
 

𝑳𝒆𝒕 𝒃𝒆 𝒇, 𝒈: [𝟐; +∞) → 𝑹+: 𝒇𝟑(𝒙)) = 𝒙 + 𝟑𝒇(𝒙), 𝒇(𝟐) = 𝟐 

𝒂𝒏𝒅  𝒈(𝒙 + 𝟏) + 𝟒𝒙 + 𝟑 = 𝒈(𝒙) + 𝟒𝒙𝟑 + 𝟔𝒙𝟐, 𝒈(𝟐) = 𝟐 

𝑭𝒊𝒏𝒅 ∶  𝜴 =
∫ 𝒈[𝒇(𝒙)]

𝟐𝟎𝟐𝟒

𝟐

∫ 𝒇[𝒈(𝒙)]
𝟐𝟎𝟐𝟒

𝟐

 

Proposed by Bui Hong Suc-Vietnam 

Solution by Mirsadix Muzefferov-Azerbaijan 

The solution of the functional equation: 

𝒈(𝒙 + 𝟏) + 𝟒𝒙 + 𝟑 = 𝒈(𝒙) + 𝟒𝒙𝟑 + 𝟔𝒙𝟐, 𝒈(𝟐) = 𝟐  

is the polynomial 

𝒈(𝒙) = 𝒂𝒙𝟒 + 𝒃𝒙𝟑 + 𝒄𝒙𝟐 + 𝒅𝒙 + 𝒆 

Let’s find the coefficients a,b,c,d and e from here.Because of this 

𝒈(𝒙 + 𝟏) − 𝒈(𝒙) = 𝒂((𝒙 + 𝟏)𝟒 − 𝒙𝟒) + 𝒃((𝒙 + 𝟏)𝟑 − 𝒙𝟑) + 𝒄((𝒙 + 𝟏)𝟐 − 𝒙𝟐) + 

+𝒅((𝒙 + 𝟏) − 𝒙) = 𝟒𝒂𝒙𝟑 + (𝟔𝒂 + 𝟑𝒃 )𝒙𝟐 + (𝟒𝒂 + 𝟑𝒃 + 𝟐𝒄)𝒙 + (𝒂 + 𝒃 + 𝒄 + 𝒅) = 

= 𝟒𝒙𝟑 + 𝟔𝒙𝟐 − 𝟒𝒙 − 𝟑 

From here 

{

𝟒𝒂=𝟒
𝟔𝒂+𝟑𝒃=𝟔

𝟒𝒂+𝟑𝒃+𝟐𝒄=−𝟒
𝒂+𝒃+𝒄+𝒅=−𝟑

⇒ 𝒂 = 𝟏; 𝒃 = 𝟎; 𝒄 = −𝟒; 𝒅 = 𝟎 

We have 

𝒈(𝒙) = 𝒙𝟒 − 𝟒𝒙𝟐 + 𝒆 , 𝒈(𝟐) = 𝟐 ⇒ 𝒈(𝒙) = 𝒙𝟒 − 𝟒𝒙𝟐 + 𝟐 = (𝒙𝟐 − 𝟐)𝟐 − 𝟐 

𝒈(𝒙) = (𝒙𝟐 − 𝟐)𝟐 − 𝟐 

The solution of the functional equation 

𝒇𝟑(𝒙)) = 𝒙 + 𝟑𝒇(𝒙), 𝒇(𝟐) = 𝟐 

is 

𝒇(𝒙) = 𝟐 

So ,  

𝒈(𝒙) = (𝒙𝟐 − 𝟐)𝟐 − 𝟐  , 𝒇(𝒙) = 𝟐 

Therefore 

𝒈(𝒇(𝒙)) = (𝒇𝟐(𝒙) − 𝟐)𝟐 − 𝟐 = (𝟒 − 𝟐)𝟐 − 𝟐 = 𝟐 

𝒇(𝒈(𝒙)) = 𝟐 

Then 

𝜴 =
∫ 𝒈[𝒇(𝒙)]

𝟐𝟎𝟐𝟒

𝟐

∫ 𝒇[𝒈(𝒙)]
𝟐𝟎𝟐𝟒

𝟐

= 𝟏 


