝟐bc+𝟖𝐑𝐫 + 𝟑𝐫𝟐 − 𝐩𝟐(and analogs) (21) 

From (3) and (21) we obtain: 

𝐩𝐚 =
𝟐𝐩

𝟐𝐩+𝐚
√𝟒𝐦𝐚

𝟐 + 𝐚𝟐 − 𝟐𝐛𝐜 + 𝟖𝐑𝐫 + 𝟑𝐫𝟐 − 𝐩𝟐(and analogs) (22) 

From (21) and 4ma
2 = na

2 + ga
2 + 2rbrc (and analogs) [2] we obtain: 

4𝐀𝐒𝐏
𝟐=𝐧𝐚

𝟐 + 𝐠𝐚
𝟐 + 𝟐𝐫𝐛𝐫𝐜+𝐚𝟐 − 𝟐bc+𝟖𝐑𝐫 + 𝟑𝐫𝟐 − 𝐩𝟐(and analogs)  

We know that: bc=rra + rbrb(and analogs) and using (22) we obtain 

4𝐀𝐒𝐏
𝟐=𝐧𝐚

𝟐 + 𝐠𝐚
𝟐 + 𝐚𝟐 − 𝟐 r𝐫𝐚 + 𝟖𝐑𝐫 + 𝟑𝐫𝟐 − 𝐩𝟐(and analogs) (23) 

From (23) and (3) we obtain: 

𝐩𝐚 =
𝟐𝐩

𝟐𝐩+𝐚
√𝐧𝐚

𝟐 + 𝐠𝐚
𝟐 + 𝐚𝟐 − 𝟐 𝐫𝐫𝐚 + 𝟖𝐑𝐫 + 𝟑𝐫𝟐 − 𝐩𝟐(and analogs) (24) 

From (23) and p2 = na
2 + 2raha (and analogs) we obtain: 

4ASP
2=na

2 + ga
2 + a2 − 2 rra + 8Rr + 3r2 − na

2 − 2raha 

4𝐀𝐒𝐏
𝟐=𝐠𝐚

𝟐 + 𝐚𝟐 + 𝟖𝐑𝐫 + 𝟑𝐫𝟐 − 𝟐 𝐫𝐚(𝐡𝐚 + 𝐫)(and analogs) (25) 

From (3) and (25) we obtain: 

𝐩𝐚 =
𝟐𝐩

𝟐𝐩+𝐚
√𝐠𝐚

𝟐 + 𝐚𝟐 + 𝟖𝐑𝐫 + 𝟑𝐫𝟐 − 𝟐 𝐫𝐚(𝐡𝐚 + 𝐫)(and analogs) (26) 

From (19) and p2 = na
2 + 2raha (and analogs) [3] we obtain: 

4ASP
2=na

2 + nb
2 + nc

2 + 2raha + 2rbhb + 2rchc − 8Rr − r2 − 2(a2 + bc) 
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(and analogs) (27) 

From (3) and (27) we obtain: 

𝐩𝐚 =
𝟐𝐩

𝟐𝐩 + 𝐚
√𝐧𝐚

𝟐 + 𝐧𝐛
𝟐 + 𝐧𝐜

𝟐 + 𝟐𝐫𝐚𝐡𝐚 + 𝟐𝐫𝐛𝐡𝐛 + 𝟐𝐫𝐜𝐡𝐜 − 𝟖𝐑𝐫 − 𝐫𝟐 − 𝟐(𝐚𝟐 + 𝐛𝐜) 

(and analogs) (28) 

From (19) and nanb + nbnc + nanc ≥ p2 [4] we obtain: 

4𝐀𝐒𝐏
𝟐 ≤ 𝟑(𝐧𝐚𝐧𝐛 + 𝐧𝐛𝐧𝐜 + 𝐧𝐚𝐧𝐜) − 𝟖𝐑𝐫 − 𝐫𝟐 − 𝟐(𝐚𝟐 + 𝐛𝐜)(and analogs) (29) 

From (3) and (29) we obtain: 

𝐩𝐚 ≤
𝟐𝐩

𝟐𝐩+𝐚
√𝟑(𝐧𝐚𝐧𝐛 + 𝐧𝐛𝐧𝐜 + 𝐧𝐚𝐧𝐜) − 𝟖𝐑𝐫 − 𝐫𝟐 − 𝟐(𝐚𝟐 + 𝐛𝐜)(and analogs) (30) 

From (19) and ∑ √namalaga ≥ p2 [5] we obtain: 

4𝐀𝐒𝐏
𝟐 ≤3∑ √𝐧𝐚𝐦𝐚𝐥𝐚𝐠𝐚 − 𝟖𝐑𝐫 − 𝐫𝟐 − 𝟐(𝐚𝟐 + 𝐛𝐜) (and analogs) (31) 

From (31) and (3) we obtain: 

𝐩𝐚 ≤
𝟐𝐩

𝟐𝐩+𝐚
√𝟑 ∑ √𝐧𝐚𝐦𝐚𝐥𝐚𝐠𝐚 − 𝟖𝐑𝐫 − 𝐫𝟐 − 𝟐(𝐚𝟐 + 𝐛𝐜) (and analogs) (32) 

From mala ≥ p(p − a) (and analogs) (Panaitopol) after summation we obtain: 

mala + mblb + mclc ≥ p2 and from (19) we obtain: 

4𝐀𝐒𝐏
𝟐 ≤ 𝟑(𝐦𝐚𝐥𝐚 + 𝐦𝐛𝐥𝐛 + 𝐦𝐜𝐥𝐜)  − 𝟖𝐑𝐫 − 𝐫𝟐 − 𝟐(𝐚𝟐 + 𝐛𝐜) (and analogs) (33) 

From (33) and (3) we obtain: 

𝐩𝐚 ≤
𝟐𝐩

𝟐𝐩+𝐚
√𝟑(𝐦𝐚𝐥𝐚 + 𝐦𝐛𝐥𝐛 + 𝐦𝐜𝐥𝐜)  − 𝟖𝐑𝐫 − 𝐫𝟐 − 𝟐(𝐚𝟐 + 𝐛𝐜)  (and analogs) (34) 

From [6]: pa, pb, pc- are sides of a triangle regardless the shape of triangle ABC.  
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