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1501.
prove :
AM [AB\? 2a%@a?—b?—&2)
[MH 8 (,BH) T (@ —bp )’ ]
AM/MH  a®> —b’+¢?
c [(AB/BH)Z = 2¢c2 ]
[05-08-23 A.B.r.]
Note : if £/A = 90° then :Il':‘i = (25)2
(by Than Tang Thanh Tran)
B
Prove that :
AM (AB)Z 2a%(a? — b% —c?) 4 AM/MH  a? —b? + ¢?
— = an =
MH BH (a%? — b? + ¢2%)2 (AB/BH)? 2¢?

Proposed by Thanasis Gakopoulos-Greece
Solution by Soumava Chakraborty-Kolkata-India

Via Menelaus’ theorem on A AHC with DMB as transversal,
BCMHAD =AM a _ AM (AB)2 a c2

BH AM CD BH

. . =1=>—= =5 —— = -
BH AM CD MH ccosB MH ccosB c2cos?B
AM (AB)2 x» acosB —c

: —— —
MH \BH ccos’B
Avdi 2a%(a®* —b*—c?) 2a*(a’-b*-c?) a®-b?+c?—2c?
gain, (a2 -b%2+c¢2)?  (2ac)’cos’B 2c2 cos?B
_ 2accosB - 2c? _acosB—c via(x AM (AB)2
~ 2c2cos?B  ccos2B MH \BH
AM (AB)Z 2a%(a? — b? — c?)
“"MH \BH/  (a%? —b? +¢2)2
a
Alsg AM/MH__ (m) _acosB _ a(a? —b? + ¢?)
"(AB/BH)? ( c2 ) c 2ac.c
c2cos?B
AM/MH  a? — b? + ¢ ED
= =
(AB/BH)? 2z (QED)
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1502. Let ABCD be the convex quadrilateral where the angle BAD = -, C € (0, E)

N A

with AD = CD = BC = a > 0.AE 1L BD,E € (BD) and p is the semiperimeter

2
= ~ a(2p — 3a
of ABCD. Prove that : < AC.cosC+JAE.|sin(B+D)|> <av2 + /%

Proposed by Radu Diaconu-Romania
Solution by Soumava Chakraborty-Kolkata-India

@

BD? = a? + a? — 2a? cos(180° — 2a) = 4a® cos? a = BD = 2acosa

(+180°—2a>0=0<a < 90°= cosa > 0) and AB% = BD? — AD?
= 4a%cos’ a — a’? = AB @ a.\/4cos?a—1and -~ AABD ~ AEAD - BD _AB
= = a. o “AD = AE
via(1)and (2) 2acosa a.V4cos?a—1 ®»a Vdcosla—1

a AE 2 cos a

Now, via Ptolemy's inequality, AC.2a cos a < a.a./ 4 cos? a — 1 + a?

(:) al+VdcosZa—1

2 cos a

= AC

2
< AC.cosC+ JAE. |sin(B + ﬁ)|> E3 (AC + AE)(cos C + |sin(B + D)|)

via () and (+») (1 + 2vV4 cosZa — 1
< ( ).(— cos2a + |sin(90° + 2a)|)
2cosa

a(1+2vV4cos?a—1)(-2cos2a)

2cosa X
(+ 180° — 2a < 90° = 2a > 90° = cos2a < 0) < aV2

4 RMM-GEOMETRY MARATHON 1501-1600
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?
& (V2 cosa > (1 + 24 cos? a — 1) (—cos2a)
(¢)

1
Lety4cos?2a—1=tand v a>45°=>cosa<—=>+4cos2a—1<1

V2
t+1 Vt+1
=>0<t<1andcosza:T=>cosa: 5 ~()e
Vt+1 t+1 t+1 1-t
V2. > ><1—T)(1+2t)<:> T>(T)(1+2t)

t+1 (1-19%(1 +2t)?
©— >( )i ) A-,t>0)=24t*—43-3t2-1<0

c4t3(t—-1)-3t2-1<0->true~ 0<t<1= (s)istrue

2
( AC.cosC + \[AE. |sin(B + ﬁ)|> <avZ<aVZ+ /M (QED)

1503. In AABC, AA'B'C’ the following relationship holds:

2
(@a+a)(b+b')(c+c) 2 32VRR'FF + 4 (VRF —/R'F)
Proposed by Daniel Sitaru-Romania

Solution by Tapas Das-India
(a+a)b+b)(c+c) =
=abc+a'b'c' + (a’bc+ab'c+ abc' +a'b'c+ ab'c’ +a'bc’) >

AM-GM
S abc+a'b'c +63abc-ab'c-abc -a'b'c-ab'c' -a'bc =

= abc+a'b'c’ +6+abc-a'b'c’ =4RF +4R'F' + 6\/4RF -4R'F' =

— 4 (\/ﬁ _ \/R’F’)Z + 8/RR'FF' +24/RR'FF = 32\ RR'FF' + 4 (\/ﬁ _ \/R’F’)Z

! !

Equality holdsfora=b=c=a' = b' = C'.

5 RMM-GEOMETRY MARATHON 1501-1600
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1504. If H —orthocenter in acute AABC, AD, BE, CF —altitudes,

HD = x,HE = y,HF = z then:
X z zZx 2
DL ES 2 R
z X Yy R

Proposed by Ertan Yildirim-Turkiye
Solution by Daniel Sitaru-Romania

B —BD BD B
= 1 = .
cos AB C'COoSs

T HD
tan (— — C) =——= HD = BD - cosC = c- cosBcotC =

2 " BD
. cosC
= 2RsinCcosB - — = 2RcosBcosC
sinC
x = 2RcosBcosC xy 2RcosBcosC - 2RcosCcosA
Yy = 2RcosCcosd = Z ? - Z 2RcosAcosB -
z = 2RcosAcosB cyc cyc

6R% + 4Rr + 1% — s? B
2R? B

=2R-ZcosZC=2R-
cyc

1 GERR’ETSEN
= —(6R? + 4Rr + 1% — 5?%) >
R

1

2
> —(6R? + 4RTr + r?> — 4R?> — 4Rr — 31%) = I3 (R? —1?)

Equality holds fora = b = c.

~|

1505. In any A ABC, the following relationship holds :
m? .\ wi s h? - 21016
wZ(wg +h2)  hZz(h? + m3)  mZ(m3 +wg)  81R6(81R° — 2560r°)

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

1
am,

> 12 o
amz — (chc az)z

ZaZZZ\E@

cyc
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2 2
Zaz —3a?(2b*+2c2-a?) =20 Zaz — 3a? ZZaZ—SaZ >0
cyc cyc cyc
2 2
o Zaz —6a22a2+9a420=} Za2—3a2 >0
cyc cyc cyc
2
(chcaz)

& (b2 +c2—2a2)* > 0 > true > m2 <
Ao 2;b3+c3+abc
gain, m? < 1a \
@Za3+abc22a(b2+c2)
cyc
?

@Z(y+z)3 +1—[(y+z) >2(y+2)((z+ 2?2+ (x+y)?)

cyc cyc
<x=s—a,y=s—b,z=s—c=>x+y+z:3s—Zs:s)

>a=y+zb=z+xc=x+y;x,y,2>0

1202 and analogs - (1)

?
& a(2b? +2¢?2 —a?) < b3 + 3 + abc

3. 2 5 2 ] , _b3>+c®+abc
© x° +y“zZ+yz° > 3xyz - truevia A -G - mj ST
Panaitopol h3 4 ¢3 + gbc Rs Rs
= m3 < - T b%c((b3+c3+ab
Ma = 4a a  4.16R%r2sz > © ( ¢? + abc)
1
=>m3 < CARIZS b?c? z a® + abc | — a®b?c? | = md <
cyc
_r b?c? z a3 + abc | — a3b?c? || 2 z a? — 3a? | and analogs =
256Rr?s’
cyc cyc
I/ 2 Z a? Z a® + abc szcz — 16R?*r?s2(2s) \I
ms 1 | cyc cyc cyc |
® = 256Rr?s i i
cyc
\ —9a’b?c? Z a® + abc |+ 3a2b2czz al /
cyc cyc
/ ) Z 22 (2s(s? — 6Rr — r?) + 4Rrs)(4R?s?) \
Goldstone 1 | —16R?r2s2 (25) |

< cyc =
256Rr’s k —9(16R?*r?s?)(2s(s? — 4Rr — r?) + 4Rrs)
+3(16R?r?s?).2s(s? — 6Rr — r?)
1

2 Z a? | (8R%s®)(s? — 4Rr — 7r?) — 9(16R?r?s?)(2s(s? — 4Rr — r?) + 4Rrs)\|
256Rr?2s

(
\

cyc
+3(16R?*r?s?).2s(s? — 6Rr — r?) /

7 | RMM-GEOMETRY MARATHON 1501-1600
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Leibnitz (18R?)(8R%s)(s? — 4Rr — 7r2) — 6(16R?r?s?) (2s(s? — 4Rr — r2) ) — 9(64R%r3s?)
<

256Rr?s
48R?s? ((3R? — 4r?)s? — r(12R3 + 21R?r — 12Rr? — 1219)
N 256RrZs
Gerretsen 48R?s? ((3R? — 4r2)(4R? + 4Rr + 3r%) — r(12R® + 21R?r — 12Rr? — 1213))
= 256Rr?2s

