
 
Suppose: 

𝒇(𝒙) = ∫ 𝐥𝐧(𝟏 + 𝒆−𝟐𝒕)
∞

𝟎

𝒅𝒕 

Prove without any software: 

𝟑

𝟖
≤ 𝒇(𝒙) ≤

𝟏

𝟒
(𝟏 + 𝐥𝐧(𝟐)) 
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∗ 𝑰 = ∫ 𝐥𝐧(𝟏 + 𝒆−𝟐𝒕)
∞

𝟎

𝒅𝒕, 𝒖 = 𝒆−𝟐𝒕 ⇒ −𝟐𝒕 = 𝐥𝐧(𝒖) ⇒ 𝒅𝒕 = −
𝟏

𝟐

𝒅𝒖

𝒖
⇒ 

⇒ 𝑰 =
𝟏

𝟐
∫

𝐥𝐧(𝟏 + 𝒖)

𝒖

𝟏

𝟎

𝒅𝒖 = −
𝟏

𝟐
∑

(−𝟏)𝒏

𝒏

∞

𝒏=𝟏

∫ 𝒖𝒏−𝟏
𝟏

𝟎

𝒅𝒖 = −
𝟏

𝟐
∑

(−𝟏)𝒏

𝒏𝟐

∞

𝒏=𝟏

=
𝝅𝟐

𝟐𝟒
 

* We need to prove: 
𝟑

𝟖
≤

𝝅𝟐

𝟐𝟒
≤

𝟏

𝟒
(𝟏 + 𝐥𝐧(𝟐)) 

a) 
𝟑

𝟖
≤

𝝅𝟐

𝟐𝟒
⇔ 𝝅𝟐 ≥ 𝟗 

Since the series expansion of 𝐬𝐢𝐧(𝒙) = 𝒙 −
𝒙𝟑

𝟑!
+

𝒙𝟓

𝟓!
… ⇒ 

⇒ 𝐬𝐢𝐧(𝒙) ≤ 𝒙  ∀𝒙 ∈ ℝ ⇒ 𝐬𝐢𝐧 (
𝝅

𝟔
) =

𝟏

𝟐
≤

𝝅

𝟔
⇒ 𝝅 > 𝟑 ⇔ 𝝅𝟐 ≥ 𝟗, done. 

b) 
𝝅𝟐

𝟐𝟒
≤

𝟏

𝟒
(𝟏 + 𝐥𝐧(𝟐)) ⇔ 𝝅𝟐 ≤ 𝟔 + 𝟔 𝐥𝐧(𝟐). We will show that: 𝝅𝟐 ≤ 𝟏𝟎 

Indeed, we have: 𝟎 < ∫
𝒙𝟒(𝟏−𝒙)𝟒

𝟏+𝒙𝟐

𝟏

𝟎
𝒅𝒙 =

𝟐𝟐

𝟕
− 𝝅 ⇒ 𝝅 <

𝟐𝟐

𝟕
⇒ 

⇒ 𝝅𝟐 <
𝟒𝟖𝟒

𝟒𝟗
≤ 𝟏𝟎, true since: 𝟏𝟎 =

𝟒𝟗𝟎

𝟒𝟗
 

Now, we will show that: 𝟏𝟎 ≤ 𝟔 + 𝟔 𝐥𝐧(𝟐) ⇔ 𝐥𝐧(𝟐) ≥
𝟐

𝟑
, 

Since the series expansion of: 𝐥𝐧 (
𝟏+𝒙

𝟏−𝒙
) = 𝟐𝒙 +

𝟐

𝟑
𝒙𝟑 +

𝟐

𝟓
𝒙𝟓 + ⋯ ⇒ 

⇒ 𝐥𝐧 (
𝟏+

𝟏

𝟑

𝟏−
𝟏

𝟑

) =
𝟐

𝟑
+

𝟐

𝟑
(

𝟏

𝟑
)

𝟑

+ ⋯ ⇒ 𝐥𝐧(𝟐) =
𝟐

𝟑
+

𝟐

𝟑
(

𝟏

𝟑
)

𝟑

+ ⋯ ⇒ 𝐥𝐧(𝟐) ≥
𝟐

𝟑
, true 

⇒ 𝝅𝟐 ≤ 𝟏𝟎 ≤ 𝟔 + 𝟔 𝐥𝐧(𝟐), done. Combine all results we conclude that: 

𝟑

𝟖
≤

𝝅𝟐

𝟐𝟒
≤

𝟏

𝟒
(𝟏 + 𝐥𝐧(𝟐)) 


