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𝛀(𝒂, 𝒃, 𝒄) = 𝐥𝐢𝐦
𝒙→𝟎

𝒙 (𝒙 𝐬𝐢𝐧
𝟏
𝒙
+ 𝟏) (𝒂𝒙 + 𝒃𝒙 + 𝒄𝒙)

𝟏
𝒙

𝟑
𝟏
𝒙 ((𝟏 + 𝒙)

𝟏
𝒙 − 𝒆)

, 𝒂, 𝒃, 𝒄 > 𝟎 

Proposed by Khaled Abd Imouti-Damascus-Syria 

Solution 1 by Pham Duc Nam-Vietnam 

𝛀(𝒂, 𝒃, 𝒄) = 𝐥𝐢𝐦
𝒙→𝟎

𝒙 (𝒙𝐬𝐢𝐧 (
𝟏
𝒙) + 𝟏)

(𝟏 + 𝒙)
𝟏
𝒙 − 𝒆

(
𝒂𝒙 + 𝒃𝒙 + 𝒄𝒙

𝟑
)

𝟏
𝒙

, 𝒂, 𝒃, 𝒄 > 𝟎 

=
𝟏

𝒆
𝐥𝐢𝐦
𝒙→𝟎

𝒙 (𝒙 𝐬𝐢𝐧 (
𝟏
𝒙) + 𝟏)

𝟏

𝒙 𝐬𝐢𝐧(
𝟏
𝒙
)
𝒙𝐬𝐢𝐧(

𝟏
𝒙
)

𝒆
𝟏
𝒙
𝐥𝐧(𝟏+𝒙)−𝟏 − 𝟏

(𝒙

𝒂𝒙 − 𝟏
𝒙 +

𝒃𝒙 − 𝟏
𝒙 +

𝒄𝒙 − 𝟏
𝒙 +

𝟑
𝒙

𝟑
)

𝟏
𝒙

= 

=
𝟏

𝒆
𝐥𝐢𝐦
𝒙→𝟎

𝒙𝒆𝒙 𝐬𝐢𝐧(
𝟏
𝒙
)

𝒆
𝟏
𝒙
𝐥𝐧(𝟏+𝒙)−𝟏 − 𝟏

𝟏
𝒙 𝐥𝐧

(𝟏 + 𝒙) − 𝟏

𝟏

𝟏
𝒙 𝐥𝐧

(𝟏 + 𝒙) − 𝟏
(𝒙
𝐥𝐧(𝒂𝒃𝒄) +

𝟑
𝒙

𝟑
)

𝟏
𝒙

 

=
𝟏

𝒆
𝐥𝐢𝐦
𝒙→𝟎

𝒆𝒙 𝐬𝐢𝐧(
𝟏
𝒙
) 𝒙

𝟏
𝒙
𝐥𝐧(𝟏 + 𝒙) − 𝟏

(𝟏 +
𝟏

𝟑
𝒙 𝐥𝐧(𝒂𝒃𝒄))

𝟏
𝒙
= 

=
𝟏

𝒆
𝐥𝐢𝐦
𝒙→𝟎

𝒙𝟐

𝐥𝐧(𝟏 + 𝒙) − 𝒙
(𝟏 +

𝟏

𝟑
𝒙 𝐥𝐧(𝒂𝒃𝒄))

𝟑
𝒙 𝐥𝐧(𝒂𝒃𝒄)

𝟏
𝟑
𝐥𝐧(𝒂𝒃𝒄)

 

= √𝒂𝒃𝒄
𝟑 𝟏

𝒆
𝐥𝐢𝐦
𝒙→𝟎

𝒙𝟐

𝐥𝐧(𝟏 + 𝒙) − 𝒙
(
𝟎

𝟎
) →
𝑳′𝑯
− √𝒂𝒃𝒄

𝟑 𝟏

𝒆
𝐥𝐢𝐦
𝒙→𝟎

𝟐𝒙
𝒙

𝟏 + 𝒙

= 

= −𝟐√𝒂𝒃𝒄
𝟑 𝟏

𝒆
𝐥𝐢𝐦
𝒙→𝟎

(𝟏 + 𝒙) = −
𝟐√𝒂𝒃𝒄
𝟑

𝒆
 

 

 

 



 
Solution 2 by Yen Tung Chung-Taichung-Taiwan 

𝐥𝐢𝐦
𝒙→𝟎

𝒙 (𝒙𝐬𝐢𝐧
𝟏
𝒙 + 𝟏)