48R%s?
. 5 3 2 3
- E m;, §256ers.4R(3R —7Rr2 —r?) > (2)

cyc

m; W h?
Now, — s 5y T 125 5T 275 L ws
wZ(wg +hf) hZ(h3+mj) m2(mj+w))
hZ h? h2 via (1)
> =
mZ(md +m?) m?(mf+m3) mZ(m+my)
Bergstrom
2 2 2 2
48r?s? b_2 C_Z a_z Le‘ill?r(liitz 24r?s? (Z E)
a b ( YCa
2 =
(Zeyea?) m+m mi+md md+m 81R*.Y ycm3
via (2)
and 2.2 2 6
A-G 9.24r“s*.256Rr“s ? 1024r

> >
~ 81R*.48R?s3.4R(3R3 — 7Rr? —r3) — 81R®(81R> — 2560r°)

? R
& 729t° — 96t3 + 224t — 23008 > 0 (t = F)
Euler

?
& (t—2)(729t* + 14583 + 2820t% + 5640t + 11504) > 0 > true = t > 2

. m? N wi N h? - 21016
"W +hE) " HE(nE+ me) " ma(m + wg) - BIRCEIRS — 25606
v AABC,’ =" iff A ABC is equilateral (QED)

1506. In any A ABC, the following relationship holds :

R

+ + >
w,f(wb +h.)2 h2(h,+my,)? mi(m, +wy)? ~ 3R?

m> wi h2 1 (21‘)15

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

m} wp h?
wp(wp +h)?  hi(h,+m,)? m3(m, + wy)?
5 5 5
h3 h; h3

> +
mp(mp, + m)?  mZ(m,+my)? m;(m, +my)?

8 RMM-GEOMETRY MARATHON 1501-1600
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5 5 5

Pana;topol (%) + (%) + (?)
= 5 5 5
B myrmoz (B amermz (52) ang +my2

5 &)
C Holder

@ (5)

_ 2r
a (E) \(mp+m)?  (m¢+my)?  (m,+my)?

(2>5 (chca) A-G <2r)5 243 B (Zr)s 9

. > (=) . =% =
R/ 27 yc(my + m)? R/ '27.2%(mZ+m2) \R/ 4%, m2
15

15
2r 5 9 Leibnitz /21 5 9 1 (%) Euler 1 (%)
B (F) = (F) '3.0RZ 3RZ 210 = 3RZ ()10
(%)
) mJ wf,; h? - 1 2\
" WEWp T ho)? | h3(h, +my)2 | m3(m, +wy)? 3R ( R)
v AABC,’ =" iff A ABC is equilateral (QED)

3
4‘-Zchc a?

1507. In any A ABC with n € N*, the following relationship holds :

A
2n+1 2
corT 2, (AR
1+ B= > 2 - 3
e cotzn-1 5

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

A 2n
Z cot?n+1 5 cot#n cot — Radon
__ 2 _ >
B Z A B Z -1
T cotZ“‘li &< cot?n-12- co th 15 e cotz cotz)
A\2P-1 A A B! A
(chc cot? 7) . (chc cot? 7) (chc cot> cot 7) . (chc cot? 7) ,A
A B2 1 = A B\1 - Z cot 2
(chc cotz cot 7) (Ecyc cot cot 7) e
2 (4 2 2n+1 A
1 S (s —2rs*(4R + r)) cot 5 s?2 —8Rr —r?
=s’ Z_z = 264 =1+ B> 2
T rs r<s T cot2n-1 5 r
)

! 4R 2 2l 2 2 < 2
22(7—3)4:)5 —8Rr —r“ = 8Rr — 6r“ © s“ > 16Rr — 5r

9 | RMM-GEOMETRY MARATHON 1501-1600
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C0t2n+1 g 4-R
— true via Gerretsen .. 1 + —=>2 (— — 3) v A ABC and
cot2n-12 B r
cyc 2
vn e N, =" iff A ABC is equilateral (QED)

1508. In any A ABC with n € N, the following relationship holds :
2n+1 A

tan =
D

2 _r
cyc tan?n-1 v =7 (1 R)

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

2n

z tan2n+1% ~ z tan*" Z tan Ragon

ac tanzn_lg ) cye tan?"~15 A nZn-1- B cyc tan > tan 2) e

(chc tan? %)Zn_l : (chc tan? %) . (chc tan % tan %)Zn ! _ (chc tan? %)
(chc tan % tan %)Zn_l B (chc tan [2\ tan g)zn_l

A 1 (4R+r)2 ? r
=Ztan25=s—2((4R+r)2 252) = 222(1_E)

cyc

< R(4R +1)? 5 (4R — 2r)s?
©

Now, RHS of () < (4R — 2r) (2R? + 10Rr — r? + 2(R — 2r)yR2 — 2Rr)
i R(4R + r)2
< R(4R +1)* — (2R? + 10Rr — r*)(4R - 2r) > 2(4R — 2r)(R — 2r)VRZ — ZRr
& (R - 2r)(8R? — 12Rr + r?) > 2(4R — 2r)(R — 2r)v/R? — 2Rr

)
Euler . . .
“R—2r = 0 - inorder to prove (*«),it suffices to prove :

8R% — 12Rr + r2 > 2(4R — 2r)y/R? — 2Rr
& (8R? — 12Rr + r2)” — 4(R? — 2Rr)(4R — 2r)% > 0

2n+1 A
tan r
S r?(4R+1)? > 0 - true = (**) = (¥) is true - 2—123 > 2 (1 ——)
oye tan?n-1 - R
ye 2
VAABCand VvV n € N*," =" iff A ABC is equilateral (QED)

10 RMM-GEOMETRY MARATHON 1501-1600
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1509. In any A ABC, the following relationship holds :
(h3 + 2h,wy,(h, + wy,) + wﬁ)3 (W + 2wpym,(wy, + m,) + mg)3
h + 2h,wy, (h2 + w?) + wy wy + 2wm (wg + m2) + m}
(m3 + 2mh,(m, + h,) + h3)3 - 9.6%.r°
m¢ + 2m:h,(m? + h2) + h} — R(9R3 — 64r3)

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

?
z a* <54R3(R—r)
cyc
?
& 2((s? + 4Rr +12)” — 16Rrs?) — 16r2s? < 54R*(R— 1)
?
& s* —(8Rr + 6r?)s? < 27R* - 27R%r — 16R’r? — 8Rr® —r*

@

Gerretsen Gerretsen

Now,LHSof (1) < (4R?®-4Rr-3r?)s? <
?
(4R% — 4Rr — 3r?)(4R? + 4Rr + 3r?) < 27R* — 27R®r — 16R?r? — 8Rr® — r*
? R
& 11t* —27¢3 + 16t + 8 > 0(t=;)

Euler

o (t—2) ((t - 2)(11t2 +17t+ 24) + 44) é O0->true~t > 2

(%)
= (1) is true - z a* < 54R3*(R-r)
cyc
3 3
(h3 + 2howy, (h + wy) + W)™ (W + 2wpm(wp, + m.) + m?)
h% + 2h,wy(h2 + w?) + w wi + 2wpm (W + m2) + m}
3
(m3 + 2mch,(m, + hy) + h3)® y Z (h3 + 2hghy (h, + hy) + h3)
cyc

m¢ + 2mh,(m? + h2) + hi m? + 2m m;,(m2 + m?) + m}

2r2s? h, + hy\\’
Hol>der (chc(Bhahb(ha + hb)))3 _ (3T chc( ahc ))
B 3 chc (rn3 + (m%l + mlz,)z + mﬁ) 3(4chc mﬁ + 2 chc mlz,m%)

Gerretsen + Euler 2
r<.27Rr
s (3- R -6) 33.39.23.33 p9via(» 311 26 9
> =
- 3.6 m? 33.6 ~ 2.33R3(R—-r
chc a 16 -chca4 ( )
? 9.6%.r° 38,26 9 ?
& 9R3 — 64r3 > 2R?2(R-1)

> =
~ R(9R3 — 64r3) ~ R(9R3 — 6413)
? ?
o7t +2t2 - 6420 (t—2)(7t> + 16t + 32) = 0 - true

11 RMM-GEOMETRY MARATHON 1501-1600
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~(h3 + 2h,w;, (h, + wp,) + wt:,”)3 (wg + 2wpm(w, + m,) + mf}")3
" hE + 2hwy (h2 + w?) + wit wif + 2wpym (w2 + m2) + m$
(m3 + 2mch,(m, + hy) + h;°'l)3 9.6%.1°
m¢ + 2m.h,(m? + hZ) + hi = R(9R3 — 64r3)
v AABC,' =" iff A ABCis equilateral (QED)
1510. In any A ABC, the following relationship holds :

(h% + 2h,wy, (hZ + w2) + w{})n (wy + 2wpm, (W + m?) + m‘C’)n

r2 + 2r2ri(r, + 1) + 137 rp + 2rgré(r, + o) + rd
(m¢ + 2m_h,(m? + h%) + h{)" - 2n+4 351 p4n
rS+2r2r2(ro+r,) +r2  — (9R3 — 64r3)(3R?% — 8r?)

