
 
Prove that: 

 

∑ 𝒆𝒌∙𝒌!
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𝒏 , 𝒏 ≥ 𝟐, 𝒏 ∈ ℕ 
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Lemma 1:   

𝟏 ∙ 𝟏! + 𝟐 ∙ 𝟐! + ⋯ + 𝒏 ∙ 𝒏! = (𝒏 + 𝟏)! − 𝟏, 𝒏 ∈ ℕ∗ 
 
Proof: For 𝒏 = 𝟏 → 𝟏 ∙ 𝟏! = (𝟏 + 𝟏)! − 𝟏.True. 

𝑷(𝒏): ∑ 𝒌 ∙ 𝒌! =

𝒏

𝒌=𝟏

(𝒏 + 𝟏)! − 𝟏 

→suppose true 

𝑷(𝒏 + 𝟏): ∑ 𝒌 ∙ 𝒌! =

𝒏+𝟏

𝒌=𝟏

(𝒏 + 𝟐)! − 𝟏 

→to prove 
 

∑ 𝒌 ∙ 𝒌! = ∑ 𝒌 ∙ 𝒌! + (𝒏 + 𝟏)(𝒏 + 𝟏)! = (𝒏 + 𝟏)! − 𝟏

𝒏

𝒌=𝟏

𝒏+𝟏

𝒌=𝟏

+ (𝒏 + 𝟏)(𝒏 + 𝟏)!

= (𝒏 + 𝟏)! (𝒏 + 𝟏 + 𝟏) − 𝟏 = (𝒏 + 𝟐)! − 𝟏 
𝑷(𝒏) → 𝑷(𝒏 + 𝟏) 

Lemma 2: 

(
𝒏
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) + (
𝒏
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) = 𝟐𝒏, 𝒏 ∈ ℕ 

Proof: 
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For 𝒂 = 𝒃 = 𝟏: 

(𝟏 + 𝟏)𝒏 = ∑ (
𝒏
𝒌

)

𝒏

𝒌=𝟎

∙ 𝟏𝒏−𝒌 ∙ 𝟏𝒌 

 

𝟐𝒏 = (
𝒏
𝟎

) + (
𝒏
𝟏

) + ⋯ + (
𝒏
𝒏

) 

Lemma 3: 

(𝒏 + 𝟏)! ≥ 𝟐𝒏, 𝒏 ∈ ℕ 



 
Proof: For 𝒏 = 𝟎 → 𝟏! > 𝟐𝟎.True. 

𝑷(𝒏): (𝒏 + 𝟏)! ≥ 𝟐𝒏 
→suppose true 

𝑷(𝒏 + 𝟏): (𝒏 + 𝟐)! ≥ 𝟐𝒏+𝟏 
→to prove 

(𝒏 + 𝟐)! =  (𝒏 + 𝟏)! (𝒏 + 𝟐) ≥ 𝟐𝒏(𝒏 + 𝟐) ≥ 𝟐𝒏+𝟏 ⟺ 𝒏 + 𝟐 ≥ 𝟐 
𝑷(𝒏) → 𝑷(𝒏 + 𝟏) 

Back to the problem: 

∑ 𝒆𝒌∙𝒌!
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⟺ √𝒆(𝒏+𝟏)!𝒏
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⟺ √𝒆(𝒏+𝟏)!𝒏
> √𝒆𝟐𝒏𝒏

⟺ (𝒏 + 𝟏)! > 𝟐𝒏. True by Lemma 3. 


