ROMANIAN MATHEMATICAL MAGAZINE

Letbea; =a€R, a+2, az—aa ,and: a1 =

Prove that:
Yro12¥tay = [Th-, ay.

Determine a,, and compute:
lim a,

n—oo

Proposed by Bela Kovacs-Romania
Solution by Khaled Abd Imouti-Syria, Omar Alhafeez-Syria

Let us prove the following issue by mathematical induction:
n n

E(n) : Z 2k-1q, = nak

k=1 k=1
At=1:a, = aq,sotheissueis valid forn = 1.
?
At= 2: aq +2a2:‘a1 a;
2

a1 2aq1+2a1 _ ay a; o
Flrstly, ll =aq+ Zaz =a + 2 a2 a1—2 = al.al_z =aq.ay = lz
Now, we assume that the issue is valid at n=p
p p
E(p) : z 2k 1qy = nak
k=1 k=1
And let’s prove its validity at n=p+1:
p+1 p+1
E(p+1) : zzk‘lak=nak
" k=1 k=1
p p p
k-1 k-1 2Paj
L = 2 ay = 2 ay + 2Pa,,q = ak+—
P 2a, +2
k=1 2k= k=1 p
pl_[k 1@k — Zaka 1ak+2Hk lak+2pap
—2a,+2
Let’s Iook at:
p-1 p-1 14 pr
1_[ ap + 2P la, = Z 2k1q, +2P71q, = Z 2k-1q, = l_[ak
k=1 k=1 k=1 k=1
p p-1 p p
= —nak+1_[ak+2”‘1ap = —nak+1_[ak =0
k=1 k=1 k=1 k=1
p p-1
= —nak + Hak +2P1g, =0
k=1 k=1
We multiply both sides by 2a,, :
p p-1

= —2ap1_[ak + ZaI,l_[ak +2Paj = 2a,(0) =0
k=1 k=1
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P P
= —Zapl_[ak +21—[ak +2Pa; =0
k=1 k=1
Hence,
P

; aill_ar—2a,I1h_, ay + 21T, _, ax + 2Pa} 1—[ a;

= = a =
! a; —2a,+2 11 “aZ - 2a, +2

p+1

P
=aP*l| |lap=| |a, =1
k k=12

k=1 k=1

So, E(p + 1) is valid and the issue is valid for any n > 1.
Now, let’s consider a function f defined on R by :

X2
fra—f) a2 —2x+2
This function is differentiable on R and :
, 2x(x—2)
fe) = (a2 —2x+2)2
So, f is decreasing on I :=] — »,0]and 0 = f(0) < f(x) < xl_i)r_noof(x) =1 onl,.
On I, := [0, 2] the function is increasingand 0 = f(0) < f(x) < f(2) =2 onI,.
On I3 := [2, + o[ the function is decreasing and 1;+130mf(x) <f(x)<2onl;
Hence, Foralle R, 0 < f(x) < 2.
Since f([0,2]) = [0,2] and f(x) € [0, 2] for any x € R then (a,,),,>1 is bounded and a,, € [0, 2]
whenn > 3.
On the other hand,
an(an - 2)(an - 1)
a%—2a, +2
ifa,=a>2 = a, =£>1 = az—a; > 0andwhile0 <a, <2, n>3thenas

a,.1 —a, = — n=2

)

stays in the interval |1, 2], hence a, — a3 > 0, so a4 stays in the same interval, hence the same is
true for as, ag, ... .We deduce that (a,,),,s2 is increasing.
So, (a,),>1 is increasing, then it’s convergent to a number such as x
2
X
2 _ _
——— & x(x*-3x+2)=0 & xx—-2)x—-1)=0
x2—-2x+2 ( ) ( ) )
Since the sequence is increasing then x = 2 and lim a,, = 2.

n—oo

ifa;=a<2 = a2=£<1 = az—a; <0andwhile0 <a, <2, n=>3thenas

X =

stays in the interval [0, 1[, hence a; — a3 < 0, so a, stays in the same interval too, hence the
same is true for as, ag, ... .We deduce that (a,,),,- is decreasing.
So, (a,),>1 is decreasing, then it’s convergent to a number such as x
2
X
2

——— & x(x¥*-3x+2)=0 & x(x—2)x—-1)=0
x2—-2x+2 ( ) ( X )

Since the sequence is decreasing then x = 0 and lim a,, = 0.

n—-oo

X =