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

B . C . (B+C\_ A , A
siny sing\ ssin (T) cosy  scos’s ,A
I, +tr.=s cos_+ C = A B E_ (i) —4RcosE
7 C0S3 €OS 7 €OS 5 COS 5 iR
0) ,A
~TIp + . = 4Rcos 2
Z(rlf+2rlfrc2(rb+rc)+rc5) :22r3+22 r2r? Zra—ra
cyc cyc cyc cyc
5
=2 Zra -5 Zr§+2rarb H(rb+rc)
cyc cyc cyc cyc

/ 2
+2(4R+1) | (Z rarb> _ 2rs? (Z ra> — 2rs? (Z rarb>

cyc cyc cyc
2

"16R?

via (i) and analogs

= =2 ((4R +1)% —5((4R +1r)? — 25% + 5%). 64R?

N————

+2(4R+71) (s4 — 2rs?(4R + r)) — 2rs*
= 2((4R + 1)° + 24Rs* — (320R® + 192R?r + 36Rr? + 2r°)) 2
Gervetsen < (4R + 1)’ + 24R(4R? + 4Rr + 3r?)s? )
- —(320R3 + 192R?r + 36Rr? + 2r3)s?

Gerretsen

= 2((4R + )% — (224R3 + 96R?*r — 36Rr? + 2r3)s?) <
2(4R +1)5 — 2(224R3 + 96R’r — 36Rr? + 2r3)(16R — 5r?)

12 | RMM-GEOMETRY MARATHON 1501-1600
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3 Z(rb + 2r2r¢(ry, + 1) + 12) < 2(1024R5 — 2304R*r + 224R%r? + 1216Rr* + 11r5)

cyc

= YeY)
A—
Again, Y (nd + 2hyh, (0 +h2) + b) 2"

cyc

) 46 6hZh;h , _ 6.4r*s* 4s?
2 ) ubc(h 402+ hyhe) = PR ) etz gnen s S
cyc cyc

8r2s? Gerretsen + Euler 212
=R > —5 (27Rr)?

> (f + 2hyhe(nF +hZ) + h‘g) > 2.729r%| > (2)
cyc
(h4 + 2howp (b2 + w?) + w,‘,‘)n (wb + Zwbmc(wb +m2) + m¢)"
S+ 2r2r2(rg + 1) + 10 S+ 2r2r2(n + 1) + 18
(mc + 2m:h a(mc +h2) +ht)" (h4 + 2hyh,(hi + hZ) + h4)
rd +2r2r2(r. + 1) + 12 z rp + 2r2rd(r, + 1) + 18
Holder _(Beye(hiy + 2hphe(hf + hg) +h¢))" via 1) and ()
3z (chc(rb + 25212 (n, 4+ 1) +12))
(2.729r%)" 2 2n+4 35(n-1) pén
31-2,2 (1024R5 — 2304R*r + 224R?r2 + 1216Rr* + 11r5) ~ (9R3 — 64r3)(3R? — 8r2)
© (37)(9R3 - 64r3)(3R? — 8r?) >
32(1024R5 — 2304R*r + 224R?*r? + 1216Rr* + 11r5)
& 26281t° + 73728t* — 164632t% — 458816t% + 6144t + 1119392 é 0 (t = %)

e (t-2) ((t —2)(26281t* + 178852t* + 445652t + 608384) + 657072) >0
- true ' t E‘?r 2. (hf, + 2h,wy (hG + wi ) + w{})

>+ 2r§r§(ra +1,) + rb
(Wi +2wpmc(wp +m¢) + m‘c’) (m¢ + 2mch,(m2 + h2) + ht)"

5y +2r2ré(r, + 1) + 18 re 4+ 2r2r2(re + r,) + 12
2n+4. 35(n—1). r4n

>
~ (9R3 — 6413)(3R? — 8r?)

v A ABC,' =" iff A ABCis equilateral (QED)

1511. In any A ABC, the following relationship holds :

Zhb-l_h R
R~ r2

cyc
Proposed by Marin Chirciu-Romania
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Solution by Soumava Chakraborty-Kolkata-India

h, +h, 2r1S (M) 2
b+ he bc / _ rs Z 2 Z _
Z r2 rZs? 4Rrs.r2s?’ (s—a) ab - be

cyc m cyc cyc

1
= 2Rr2s? (s + 4Rr + rz).Z(s2 —2sa+a?) - Z(szbc — 2sabc + a?bc)

cyc cyc
(s + 4Rr +r?) (352 —4s? +2(s? —4Rr — rz)) —s2(s% + 4Rr + r?) + 2s.12Rrs — 4Rrs. 2s
B 2Rr2s?2
2r ((4R —1)s? —r(4R + r)? ) hy, +he () (4R —1)s? — r(4R + r)?
2Rr?s? ; z r2 - Rrs?

cyc

.zhb+hc R via(») (4R —r)s? —r(4R+r)2<

<— o
r2 " r? Rrs? r2
cyc
(€]
& (RZ—4Rr+r?)s? +r?(4R+r? > 0
R? — 4Rr +r? > 0 and then, LHS of (1) > r?(4R+1)? > 0 = (1) is true
(strict inequality)
R? — 4Rr + r? < 0 and then, LHS of (1) = — (—(R2 —4Rr + rz)) s2

Gerretsen

+r2(@R+1)2 2 —(—(R?—4Rr+r?))(4R? + 4Rr + 3r2) + r?(4R +1)? >0

? R ?
o4t —123+ 72 +4>0 (tz;)4:)(t—2)((t—2)(4t2+4t+7)+12)20

Euler
—>true vt > 2= (1)istrue .. combining both cases, (1) is true V A ABC

h, +h, R
z < 3V AABC

r;

cyc
Avai 4 _ Zhb + h, vna(*) (4R -r1)s? —r(4R + r)2
gam, g = r2 Rrs?
cyc

7UI-P

(2)
& (4R - 51r)s? > r(4R 4+ r)?
Gerretsen
Now,(4R—5r)s?> > (4R—5r)(16Rr — 5r2) > r(4R +r)?
Euler

& 48R?% — 108Rr + 24r? > 0= 12(4R-r)(R —2r) > 0-true~R > 2r

_ 4 hy, + h, 4 h,+h. R
= (2) is true ESZ and SO,ESZ <—

2 2 2
I, I, r
cyc a cyc a

v AABC,' =" iff A ABCis equilateral (QED)
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1512. In any A ABC, the following relationship holds :
E - I, + I - 5
r h2 r2
cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

. B . C . (B+C A 2 A
sin5  sing ssm( 2 )cosi SCOs” > ,A
I, +r.=s E+ C = A B C - (i) :4RcosE
cos5  COs5 C0S5 C0S5 COS ZR
) 2 A
~ TIp + 1. = 4Rcos 2
I, + I R via (i) and analogs 4Rcos? a? R A
z <= o Z— — Z cos?—<s?
h2 r? 4r2s? rz < 2=
cyc cyc cyc
s(s—a
@Z( ( )>Ssz@sZa3+16rzsz—ZZa2b2S4Rrsz
cyc cyc cyc

& s2(s? — 6Rr — 3r2) + 8r?s? — (s? + 4Rr + r2)” + 16Rrs? < 2Rrs?
& (2R +31r)s? —r(4R 4+ r)? < 2Rs? © 3s? < (4R + r)? - true via Trucht

.-.zr"trc 352
hg r

cyc

1\2 1\2
Iy + I via (i) and analogs Z 4R (h_a) Bergstrom 4R. (ZCYC h_a)

TThZ 2 2
cyc h cyc sec? 2 sFraRTr” + (tg + l')

Again,

4Rs? ? 2
I‘Z(SZ + (4R +1)?) =

-e (2R —r)s? > r(4R +r)?
(*)

Gerretsen

?
Now,(2R-r)s? > (2R-r)(16Rr — 5r?) > r(4R + r)?

Euler

? ?
& 8R?—17Rr+2r’>0o (R-r)(R—-2r)>0->true~ R > 2r= (x)istrue

I, + T 2 2 I, + T, R
Zb CZ—-'-—SZb CS—
h2 r r h2 r2

cyc cyc

v AABC,' =" iff A ABCis equilateral (QED)
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1513. In any A ABC, the following relationships hold :
m? 4.3 1pn
h,wy, — R? and
wy my - (3r)"
m.+h, h,+w, R
Proposed by Zaza Mzhavanadze-Georgia

hj wp
mC ha

1.
WpIn

n
h,
Wp + mg

2
mgmpme < ——

Solution by Soumava Chakraborty-Kolkata-India
hj wp my m,hj mphp mh? )
mcha haVVb B m,mpme mpmem, mcm,my B
2 Chebyshev 2
R—SZ.Zmahg > 3RSZ" zma zhg
cyc cyc cyc
(~ WLOG assuminga > b > ¢ = m, < my < m. and hj} < hy < h})

n
2 Yocat 1 1
e .erE—
a

'3n—1

W

n

cyc

Tereshin
+
Holder 2 b2 + c2 1
> . _— z hy | =
3Rs? 4R 3n-1 3Rs? 2R
cyc cyc
1 9\" chc a* 1 ? 4,301 0 ?
— 2 2 2
<2rs.£) = R2sZ .5.3 ot > R S SZa > 4s
cyc
2

?

