
 

 

Let be 𝒂𝟏 = 𝒂 ∈ ℝ  ,   𝒂 ≠ 𝟐 ,   𝒂𝟐 =
𝒂

𝒂−𝟐
 , and: 𝒂𝒏+𝟏 =

𝒂𝒏
𝟐

𝒂𝒏
𝟐−𝟐𝒂𝒏+𝟐

  , ∀𝒏 ≥ 𝟐 

Prove that: 

 ∑ 𝟐𝒌−𝟏𝒂𝒌
𝒏
𝒌=𝟏 = ∏ 𝒂𝒌

𝒏
𝒌=𝟏 . 

 
Determine 𝒂𝒏 and compute:  

𝐥𝐢𝐦
𝒏→∞

𝒂𝒏 

Proposed by Bela Kovacs-Romania 
Solution by Khaled Abd Imouti-Syria, Omar Alhafeez-Syria 
 

Let us prove the following issue by mathematical induction: 

𝑬(𝒏)  ∶         ∑ 𝟐𝒌−𝟏𝒂𝒌

𝒏

𝒌=𝟏

= ∏ 𝒂𝒌

𝒏

𝒌=𝟏

 

At = 𝟏 : 𝒂𝟏 = 𝒂𝟏 , so the issue is valid for 𝒏 = 𝟏. 

At = 𝟐 : 𝒂𝟏 + 𝟐𝒂𝟐 =⏞
?

𝒂𝟏. 𝒂𝟐 

Firstly, 𝒍𝟏 ≔ 𝒂𝟏 + 𝟐𝒂𝟐 = 𝒂𝟏 +
𝟐𝒂𝟏

𝒂𝟏−𝟐
=

𝒂𝟏
𝟐−𝟐𝒂𝟏+𝟐𝒂𝟏

𝒂𝟏−𝟐
=

𝒂𝟏
𝟐

𝒂𝟏−𝟐
= 𝒂𝟏.

𝒂𝟏

𝒂𝟏−𝟐
= 𝒂𝟏. 𝒂𝟐 ≔ 𝒍𝟐 

Now, we assume that the issue is valid at n=p 

𝑬(𝒑)  ∶         ∑ 𝟐𝒌−𝟏𝒂𝒌

𝒑

𝒌=𝟏

= ∏ 𝒂𝒌

𝒑

𝒌=𝟏

 

And let’s prove its validity at n=p+1: 

𝑬(𝒑 + 𝟏)  ∶         ∑ 𝟐𝒌−𝟏𝒂𝒌

𝒑+𝟏

𝒌=𝟏

= ∏ 𝒂𝒌

𝒑+𝟏

𝒌=𝟏

 

𝒍𝟏 ≔ ∑ 𝟐𝒌−𝟏𝒂𝒌

𝒑+𝟏

𝒌=𝟏

= ∑ 𝟐𝒌−𝟏𝒂𝒌

𝒑

𝒌=𝟏

+ 𝟐𝒑𝒂𝒑+𝟏 = ∏ 𝒂𝒌

𝒑

𝒌=𝟏

+
𝟐𝒑𝒂𝒑

𝟐

𝒂𝒑
𝟐 − 𝟐𝒂𝒑 + 𝟐

=
𝒂𝒑

𝟐 ∏ 𝒂𝒌
𝒑
𝒌=𝟏 − 𝟐𝒂𝒑 ∏ 𝒂𝒌

𝒑
𝒌=𝟏 + 𝟐 ∏ 𝒂𝒌

𝒑
𝒌=𝟏 + 𝟐𝒑𝒂𝒑

𝟐

𝒂𝒑
𝟐 − 𝟐𝒂𝒑 + 𝟐

 

Let’s look at: 

∏ 𝒂𝒌

𝒑−𝟏

𝒌=𝟏

+ 𝟐𝒑−𝟏𝒂𝒑 = ∑ 𝟐𝒌−𝟏𝒂𝒌

𝒑−𝟏

𝒌=𝟏

+ 𝟐𝒑−𝟏𝒂𝒑 = ∑ 𝟐𝒌−𝟏𝒂𝒌

𝒑

𝒌=𝟏

= ∏ 𝒂𝒌

𝒑

𝒌=𝟏

 

⟹  − ∏ 𝒂𝒌

𝒑

𝒌=𝟏

+ ∏ 𝒂𝒌

𝒑−𝟏

𝒌=𝟏

+ 𝟐𝒑−𝟏𝒂𝒑 = − ∏ 𝒂𝒌

𝒑

𝒌=𝟏

+ ∏ 𝒂𝒌

𝒑

𝒌=𝟏

= 𝟎 

⟹  − ∏ 𝒂𝒌

𝒑

𝒌=𝟏

+ ∏ 𝒂𝒌

𝒑−𝟏

𝒌=𝟏

+ 𝟐𝒑−𝟏𝒂𝒑 = 𝟎 

We multiply both sides by 𝟐𝒂𝒑 : 

⟹  −𝟐𝒂𝒑 ∏ 𝒂𝒌

𝒑

𝒌=𝟏

+ 𝟐𝒂𝒑 ∏ 𝒂𝒌

𝒑−𝟏

𝒌=𝟏

+ 𝟐𝒑𝒂𝒑
𝟐 = 𝟐𝒂𝒑(𝟎) = 𝟎 



 

 