(𝒂𝒙 + 𝒃𝒙 + 𝒄𝒙)
𝟏
𝒙

𝟑
𝟏
𝒙 ((𝟏 + 𝒙)

𝟏
𝒙 − 𝒆)

= (𝐥𝐢𝐦
𝒙→𝟎

𝒙 (𝒙𝐬𝐢𝐧
𝟏
𝒙 − 𝟏)

(𝟏 + 𝒙)
𝟏
𝒙 − 𝒆

)

⏟              
𝟎
𝟎

𝐥𝐢𝐦
𝒙→𝟎

(
𝒂𝒙 + 𝒃𝒙 + 𝒄𝒙

𝟑
)

𝟏
𝒙

⏟            
𝟏∞

= 

= (−
𝟐

𝒆
) (√𝒂𝒃𝒄

𝟑
) = −

𝟐√𝒂𝒃𝒄
𝟑

𝒆
 

where 

(i) 𝐥𝐢𝐦
𝒙→𝟎

𝒙(𝒙 𝐬𝐢𝐧
𝟏

𝒙
+𝟏)

(𝟏+𝒙)
𝟏
𝒙−𝒆

= 𝐥𝐢𝐦
𝒙→𝟎

𝒙(𝒙 𝐬𝐢𝐧
𝟏

𝒙
+𝟏)

𝒆
𝟏
𝒙
𝐥𝐧(𝟏+𝒙)

−𝒆

= 𝐥𝐢𝐦
𝒙→𝟎

𝒙(𝒙 𝐬𝐢𝐧
𝟏

𝒙
+𝟏)

𝒆

𝟏
𝒙
(𝒙−

𝟏
𝟐
𝒙𝟐+𝑶(𝒙𝟑))

−𝒆

= 

= 𝐥𝐢𝐦
𝒙→𝟎

𝒙 (𝒙 𝐬𝐢𝐧
𝟏
𝒙
+ 𝟏)

𝒆𝟏−
𝟏
𝟐
𝒙+𝑶(𝒙𝟐) = 𝒆

= 𝐥𝐢𝐦
𝒙→𝟎

𝒙 (𝒙𝐬𝐢𝐧
𝟏
𝒙
+ 𝟏)

𝒆 (𝒆−
𝟏
𝟐
𝒙+𝑶(𝒙𝟐) − 𝟏)

 

= 𝐥𝐢𝐦
𝒙→𝟎

𝒙 (𝒙 𝐬𝐢𝐧
𝟏
𝒙 + 𝟏)

𝒆 ((𝟏 −
𝟏
𝟐
𝒙 + 𝑶(𝒙𝟐) − 𝟏))

= 𝐥𝐢𝐦
𝒙→𝟎

𝒙 (𝒙𝐬𝐢𝐧
𝟏
𝒙 + 𝟏)

𝒆 (−
𝟏
𝟐
𝒙 + 𝑶(𝒙𝟐))

= 

= 𝐥𝐢𝐦
𝒙→𝟎

𝒙 𝐬𝐢𝐧
𝟏
𝒙 + 𝟏

𝒆(−
𝟏
𝟐 + 𝑶

(𝒙))

=
𝟎 + 𝟏

𝒆 (−
𝟏
𝟐)
= −

𝟐

𝒆
 

(ii) 𝐥𝐢𝐦
𝒙→𝟎

(
𝒂𝒙+𝒃𝒙+𝒄𝒙

𝟑
)

𝟏

𝒙
 = 𝐞𝐱𝐩

{
 
 

 
 

𝐥𝐢𝐦
𝒙→𝟎

𝐥𝐧(𝒂𝒙+𝒃𝒙+𝒄𝒙)−𝐥𝐧 𝟑

𝒙⏟            
𝟎

𝟎 }
 
 

 
 

= 𝐞𝐱𝐩{𝐥𝐢𝐦
𝒙→𝟎

𝒂𝒙 𝐥𝐧 𝒂+𝒃𝒙 𝐥𝐧 𝒃+𝒄𝒙 𝐥𝐧 𝒄

𝒂𝒙+𝒃𝒙+𝒄𝒙

𝟏⏟            
𝑳′𝑯𝒐𝒑𝒊𝒕𝒂𝒍 𝑹𝒖𝒍𝒆

} 

= 𝐞𝐱𝐩 {
𝐥𝐧𝒂 + 𝐥𝐧𝒃 + 𝐥𝐧 𝒄

𝟑
} = 𝒆𝐥𝐧(𝒂𝒃𝒄)

𝟏
𝟑 = √𝒂𝒃𝒄

𝟑
 

 

 