@32(12 > Za - true
cyc cyc
4 3n—1 rn
RZ

n
+ mg > hg Wy
h,+w mp+m, m.,+m,

Bergstrom chc a’
RZsZ "3n°

v AABC,' =" iff A ABCis equilateral
m¢

n n n
h} Wy m?
m, + my

B W, mcha l'la"vb -
n wlr’l
+
m, +h,
Chebyshev 1 1
) (S
3 Z a my, + mg
cyc cyc
1 1 1
< < and
my + m, m, +m, m, +my

. a
Again,
Wy + mc

~ WLOG assuminga>b >c=>
h? < h? < h?
Bergstrom
n n +
Leuenbrger 1 1 9 Euler
2rs Z - = =
al 2(4R+r)

Bergstrom
Hol-tier 1 9
3.3n-1° Zh“ 2%y, ST
cyc cyc
" o9 _@Bn"  hy m? - 3"
R wp + m, h,+w, R

n
Wy
m. + h,

1 (2 9 )

—.(2rs—) .

CY
v AABC,' =" iff A ABCis equilateral (QED)

RMM-GEOMETRY MARATHON 1501-1600
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mZmim? =

&)

1
64

ow, Y at -
_ (z

cyc

2

cyc

z a*b? + z a’b* = z a’b?

cyc

{_4za6+6

cyc

b

www.ssmrmh.ro

Rs?
Proof of m,mym, < TN

1
a(sz +2c% — a?)(2¢? + 2a% — b?)(2a? + 2b? — ¢2)

(Z a*b? + Z a2b4> + 3a2b2c2}

cyc cyc

(2 a2> _ 3(a24b2)(b2 + ¢2)(c? + a?)

cyc
3
a? z a? — c?
cyc
3
a’? | +3a’b?c?2-3 z:azb2 Zaz
cyc cyc
3
Zaz + 3a%?b%c% -3 z:azb2 Zaz
cyc cyc cyc
z a? — 2
cyc

cyc

-3 2a2b2c2+z a’b?

cyc

cyc

3)

cyc cyc

(Z a? bz) (Z a2> — 3a?b?c? - (1),(2),(3) = mZmZm?
cyc cyc

A3

A3

cyc

3
a?| —12a?b?c? +12 Z a?b? Z a?
cyc cyc

+6 (Z a? b2> (Z a2> — 18a?b?c? + 3a%b?c?

cyc cyc

3
a’| +18 Zaz b2 Zaz — 27a?b?c?
cyc cyc

3 2
a2> +18 (Z ab) — 16Rrs? (Z a2> — 27a%b?c?
cyc

cyc

17|

cyc
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1 —32(52 — 4Rr — r2)3 + 36(s2 — 4Rr — rz)(s2 + 4Rr + rz)Z

64 —576Rrs? (s — 4Rr — r2) — 432R2r?s?
1
= 1—6{s6 — s*(12Rr — 33r?) — s?(60R?*r? + 120Rr® + 33r*) — r3(4R + r)3}
RZs*
< =
4

©)
s® —s*(4R? + 12Rr — 33r%) — s?(60R?*r? + 120Rr> + 33r*) —r3(4R+ )3 < 0

Gerretsen

Now,LHSof (+) < —s*(8Rr—36r?)—s?(60R?*r?+ 120Rr> + 33r*)
?
-r3(4R+r)3<0

?
& s*(8R - 16r) +5s%(60R?r + 120Rr? + 33r°) + r’ (4R + 1)* > 20rs*
(%)

Gerretsen
Now,LHS of (¢¢) > s%(16Rr — 5r%)(8R — 16r)
(@)
+s2(60R?r + 120Rr? + 33r®) + r(4R + r)? and

Geretsen

RHS of (¢¢) < 20rs?(4R? + 4Rr + 3r?)
(b)
(a),(b) = in order to prove (¢°), it suffices to prove :
s?(16Rr — 5r%)(8R — 16r) + s?(60R?r + 120Rr? + 33r®) + r2(4R + )3
> 20rs?(4R? + 4Rr + 3r2)
& s2(108R? — 256Rr + 53r?) + r(4R +1)% > 0

“‘)
& s%(108R? — 256Rr + 80r?) + r(4R +1)% > 27r%s?

Gerretsen

Now,LHS of (¢ss) > (108R? — 256Rr + 80r?)(16Rr — 5r?) + r(4R + r)3
(©

Geretsen

and RHS of (se¢) <  27r%(4R? + 4Rr + 3r?)
@
(c), (d) = in order to prove (ee°), it suffices to prove :
(108R? — 256Rr + 80r?)(16Rr — 5r%) + r(4R + r)® > 27r%(4R? + 4Rr + 3r?)

R
& 22413 — 587t2 + 308t— 60> 0 (where t= F)

Euler
& (t—2)((t—2)(224t+309) + 648) =0 > true “ t > 2= (ses) = (o0)
RZs* Rs?

amim? < = mgmym, < —— (QED)

= (o) is true = mi;mgm¢

1514. In any A ABC, the following relationship holds :

hi + h? R
DL
r2 2r

cyc

Proposed by Marin Chirciu-Romania
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Solution by Soumava Chakraborty-Kolkata-India

h2 s?—2sa+a? 4s?Y.a*b? 8s¥ab
Pyt :
Iy a

- 12
16R2%r2s2 4Rrs
cyc cyc
h? Y.ca’b? —8Rr Y ab + 48R*r? )
—_— = -
r2 4R?r?

cyc

2
z hlza + h% _ Z chc htzl - htzl _ chc aZbZ (chc I'brc) - 21'arbrc chc Ty _ h_¢zz

r? r2 4R? r2s* r?
cyc cyc cyc
via (1) Xeyc @’b? s* —2rs?(4R+1) Yy a’b® — 8Rr Xy ab + 48R’r?

B 4RZ2 r2st 4R2r2

_ —2r? Yy a’b® — 48R*r?s? + 8Rr(s? Yy ab — Y¢yc a’b?)

B 4R2r2s2

hf +h? —s*+(24R? +4Rr—2r?)s? —r(4R+1)®
= z z 242 - (@
rs 2R%s

cyc

) hZ + h2 —s* 4+ (24R? + 4Rr — 2r?)s? —r(4R +1r)3
-'.(1):2 "rz ‘>6o ( TR ) >6
a

()
& —s* + (12R? + 4Rr — 2r2)s? —r(4R+1)3 > 0
Gerretsen
Now,LHSof (x) > — (4R%?+4Rr + 3r?)s? + (12R? + 4Rr — 2r?)s?
? ?
—r(4R+1)* 2 0 & (8R* - 5r?)s? > r(4R +1)°

(x)
Gerretsen

?
Again, (8R? —5r?)s? >  (8R?-5r?)(16Rr — 5r?) > r(4R +r)3
? R ?
& 16t —22t> - 23t+6 >0 (t =;) & (t—2)(16t% + 10t—3) > 0 > true

2 =

Euler h2 + h?
wt > 2= (xx) = (x)istrue - Z b £>6
ra

cyc
R\ —s*+ (24R?+4Rr —2r?)s? —r(4R +1)3
<6 (—) s
2r 2R?s2

hZ + h?
2
a

Also, (i) = Z
cyc T
(%

R
<6 (ﬂ) & rs* + (6R® — 24R%r — 4Rr? + 2r®)s? + r2(4R+ 1) > 0
Gerretsen
Now,LHS of (++x) >  r(16Rr — 5r?)s? + (6R® — 24R?*r — 4Rr? + 2r3)s?
? ?
+r2(4R+1)3 > 0 & (6R® — 24R?r + 12Rr? — 3r3)s? + r?(4R + )3 >0

(%)
6R3 — 24R?r + 12Rr? — 3r3 > 0 and then : LHS of (**x)

> r2(4R +r)3 > 0 = (x*xx) is true (strict inequality)
6R® — 24R%r + 12Rr? — 3r® < 0 and then : LHS of (++++)
= —(—(6R® — 24R?r + 12Rr? — 3r3)s?) + r?(4R + r)?
Gerretsen

> - (—(6R3 — 24R%r + 12Rr? — 3r%)(4R? + 4Rr + 3r2)) +r2(4R+1)? >0

19 | RMM-GEOMETRY MARATHON 1501-1600



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
?
e 12t° — 36t* + 173 + 6t% + 18t— 4>0
Euler
& (t-2) ((t—2)(126 + 1262 + 17t + 26) + 54) = S0 true vt > 25 (ser)

h? + h?
is true .. combining both cases, (+*xx) = (xxx) is true V A ABC .. Z b
cyc a
R h + h? R
<6 (ﬂ) .6 < Z >— <6 (2 ) v AABC, =" iff A ABCis equilateral (QED)
rll

cyc

1515. In any A ABC, the following relationship holds :

6 <
- h2 2r

cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

r? 1o (a-s+s)? 1 1 ) 1
R R (R YL ek
hz 4cyc (s—a) 4 s—a (s—a)

cyc cyc

Zs(4Rr + rz) s? |/ (Z(S —b)(s— c)> \\i

cyc

r2s r‘*s2 |

\ 2(s — a)(s — b)(s —C)Z(s— a)//

cyc

1 2(4R+1) r*((4R+r)* — 2s? r; BR?>+r?-s?
==(3- ( )+ (« ) ) 5> ) S=————"—5(1)
4 r rt h2 2r?
cyc
. er +r¢ chycrf -1 ((4R +1)? — 252)(s* — 4Rr — r?) Z
N h h2 B 2r2s2
cyc cyc cyc
via_ (@R+1)? —2s?)(s? —4Rr—r?) 8R*+r%-s?
- 2r2s? 2r2
Z rZ+r2 —s*+(8R?+ 16Rr + 2r?)s? —r(4R + )3 S
h 2r2s2 !

cyc
@ - Z 2 +r2 PR —s* + (8R% + 16Rr + 2r?)s? — r(4R + r)3
hz 2r2s2

()
& —s* + (8R%? + 16Rr — 10r?)s> —r(4R+1)% > 0
Gerretsen
Now, LHS of (*) 2 - (4R? + 4Rr + 3r?)s? + (8R2 + 16Rr — 10r?)s?
—r(4R + )3 S0 (4R? + 12Rr — 13r?)s? > r(4R +r)3
&)
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Gerretsen (16Rl‘)

Again, (4R? + 12Rr — 13r?)s? (4R? + 12Rr — 13r?) r(4R +r)3

Euler

& 4r(31R? — 70Rr + 1612) >0 (31R— 8r)(R 2r) > truevR > 2r
I‘ + I‘
= (xx) = (*) is true - Z bhz <
cyc a
ry + 12 R\®> —s*+(8R?+ 16Rr + 2r?)s? —r(4R +r)3
Also(1)=>zb < ( ) = ( ) ( )
2r 2r2s?

cyc
=6 (Zr) & 2rs* + (3R® — 16R?r — 32Rr? — 4r3)s? + 2r2(4R+1)% > 0

Gerretsen

Now,LHS of (x++) >  2r(16Rr — 5r?)s? + (3R® — 16R?r — 32Rr? — 4r3)s?