⟹   −𝟐𝒂𝒑 ∏ 𝒂𝒌

𝒑

𝒌=𝟏

+ 𝟐 ∏ 𝒂𝒌

𝒑

𝒌=𝟏

+ 𝟐𝒑𝒂𝒑
𝟐 = 𝟎 

Hence, 

𝒍𝟏 =
𝒂𝒑

𝟐 ∏ 𝒂𝒌
𝒑
𝒌=𝟏 − 𝟐𝒂𝒑 ∏ 𝒂𝒌

𝒑
𝒌=𝟏 + 𝟐 ∏ 𝒂𝒌

𝒑
𝒌=𝟏 + 𝟐𝒑𝒂𝒑

𝟐

𝒂𝒑
𝟐 − 𝟐𝒂𝒑 + 𝟐

= ∏ 𝒂𝒌

𝒑

𝒌=𝟏

𝒂𝒑
𝟐

𝒂𝒑
𝟐 − 𝟐𝒂𝒑 + 𝟐

= 

= 𝒂𝒑+𝟏 ∏ 𝒂𝒌

𝒑

𝒌=𝟏

= ∏ 𝒂𝒌

𝒑+𝟏

𝒌=𝟏

≔ 𝒍𝟐 

So, 𝑬(𝒑 + 𝟏) is valid and the issue is valid for any 𝒏 ≥ 𝟏. 
Now, let’s consider a function 𝒇 defined on ℝ by : 

𝒇 ∶ 𝒙 ⟼ 𝒇(𝒙) ≔
𝒙𝟐

𝒙𝟐 − 𝟐𝒙 + 𝟐
 

This function is differentiable on ℝ and : 

𝒇′(𝒙) = −
𝟐𝒙(𝒙 − 𝟐)

(𝒙𝟐 − 𝟐𝒙 + 𝟐)𝟐
 

So, 𝒇 is decreasing on 𝑰𝟏 ≔] − ∞, 𝟎] and 𝟎 = 𝒇(𝟎) ≤ 𝒇(𝒙) < 𝐥𝐢𝐦
𝒙→−∞

𝒇(𝒙) = 𝟏    on 𝑰𝟏. 

On 𝑰𝟐 ≔ [𝟎, 𝟐] the function is increasing and 𝟎 = 𝒇(𝟎) ≤ 𝒇(𝒙) ≤ 𝒇(𝟐) = 𝟐  on 𝑰𝟐. 
On 𝑰𝟑 ≔ [𝟐, +∞[ the function is decreasing and 𝟏 = 𝐥𝐢𝐦

𝒙→+∞
𝒇(𝒙) < 𝒇(𝒙) ≤ 𝟐 on 𝑰𝟑 

Hence, For all ∈ ℝ , 𝟎 ≤ 𝒇(𝒙) ≤ 𝟐. 
Since 𝒇([𝟎, 𝟐]) = [𝟎, 𝟐] and 𝒇(𝒙) ∈ [𝟎, 𝟐] for any 𝒙 ∈ ℝ then (𝒂𝒏)𝒏≥𝟏 is bounded and 𝒂𝒏 ∈ [𝟎, 𝟐] 

when 𝒏 ≥ 𝟑. 
On the other hand, 

𝒂𝒏+𝟏 − 𝒂𝒏 = −
𝒂𝒏(𝒂𝒏 − 𝟐)(𝒂𝒏 − 𝟏)

𝒂𝒏
𝟐 − 𝟐𝒂𝒏 + 𝟐

  , 𝒏 ≥ 𝟐 

𝒊𝒇 𝒂𝟏 = 𝒂 > 𝟐  ⟹   𝒂𝟐 =
𝒂

𝒂−𝟐
> 𝟏  ⟹   𝒂𝟑 − 𝒂𝟐 > 𝟎 and while 𝟎 ≤ 𝒂𝒏 ≤ 𝟐  , 𝒏 ≥ 𝟑 then 𝒂𝟑 

stays in the interval ]𝟏, 𝟐], hence 𝒂𝟒 − 𝒂𝟑 > 𝟎, so 𝒂𝟒 stays in the same interval, hence the same is 
true for 𝒂𝟓, 𝒂𝟔, … .We deduce that (𝒂𝒏)𝒏≥𝟐 is increasing. 

So, (𝒂𝒏)𝒏≥𝟏 is increasing, then it’s convergent to a number such as 𝒙 

𝒙 =
𝒙𝟐

𝒙𝟐 − 𝟐𝒙 + 𝟐
  ⟺   𝒙(𝒙𝟐 − 𝟑𝒙 + 𝟐) = 𝟎  ⟺   𝒙(𝒙 − 𝟐)(𝒙 − 𝟏) = 𝟎 

Since the sequence is increasing then 𝒙 = 𝟐 and 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏 = 𝟐. 

𝒊𝒇 𝒂𝟏 = 𝒂 < 𝟐  ⟹   𝒂𝟐 =
𝒂

𝒂−𝟐
< 𝟏  ⟹   𝒂𝟑 − 𝒂𝟐 < 𝟎 and while 𝟎 ≤ 𝒂𝒏 ≤ 𝟐  , 𝒏 ≥ 𝟑 then 𝒂𝟑 

stays in the interval [𝟎, 𝟏[, hence 𝒂𝟒 − 𝒂𝟑 < 𝟎, so 𝒂𝟒 stays in the same interval too, hence the 
same is true for 𝒂𝟓, 𝒂𝟔, … .We deduce that (𝒂𝒏)𝒏≥𝟐 is decreasing. 

So, (𝒂𝒏)𝒏≥𝟏 is decreasing, then it’s convergent to a number such as 𝒙 

𝒙 =
𝒙𝟐

𝒙𝟐 − 𝟐𝒙 + 𝟐
  ⟺   𝒙(𝒙𝟐 − 𝟑𝒙 + 𝟐) = 𝟎  ⟺   𝒙(𝒙 − 𝟐)(𝒙 − 𝟏) = 𝟎 

Since the sequence is decreasing then 𝒙 = 𝟎 and 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏 = 𝟎. 

 
 
 


