
 
𝐈𝐟 𝒙 + 𝟏 ≠ 𝟎, 𝐭𝐡𝐞𝐧 ∶ 

𝒙𝟐𝟎𝟐𝟒 + (
𝒙 − 𝟑

𝒙 + 𝟏
)

𝟐𝟎𝟐𝟒

≥ 𝟐 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution 1 by Soumava Chakraborty-Kolkata-India 

 
𝐅𝐨𝐫 𝛂 = −𝟏 𝒂𝐧𝐝 ∀ 𝐧 ≥ 𝟏, (𝟏 + 𝛂)𝐧 − 𝟏 − 𝐧𝛂 = 𝐧 − 𝟏 ≥ 𝟎 𝒂𝐧𝐝  

∀ 𝛂 > −𝟏 𝒂𝐧𝐝 ∀ 𝐧 ≥ 𝟏, (𝟏 + 𝛂)𝐧 ≥ 𝟏 + 𝐧𝛂 
∴ ∀ 𝛂 ≥ 𝟏 𝒂𝐧𝐝 ∀ 𝐧 ≥ 𝟏, (𝟏 + 𝛂)𝐧 ≥ 𝟏 + 𝐧𝛂 → (𝟏) 

𝐍𝐨𝐰, ∀ 𝒙 ∈ ℝ − {−𝟏}, 𝒙𝟐𝟎𝟐𝟒 + (
𝒙 − 𝟑

𝒙 + 𝟏
)

𝟐𝟎𝟐𝟒

 

= (𝟏 + (𝒙𝟐 − 𝟏))
𝟏𝟎𝟏𝟐

+ (𝟏 + ((
𝒙 − 𝟑

𝒙 + 𝟏
)

𝟐

− 𝟏))

𝟐𝟎𝟐𝟒

 

≥
𝐯𝐢𝒂 (𝟏)

𝟏 + 𝟏𝟎𝟏𝟐(𝒙𝟐 − 𝟏) + 𝟏 + 𝟏𝟎𝟏𝟐 ((
𝒙 − 𝟑

𝒙 + 𝟏
)

𝟐

− 𝟏) ≥
?

𝟐 

⇔ 𝟏𝟎𝟏𝟐(𝒙𝟐 − 𝟏) + 𝟏𝟎𝟏𝟐 ((
𝒙 − 𝟑

𝒙 + 𝟏
)

𝟐

− 𝟏) ≥
?

𝟎 ⇔ 𝒙𝟐 + (
𝒙 − 𝟑

𝒙 + 𝟏
)

𝟐

≥
?

𝟐 

⇔ 𝒙𝟐(𝒙 + 𝟏)𝟐 + (𝒙 − 𝟑)𝟐 ≥
?

𝟐(𝒙 + 𝟏)𝟐 ⇔ 𝒙𝟒 + 𝟐𝒙𝟑 − 𝟏𝟎𝒙 + 𝟕 ≥
?

𝟎 

⇔ (𝒙 − 𝟏)𝟐(𝒙𝟐 + 𝟒𝒙 + 𝟕) ≥
?

𝟎 ⇔ (𝒙 − 𝟏)𝟐 ((𝒙𝟐 + 𝟒𝒙 + 𝟒) + 𝟑) ≥
?

𝟎 

⇔ (𝒙 − 𝟏)𝟐((𝒙 + 𝟐)𝟐 + 𝟑) ≥
?

𝟎 → 𝐭𝐫𝐮𝐞 ∴ 𝒙𝟐𝟎𝟐𝟒 + (
𝒙 − 𝟑

𝒙 + 𝟏
)

𝟐𝟎𝟐𝟒

≥ 𝟐  

∀ 𝒙 ∈ ℝ − {−𝟏},′′ =′′  𝐢𝐟𝐟 𝒙 = 𝟏 (𝐐𝐄𝐃) 
 

Solution 2 by Eric Dimitrie Cismaru-Romania 

Using Radon’s Inequality, we have : 

(𝒙𝟐)𝟏𝟎𝟏𝟐

𝟏𝟏𝟎𝟏𝟏
+

[(
𝒙−𝟑

𝒙+𝟏
)

𝟐

]
𝟏𝟎𝟏𝟐

𝟏𝟏𝟎𝟏𝟏
≥

[𝒙𝟐 + (
𝒙−𝟑

𝒙+𝟏
)

𝟐

]
𝟏𝟎𝟏𝟐

𝟐𝟏𝟎𝟏𝟏
≥ 𝟐 ⇔ 𝒙𝟐 + (

𝒙 − 𝟑

𝒙 + 𝟏
)

𝟐

≥ 𝟐 ⇔ 

⇔ 𝒙𝟐 + (
𝒙 − 𝟑

𝒙 + 𝟏
)

𝟐

≥ 𝟐 ⇔ 𝒙𝟐 +
𝒙𝟐 − 𝟔𝒙 + 𝟗

𝒙𝟐 + 𝟐𝒙 + 𝟏
≥ 𝟐 ⇔ 

⇔ 𝒙𝟒 + 𝟐𝒙𝟑 + 𝟐𝒙𝟐 − 𝟔𝒙 + 𝟗 ≥ 𝟐𝒙𝟐 + 𝟒𝒙 + 𝟐 ⇔ 

⇔ 𝒙𝟒 + 𝟐𝒙𝟑 + 𝟕 ≥ 𝟏𝟎𝒙 ⇔ 𝒙𝟒 + 𝟐𝒙𝟑 − 𝟏𝟎𝒙 + 𝟕 = 𝒙𝟒 + 𝟑𝒙𝟑 − 𝒙𝟑 − 𝟕𝒙 − 𝟑𝒙 + 𝟕 = 



 
= 𝒙𝟑(𝒙 − 𝟏) + 𝟑𝒙(𝒙 − 𝟏)(𝒙 + 𝟏) − 𝟕(𝒙 − 𝟏) = 

= (𝒙 − 𝟏)[𝒙𝟑 + 𝟑𝒙𝟐 + 𝟑𝒙 − 𝟕] = (𝒙 − 𝟏)[(𝒙 + 𝟏)𝟑 − 𝟐𝟑] = 

= (𝒙 − 𝟏)𝟐[(𝒙 + 𝟏)𝟐 + 𝟐(𝒙 + 𝟏) + 𝟒] = 

= (𝒙 − 𝟏)𝟐(𝒙𝟐 + 𝟒𝒙 + 𝟕) = (𝒙 − 𝟏)𝟐[(𝒙 + 𝟐)𝟐 + 𝟑] ≥ 𝟎, 

so our inequality is proven. Equality holds iff 𝒙 = 𝟏 (If (𝒙 + 𝟐)𝟐 + 𝟑 = 𝟎, we would have 

(𝒙 + 𝟐)𝟐 = −𝟑 ≥ 𝟎, impossible). 

 