? ?
+2r2(4R +1)% > 0 © (3R® — 16R?*r — 14r3)s? + 2r?(4R + 1) >0
(****)
3R3 — 16R?r — 1413 > 0 and then : LHS of (+#xx)

> 2r2(4R +1r)3 > 0 = (*+*x) is true (strict inequality)
3R3 — 16R?r — 14r3 < 0 and then : LHS of (x*xx*)
= —(—(3R® — 16R?r — 141%)s?) + 2r?(4R + )3
Gerretsen

?
> —(—(3R®— 16R?r — 14r)(4R? + 4Rr + 3r%)) + 2r2 (4R +1)° 2 0
?
& 12t° — 52t* + 7313 — 8t2 — 32t— 40>0
Euler

o (t-2) ((t —2)(12¢3 — 4t + 9t + 44) + 108) > 0-true~t > 2= (kxxx)
is true .. combining both cases, (+**%) = (xxx) is true V A ABC

.zrf+rc2<6(5)3
hZ ~— \2r

cyc

. Iy +I¢ R "o s . .
.6 < hZ <6 77 v AABC” =" iff A ABCis equilateral (QED)
a

1516. In any A ABC, the following relationship holds :

Z hZ + h? _ r2 +r2
;g h
cyc cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

Z 42 s?—2sa+a’® 4s’Ya’b® 8sYcab
a? B

- +12
16R2r2s2 4Rrs
cyc cyc
hZ2  Y.ca’b? — 8Rr Y. ab + 48R%*r?
2z 242 - (1)
Iy 4R“r

cyc

21 RMM-GEOMETRY MARATHON 1501-1600



R M M

ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro
r; 1 (a-s+s)? 1 1 1
;h_g‘lcyc (s—a)? 4 B_ZSZE-}_SZZ(S—@Z

cyc cyc
( )
_1, 2s(4Rr +12) % | Z(S—b)(S—c) | |
T4 T r2s * rés | e |

|
|
l\ \—Z(S—a)(s—b)(s—c)Z(s—a)/l/

cyc
1 2(4R+r1) r?((4R+r)? — 252 rZ 8R%*+r?-—s?
L1(3_2UReD PRI 28)) G SR
4 r r hg 2r
cyc
2
Z h12) + h% _ z chc hzzl - hzzl _ chc a’b® (chc rbrc) — 2ITp e chc Ta h¢21
2 2 - 2 264 /2
cyc Ta cyc Ta 4R res cyc Ta
via (1) Xeyc @’b? s* —2rs?(4R+1) Yy a’b® — 8Rr Yy ab + 48R’r?
B 4RZ2 r2st 4R2r2
_ —2r? Yy a’b® — 48R*r?s? + 8Rr(s? Y ycab — Y¢yc a’b?)
B 4R?r2s?
h? +h? —s*+(24R? +4Rr—2r?)s? —r(4R+1)%®
= z 5 = 53 - (i)
r; 2R%s
cyc
z rp+r2 z Yeyele —Ta ((4R +1)? — 252)(s? — 4Rr — r?) r2
2 2 - 242 T /.n2
cyc h cyc h; 2r%s cyc h;
via ((4R+1)* —2s%)(s®> —4Rr—r?) 8R%+r? —s?
- 2r2s2 2r2
2 +r2 —s*+(8R?*+16Rr+2r%)s? —r(4R+r1)®
= z z g2 ~ (i)
h; 2res
cyc
hZ + h?2 2 + r?
- (@), (i) :Z R
cyc Ta cyc a
—s* + (24R? + 4Rr — 2r?)s? —r(4R + 1)}
&
2R?s?
- —s* + (8R? + 16Rr + 2r?)s? —r(4R + )3

2r2s?
& (8R* + 16R%r — 22R?*r? — 4Rr? + 2r*)s? — (R? — r?)s*
()
—r(64R% + 48R*r — 52R%r? — 47R?*r® — 12Rr* —r5) > 0

Gerretsen

Now,LHSof () >  (8R*+ 16R3r — 22R?r? — 4Rr? + 2r*)s?
—(4R? + 4Rr + 3r?)(R? — r?)s?
—r(64R5 + 48R*r — 52R%r? — 47R?*r3 — 12Rr* — r¥)
= (4R* + 12R®r — 21R?*r? + 5r*)s?
—r(64R5 + 48R*r — 52R%r? — 47R?*r3 — 12Rr* — r¥)

Gerretsen

> (4R*+ 12R%r — 21R%*r? + 5r*)(16Rr — 5r2)
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?
—r(64R° + 48R*r — 52R%r? — 47R?*r® — 12Rr* - r%) > 0

? R
o 31t* —86t3 + 38t +23t—6>0 (t=;)
Euler

?
& (t-2)((t—2)(31t> + 38t + 66) +135) 2 0 > true v t > 2= (+)istrue

hZ + h? 2 +r2 . . ]
z < Z —° VAABC” =" iff A ABC is equilateral (QED)
cyc Ta cyc ha

1517. In any A ABC, the following relationship holds :

27r _ Z sin®B +sin®C 27R
2Rp

cyc

<
h, 8rp

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

For own convenience,s = p

zsin3B+sin3C_ 1

1
= 3 3) = 2 _ 2
h, 16R3rs'za(b +c?) 16R3rs'z ab Z“ a

cyc cyc cyc cyc

1 s* —r?2(4R + r)? — 4Rrs?
= . z a? z ab | — abc z all=
16R3rs 8R3rs

cyc cyc cyc
Gerretsen s?(4R? + 4Rr + 3r?) — r2(4R + r)? — 4Rrs? Gerretsen
- 8R3rs -
(4R? + 3r%)(4R? + 4Rr + 3r?) —r?(4R + 1)? 227R
, 8R3rs R - ,
& 11t* - 16t° — 8t —4t—8 >0 (t:;) o (t-2)(11t3 +6t2 +4t+4) >0

8rs

' Zsin3B+sin3C - 27R

h, ~ 8rp
cyc
) sin® B+sin®C 2R b3 +¢3 1 bc(b+c) 4s 2s?
Agam,z = 3 > ZZ = 5 = >
h, 8R bc 4R bc 4R 2R%4s
cyc cyc cyc
Gerretsen + Euler 27Rr 271 Z sin® B + sin® C - 27r
- 2R%?s  2Rs h, ~ 2Rp

cyc

27r Zsin3B+sin3C 27R
< <
2Rp h, 8rp

cyc

v AABC,' =" iff A ABCis equilateral (QED)
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1518. Let n > 2. Then, in A ABC, the following relationship holds :

2023
20232

cyc

n, R\" 2023
—-l-(—) 22n+20232
n,+n, \r

cyc

Proposed by Nguyen Van Canh-Vietnam
Solution 1 by Soumava Chakraborty-Kolkata-India

Stewart’s theorem = b?(s — ¢) + c?(s —b) = an? + a(s —b)(s — ¢)
= s(b? + ¢2) — bc(2s — a) = an? + a(s? —s(2s — a) + bc) = s(b? + ¢2) — 2sbc
= an? + a(as — s?) = s(b? + ¢ — a? — 2bc) = an? — as? = an?

A 4sbc(s—b)(s—c)(s—a
= as? + s(2bccosA — 2bc) = as? — 4sbcsin? 5= as? — ( ) X )

be(s — a)
472 20\ [/ A
= as? b as? _Za(Z)(s—a) = as? — 2ah,r, - n% = s? — 2r;h,
S>a n§S4(R 2a?(s? — 2h r,,t)<4(R—r)2 2
A A A

& (4R%sin%A)s? — 4rs <4Rsmicos E) (stani) < 4(R? — 2Rr + r?)s?

A ? ?
& R%(1 —sin?A) — 2Rr (1 — 2sin? E) +1% >0 © R%cos?A — 2RrcosA +r2 > 0

ReosA 2 ; 0 < 2Rs — 2 2Rs 2rs

< (RcosA —r)“ = 0 - true .. an, < 2Rs — rs=>h—_ er (er)

n, R 2023
= — < ——1 and analogs - 20232
h,  r ﬂb + nc
cyc

> 20232 2023\/ Ma
r2

cyc _ - 1 (hb + hc)

R%Z — 4r2 »
> 20232 2023 T +——— >2023 Z‘m/ -
cyc — - 1 (mb + mc) r cyc mp ~ m¢
RZ — 4r2 ; 2023 1 1 2023
@ = —_——
r2 & 2023 15 2023 ’B 4 cyc my + me
r

Nomeg/ 2a MJ 11.1 <1 Z( 2a +2+2020)
b+c 2022 terms — 2023 b+c
cyc cyc cyc
1
m 2 Z Zb—H + 6060

cyc cyc
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5s2 + 4Rr + r?

2023< (2s )Zs(sz + 2Rr + r?)

+ 6060)

1 (10(s* +2Rr+r?)  12Rr + 8r? Gerretsen
= — + 6060 <
2023 sZ + 2Rr + r2 s2 + 2Rr +r?
9 12Rr + 8r? . 6060
2023 4R? + 4Rr + 3r2 + 2Rr + r?

r
6060) + 6060)

1
" 2023 +2R2+3Rr+2 2t —2023(9+

2R* —3Rr—2r® ? R—2r 20— 342 2;0( R)
S — —0— =—

2RZ+3Rr+2r¢2~ r o o~ - °

Euler

?
& (06-2)(262+0+1)>0->truevoc = 2

1 < 2R? — 3Rr — 2r?

2023 2a Zma Zmb 2mC
2023 + 6067) and invoking it on a triangle with sides , , ,
cyc

F 2023
whose area via elementary calculations = —, we arrive at : Z
3 my, + m,
cyc

2m 2m 2m
/Zma Zmb 2m, 3a+ 3b+ 3c \
3 3 2
_2023| 4F . F +6067 |
\ 3 ; /

Rs?
mgmpme < ——

and
mg+mp+me < 4R+r

+ 6067) <

1 (2m mym/(m, +my + m.)
2023 9r2s2

1 (Rs?(4R+r) 6067 2023 2m, 4 2 L% 6067
2023 9r2s? my, + m, 2023 9
cyc
RHS of 1) (4o 6067 R 175"
< — | — = - — >
= RHS of (+) 2"21‘{/‘( t) 9 +5 9" t r

2

t—1\ (46’ o ? RZ—4r?2
s(—) ——+5+6067)|<———=0¢"-4
t 9 9 r?

? 46> o©
e (6?-4)t=>(t— 1)<—+§+6067>

t 50°_o 2-6069 +462+6 2 +6069> 0
@ —_—— — — — R —
9 9 9 9

t(56+9)(6—2) (4o+9)(oc—-2)
S +

?
- 6069(t—1)=>0

?
-1)-6069(t—1) >0

9
- t(50 + 9)9+ 40+ 9 ' (t2023
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r—1=6—1=>6—2=t2°23—1)

t—1) <t(5<r + 9)9+ 406 +9

t(56+9)+40+9
Now,~ t>1,.. ( )9 (62022 2021 4 .. 4 £+ 1) — 6069

>50‘+9+4-0'+9
- 9

Euler
=>LHSof(**)>2023(t—1)(G 1)=>0+vt=>1ando—1 = 1>0= (xx)

2023 2023
= (%) is true - > 20232 - 20232 - (1)
l’l’lc ny + ne
cyc cyc
Letf(n) =t"—2"vt= ; > 2 (t - fixed) and V n > 2 and then :

f'(n) =t".(Int) —2™".(In2) >0 t">2"and Int>1In2
>t (Int) — 2" (In2) =0 f(n)isTvn=>2= f(n) = f(2)
R 2 R n R? —4r? 4r2 via (1)

( —4=> —-2" > =

( {2023 _ R

( 2022 | 42021 4 .. 4 ¢+ 1) 6069) >0
(**)

(12022 412021 4 ... 4 1 + 1) — 6069 = 2023(c + 2 — 3)

2023 2023 n,
20232 - 20232
mc ny + n,
cyc cyc
2023 n, 2023
20232 + (—) > 2"+ 20232
ny, + ng r my, + mg

VA ABC and vn=>=2"=" iff AABCis equ1lateral (QED)
Rs?
Proof of m,m;m, < -
mZmim? = (sz +2c¢? — a?)(2c? + 2a® — b?)(2a® + 2b% — ¢?)
@ 6 4p2 214 2122
=a—42a +6 Zab +Zab + 3a“b“c

cyc cyc cyc

Now,z a® = Z a’ | —3(a?+b?)(b? + c?)(c? + a?)

cyc cyc
3
= Zaz — 3| 2a?b?c? +Z a’b? Zaz —c?
cyc cyc cyc
3
= Zaz + 3a?b%c? -3 z:azb2 Zaz
cyc cyc cyc
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3

(2)
-'-Za6= Zaz + 3a’b?c% -3 Z:azb2 Zaz

cyc cyc cyc cyc
3)
Za“b2 +Zazb4 :z a’b? Zaz —c? )| =
cyc cyc cyc cyc

Z a? b2 z a? | - 3a%b%¢? - (1), (2), (3) = mZmZm?
cyc cyc
3

/—4 Zaz —12a?b?c? + 12 Zaz b? Zaz \
| cyc cyc cyc I
|

\ +6 z a? b? z a? | — 18a%b?c? + 3a’b?c?
cyc cyc
3

1
=1 —4 Zaz +18 z:azb2 Zaz — 27a?b?c?

cyc cyc cyc
3 2

1
=—| -4 Zaz +18 Zab — 16Rrs? Zaz — 27a%b?c?

cyc cyc cyc

_ 1 (-32(s® — 4Rr —1?)" + 36(s2 — 4Rr — r?)(s? + 4Rr +12)°
64 —576Rrs?(s? — 4Rr — r?) — 432R?*r?s?
1
= E{s6 — s*(12Rr — 33r?) — s?(60R?*r? + 120Rr® + 33r*) — r3(4R + r)3}
RZs*
<
* ©)
s% — s*(4R? + 12Rr — 33r?) — s?(60R?*r? + 120Rr> + 33r*) - r3(4R+ 1) < 0

(=14

Gerretsen

Now,LHSof (+) < —s*(8Rr—36r?)—s?(60R*r?+ 120Rr> + 33r*)
?
-r}(4R+1r)3 <0

?
& s*(8R — 16r) +s%(60R?r + 120Rr? + 33r®) + r? (4R + r)* > 20rs*
()

Gerretsen

Now,LHS of («¢) > s%(16Rr — 5r?)(8R — 16r)

(a)
+s?(60R?r + 120Rr? + 33r®) + r?(4R + r)? and
Geretsen

RHS of (¢¢) < 20rs?(4R? + 4Rr + 3r?)
(b)
(a),(b) = in order to prove (e°), it suffices to prove :
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s2(16Rr — 5r2?)(8R — 16r) + s?(60R?r + 120Rr? + 33r3) + r2(4R + )3
> 20rs?(4R? + 4Rr + 3r?)
& s%(108R? — 256Rr + 53r%) + r(4R+1)3 > 0

(o00)
& s%(108R? — 256Rr + 80r?) + r(4R+ )3 > 27r?%s?
Gerretsen

Now,LHS of (se+) > (108R? — 256Rr + 80r?)(16Rr — 5r?) + r(4R + r)3
(©

Geretsen

and RHS of (ss¢) < 27r%(4R? + 4Rr + 3r?)
(d)
(c), (d) = in order to prove (ee°), it suffices to prove :
(108R? — 256Rr + 80r?)(16Rr — 5r%) + r(4R + r)® > 27r%(4R? + 4Rr + 3r?)

R
& 22413 — 587t2 +308t— 60> 0 (where t= F)

Euler
& (t—2)((t—2)(224t+309) + 648) >0 > true *t = 2= (see) > (o)
. 2 2 o _Ris? Rs”
= (o) is true = mZmim? < 3 = Mgmpm < —— (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

By Holder's inequality, we have

2021

Z 2023 m, < 2023 z (my +m,) z 1 Z 1
mg+my, Mty T £ Ging + my)(my, + mg)’

cyc cyc cyc cyc

2023 4. 32021 (m, + my + m;)(mym;, + mym,+mem,
. - (ma + mb)(mb + mc) (mc + ma)

g 2 2

Now, using AM — GM inequality and the known formula
n,? = s* — 2r h,, we have

A A

2

nl+r,2 S +(stan7) h _sseczf_ s
- a — a a —

ae=  2r A
a 2stan7 2 tanf

_bc bc (R—1)bc

~2r 2R 2Rr
Using this result and the AM — GM inequality, we obtain

2023 n, 6069 n,nyn,
S s
cye n, +n (na + nb)(nb + nc) (nc + na)

3 6069 (2Rr)3. m,ymym,
- (R—17)3abc(a+ b)(b+ c)(c+ a)
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ma= 5 % 606"\/(Rr)3 cos';1 cos 123 cos g 6069 [ (Rr) iR 6069 Rr2
(R—r¥.abc > jmr)—s41asr‘3 /m
6069 2023 AM—GM
,/8(R—r)3 /Z(R—r) 20232"23\/_( 02 - =),

Using these results, it sufflces to prove that

V3w

n

R — R n 2023.3
2023\/_ (2024- —T) + <;) >2 +W

- ()2 o (7 1) - zo

which is true by Euler’s inequality,
R = 2r. Equality holds iff AABC is equilateral.

1519. In any A ABC, the following relationships hold :

ai b® ¢3 Ywe(b —c)*
a4 > 2 2 2 cyc
(a) b+c+a_a b7+ +2023(a2+b2 c2)+2024-(a+b+c)2

(b) T 4+Z/
z n,+ g, —mg, rz_ b+c—a

cyc cyc

and

Proposed by Nguyen Van Canh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

a® b® 3 Leye(b —0*
—+—+——(a +b? +c?) - e >
b 2023(a? + b2 +¢%) +2024(a+b+c)
a* b4 4 chc(b - C)4

+C——(a +b%+c?)—

~ab *be bc 2023(a% + b2 +¢%) +2024(a+ b + ¢)?

Bergstrom (Z eye a? ) 2
G 5

=
Ycycab
cyc
— 2 Z 4+3Z: a’b? — ZZ ab Za —c?
5.
chc a? + (chc a) cyc cyc cyc cyc
2
a
= %(s2 — 12Rr — 3r2)

cyc
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(S} () -2amee) \

— 2 l cyc cyc cyc
7
chc a? + (chc a) |
\—2 Zab Zaz +2abc2a/
cyc cyc cyc

Yeye@® 2
=—b(s —12Rr — 3r?) — Za —Zab
Leyea Yeyca? + (chc a)

cyc cyc
2 2 22
_ 2(s 4Rr —r )(sz —12Rr— 3r2) B Z(S 12Rr — 3r 2
Ycycab Yeyc @ + (chc a)
s —4Rr —r? s —12Rr — 3r?
=2(s? —12Rr— 3r2)< - 2)
Ycyeab Yeyca® + (chc a)
s —12Rr—3r? s?—12Rr— 3r? )

> 2(s? - 12Rr — 3r2)<

- 2
Ycycab Yeyca? + (chc a)
Euler
< s —4Rr—r?>s?—12Rr—3r? > 16Rr—5r? —12Rr — 3r2>
Euler
=4r(R—-2r) = 0

I'Z)Z chc a® - chc ab + (chc a)z
(chc ab) (chc a? + (chc a)z)

a> b3 3 5
syt otz b+

C
chc(b )
2023(a2 + b2+ ¢2) +2024(a+b + )2’

=2(s* —12Rr-3

"=""iff A ABCis equilateral

Now, Stewart’s theorem = b%(s — ¢) + ¢2(s —b) = an2 + a(s — b)(s — ¢)
= s(b? + ¢?) — bc(2s — a) = an? + a(s? —s(2s — a) + bc) = s(b? + ¢2) — 2sbc
= an? + a(as — s?) = s(b? + ¢ — a? — 2bc) = an? — as? = an? =
4sbc(s—b)(s—c)(s—a)
be(s — a)

42 2A A
2 2 2 2 2
as s—a as a 2/ \s"a as ah,r, - ng =s r,h,

?
= a’n} < 4(R - 1)?’s? a?(s% — 2h,r,) < 4(R —r)?s?
A A A\ ?
& (4R?sin?A)s? — 4rs (4Rsinicos E) (stan E) < 4(R? — 2Rr + r?)s?

A
as? + s(2bccosA — 2bc) = as? — 4sbcsin? 5= as? —

A ? ?
& R%(1 —sin?A) — 2Rr (1 — 2sin? E) +1? >0 © R%cos?A — 2RrcosA + r2 > 0

5 2 n, 2Rs 2rs
< (RcosA —r)“ > 0 - true -~ an, < 2Rs — 2rs = h_ < ey~ 7rs
() ()
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na

R
=5 2< P 1 and analogs — (1)

h,

? Tr ?

Triangle inequality = g, < Al+r<w, & —3 +r<

r ?

ins
Sy

8Rrs cos% 1 ? a

= +r<

= +1<

2abc cos%
a(b+c)

+b+c

sin% 4R(b +¢) sin%cos% sin% (b+0c) sin%

=4

ins
sl

? a 1 A
+1<+ + A@(b+c)sin5

A
(b+c¢) siny  siny

A B-C A A A B-C

< 4R cos E Ccos

a < W
z h via (1)
n, + ga — My na cyc

sin— < 4R — -

5 < sin 5 C0S 5 & Cos
A—G

s(s — a) < m, and analogs

:z L>3 _>(2)
na"'ga m, -

?
<a

?
<1 - true

4R+r ? RZ —
_/ <
r

R
2s(4Rr + r?)
- a) 2r2s

Also, ZK F /z 2(s

9r

(4R +5r)(R - 2r)

(R=2r)(R+ Zr) ?
=

R — Euler
r( r) and “+R—2r > 0.

r2 /4R+r / r
r +3 R-r

B =

it suffices to prove :

(R+2r)(R—r)( |[4R+Tr T ?
+3 > 4R + 5r
r r R—r

R+2r)?2(R-1r)?[4R+r O9r 4R+ ?
= 2 + +6 >
r r R-r R-r (“:)

4R+r
R-—r —

Now,

®(t—2)(4t2+9(t—2))'20—>true v to>

~ LHS of (x) >

7 4r?
RZ

Euler

?
>9 —o4t3 +t2 - 36t+3620(t=

4R + 5r

)
r
2

(R+2r)2(R-r)? (4R +r N 9r

r2 r R-r

36r)
R
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(R +2r)?(R-r)? /RUR+1r)(R—r) +9Rr? + 36r2(R—r)
Rr(R—r)
?
& 4t° + 9t5 + 35t* + 64t — 56t2 — 201t + 144 > 0
?
& (t—2)(4t° + 17t* + 69t + 202t% + 348t + 495) + 1134 > 0 > true

a R? — 4r? r via2 m,
L e e D =
b+c—a r R-r n, +g,—mg,
cyc
mll
» )
e n,+g,—m, r b+c—

" =" iff A ABC is equllateral (QED)

2 >>4R+5r

1520.
Inany AABCandV n € N : n > 2, the following relationship hold :
h? wp m} 16.3" 4 "
2 2 2 2 2~ w2) = 81R5 5
(Wb +m ) mZh,(m?2 + h3) haWb(ha + Wb) 81R°> — 2560r

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

hj wy m¢
wZm (w + mc) m?h,(m? + h?,) h2wy, (hZ + w?)
h® h h?
+

mbmc(mb + mc) mg ma(mc + ma) mamb(ma + mb)

Hol>der (chc a)
3n—2. chc (mlz)mc(zcyc mczz - mczz))
1\"
_ (er Dcye E)
3n—2. ((chc mg)(zcyc mlz)mc) —m,mpymg chc mamb)
Bergstrom 9 n
Agc (er Zs)
- 3n—2_ (% (chc az)(zcyc ma) — mmpme. chc hahb)
Leibnitz 32n pn
© 3n-2 (3 9R2.((X )3 3( bc.ca
AV . cyc m,) —3(mg + mb)(mb + mc) (mc + ma) — mmpmec. chc 4R2 )
Leuenberger
+
Cesaro 3n+2_ r?
=
2 4Rrs(2s)

7R —— (4R +r)? - 24m,mym,) — m,mym, ARZ
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3n+2_rn
27R 272 ((4R + 1)3 — 24h,hyh,) — hyhyh,. er
3n+2 n
27R 3 Zrzs2 2r2s2 2rs?
((4R+ r) )— R R
Gerretsen + Euler 3n+2 pn
>
- 27R ( r2.27Rr r2.27Rr r.27Rr
(4R +71)3 — )— )
R R R
4,371 pn 7 16.3"4.

= >
RZ((4R +71)3 —24.27r3) — 108r> ~— 81R5> — 2560r°
?
© 27(81R° — 2560r°) > 4(R%((4R + 1)3 — 24.27r%) — 108r°)
’ R
© 19315 — 192t* — 48t% + 2588t — 68688 > 0( = F)

Euler

& (t—2)(1931t* + 3670t3 + 7292t% + 17172t + 34344) > 0->true~t > 2

hj wh m? 16.3""* "
+ 2 2 2 = 5 _ 5
wZm,(wZ + m?)  m2h,(m? + ha) hZw,(h2 + wZ) ~ 81R5 — 2560r
VAABCandVneN:n> 2" =" iff AABCis equilateral (QED)

1521.
Inany AABCandV n € N : n > 2, the following relationship hold :
h? wi m? 32.3"5 "
rZr.(rd +r3) rczra(rc?’ +r3 " r2r,(rd +rd) ~ 3(9R3 64r3)2 — 128r®

Proposed by Zaza Mzhavanadze-Georgia

Solution by Soumava Chakraborty-Kolkata-India
. B . C . (B+C A 2 A
smi smi ssm( 2 )COST SCOoSs 7 2 A
I, +tr.=s B+ cl= A B C - S =4RcosE
Ccos 7 COoS i COS 7 COS 7 cos 7 (ﬁ)

® A
“ Ty + I = 4Rcos? =

2
20 (¢34 03 — 2 3_ .3
Zrbrc(rb +13) = Z T, Zra —r}
cyc cyc cyc
2
A-G
= Z r2 Z 121, | — rerpre Z r’n | < Z r2 | —3r2rir?
cyc cyc cyc cyc
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2

=( @R+ =3] [mp+10 | — 307t
cyc

2
via (i) and analogs

SZ
= <(4R +1r)3 - 3.64R3 ) — 3r2s*

"16R?2
Euler
and
Mitrinovic

= (4R +1)° + (144R? - 3r?)s* — 24R4R + 1)3s? <
z 27R?
+ ((144112 —3r2). 2

81R2 352 4 3 2.2 3 Gerretsen + Euler
—T(752R + 1536R°r + 411R?*r? + 32Rr3) <

81R? 3.27Rr
4 8

81R
(4R + )%

— 24R(4R + r)3> s?

= (4R + )%

(4R + )%

(752R* + 1536R°r + 411R?r? + 32Rr3)

®
. 322 r?re(rd + 1) < 81(8R*(4R + r)* — 4Rr(752R* + 1536Rr + 411R%r? + 32Rr?))

cyc

N P + /] + m >
ow, =
i2r(rd +1rd) r2r,(ed+13) 2rn(rd+1rd)
hj N hj N h? Holder 32 (chc ha)n
r(rd +1d) rlr,(r3+r3) rZn(d+rd) 372323 rre(rd + 1)
n
via () 32 (ZI'S chc %) Bergstrom
~ 372,81(8R2(4R +r)* — 4Rr(752R* + 1536R3r + 411R%r2 + 32Rr3))
9 n
32 (2rs.5_) :
372, 81(8R2(4R + r)* — 4Rr(752R* + 1536R3r + 411R?r2 + 32Rr3))
32.3"5 0
3(9R3 — 64r3)2 — 128r6
2187
=
81(8RZ(4R + r)* — 4Rr(752R* + 1536R3r + 411R?r? + 32Rr3))
? 1

2 ?
> < 81(9R3 — 64r3)” —27.128r% >
3(9R? — 64r3)% — 12816 ( r’) r

8R%(4R + r)* — 4Rr(752R* + 1536R°r + 411R?*r? + 32Rr?)
? R
& 4513t° + 960t° + 5376t* — 91796t3 + 120t% + 328320 >0 (t = ;)
o (t-2) ((t —2)(4513t* + 19012t + 63372t% + 85644t + 89208) + 14256)

? Euler h} Wll)l m}

=0->true-t = 2 - + +

- - 2 3 3 2 3 3 2 3 3
2r(rd +1d)  r2r,(xd+13) (el +rd)

- 32.3n5 0
~ 3(9R3 — 64r3)2 — 128r6

v AABC,' =" iff A ABCis equilateral (QED)
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1522. In any A ABC, the following relationship holds :

27r _ Z sin®B +sin3C  27R?

— < <
2Rp I, 16r2p
cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

For own convenience,s = p
z a* = Zz a’b? — 16r%s? = 2(s? + 4Rr + rz)2 — 32Rrs? — 16r?%s?
cyc cyc
= 2s* — (16Rr + 12r?)s? + 2r2(4R + r)? sengeen (8R? + 8Rr + 612)s?
—(16Rr + 12r?)s? + 2r?(4R + r)? = (8R% — 8Rr — 6r2)s? + 2r2(4R +r)?

Gerretsen ?
(8R% — 8Rr — 6r?)(4R? + 4Rr + 3r?) + 2r(4R +r)? < 54R3(R—r)
? R
e 11ttt -27t3 + 16t +8 >0 ( _F)

Euler

<=>(t—2)((t—2)(11t2+17t+24)+44)>0—>true t > 2

sin3B + sin3 C 1
4 < 3(p _ 3 3)(c —
= E 54R°’(R—r) and E . = SR°rs’ E ((b +¢3)(s a))

cyc cyc cyc

:8R13rs'z (Zu —a >(s—a)

cyc cyc

54R3(R—r) ? 27R?
_ _ 3 4| < <
)(Z(s a)) SZ“ +Z“ - 8R3rs ~ 16r3s

cyc cyc cyc

_ 1 Z 3
"~ 8R3rs’ a

cyc
sin3 B + sin3 C - 27R?
I, ~ 16r%p

? ?
& R? 24r(R—r)@(R—Zr)220—>trues.z

cyc

] sin® B + sin3 C 1 3. 3
Agam,z . = 8R3rs'z ((b +c3)(s— a))

cyc cyc

=8R13rs'z: (Za -4 >(s—a)

cyc cyc

><ch—a>>—sza +Yat =y at

cyc cyc cyc cyc

_ 1 Z
"~ 8R3rs’

cyc
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2 2\ 2 )
2| o1 1f1 z 1 1/as?
] =8Rrers3|3| LG ~ 8R%rs 3\ 3

Gerretsen+ Euler 1 1 <2.27Rr)2 _108R*r?  27r Zsin3B +sin3C  27r

= .z = = - =
8R3rs 3 3 8R3rs  2Rs Iy 2Rp
cyc
= ). sin®B+sin®C_ 27R" |\ ABC” =" iff A ABC is equilateral (QED
“IRp = . = TerZp S =" is equilateral (QED)

cyc
1523. In any A ABC, the following relationships hold :

r*(R — 2r)
———a

16R nd

(i)za4 +abc(a+b+c) > Zab(az +b2) +

cyc cyc

(..)a+b+c+R3—4r3>3 a3 +b3 + ¢3
11
3 2rz 3

Proposed by Nguyen Van Canh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

r*(R — 2r)

4 >z 2 4 p2
Za +abc(a+b+c) > ) ab(a?+b?)+ 1R

cyc cyc

*(R-2
@22a2b2—16r252+abc<2a> Zz ab(Zuz—c2> +%

cyc cyc cyc cyc

& ZZ a?b? — 16r2s? + 2abc (Z a) > (Z az) (Z ab) N %

cyc cyc cyc cyc
& 2(s? + 4Rr + 12)” — 32Rrs? — 16r2s? + 2. 4Rrs.2s

r*(R-2r)

, 16R

32R(s? + 4Rr + r?)” — 512R%rs? — 256Rr?s? + 256R?rs?
—32R(s? — 4Rr — r?)(s? + 4Rr + r?) — r*(R — 2r) -
16R " -
& 1024R3 + 512R?r + 63Rr? + 2r® > 192Rs?

Gerretsen

?
Now,192Rs?> <  192R(4R? + 4Rr + 3r?) < 1024R3 + 512R’r + 63Rr?

? R
+2r3 © 256t3 —256t2 —513t+2 >0 (t = ;)

>2(s? —4Rr —r?)(s* +4Rr + r?) +
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Euler

s (t— 2)(256t2 + 256t — 1) > 0->true+t = 2= (x)istrue

R —2r
- Za4+abc(a+b+c) 22ab(a2+b2)+%
cyc cyc
v AABC," =" iff A ABCis equilateral

a3+b3+c3 fa+b+cy)’
. 3la3+b3+c3 atbtc_ 3 —( 3 )
Again, 3 - 3 2 " 1
chc a3)3 + chc a + chc a3\3 chc a
3 3 3 3

9 chc a® - (chc a)3

3
< 27 ~ 9 ey a’® - (chc a)
B 3 % - 9(chc a)z
(chc a) n chc a (chc a) cyc
27 3
18s(s — 6Rr — 3r?) — 8s3 _ 54Rr — 27r? Mntrgowc
9.4s? —2 9s -

1 5s* — 54Rr — 27r? 1 5s2 — 54Rr — 27r? ( - 27V3 > 46 and )
2 27+3r 2 46r 5s? — 54Rr — 27r2 > 0
Gerretsen 1 5(4R? + 4Rr + 3r?) — 54Rr — 27r? 2R —4rd

-2 46r - 2r?

& 46(R3 — 4r?) > r(5(4R2 + 4Rr + 3r%) — 54Rr — 27r2)
o233~ 102 + 17t 178> 0 o (t—2)(23t% + 36t + 89) > 0 - true

Euler sla3+b3+c3 a+b+c R3—4r3
vt = 2> - <
3 3 2r2
a+b+c R3*—4r® 3/ad+b3+c3 v . ]
. 3 + 12 = 3 v AABC," =" iff A ABCis equilateral (QED)

1524.

In any AABCand V n € N : n > 2, the following relationship hold :
h? N w N m? - 16.3"3.r"
or.+wim,  rdr,+mdh, rdr, + hiw, — 3(3R% — 8r2)? + 3R* — 64r*

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

h? wp mg

3 3. T3 T 3w, —
prctwpyme rerg+mgh,  rgn, + hywg
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hg hg hlc1 Holder (chc ha)n
pro+mime  fr,+mim, dr,+mim, 3" 2 (Toerdm 4+ Teyemimy)
n n
Vasc (ZI'S Zc cl) Bergstrom (21‘5.2)
> Ya > 2s
- Coetd)’ + Cemd)™) 373 ((4R+1)2 - 2622 + 75 (Seyea?)’)
3n-2 cycta 3 cyc la . S 16 cyc@
Gerretsen
and
Leibnitz 3n+3 n
>

((4R + )2 — 2(16Rr — 5r2))” + 1—96. 81R*

16.3n+3 0 ? 16.3"73 0
= >
16(16R2 — 24Rr + 11r2)2 + 729R* ~ 3(3R% — 8r2)2 + 3R* — 64r*

?
& 729(3(3R? - 8r?)" + 3R* — 64r*) > 16(16R? — 24Rr + 11r%)” + 729R*
? R
& 17045t* + 12288t3 — 11982412 + 8448t + 91376 = 0 (t = F)

?
& (t—2) ((t—2)(17045t2 + 80468t + 133868) + 222048) > 0 - true

Euler hj Wy mg
“to2 20 3. 13 3. T3 3
pre+wyme rerg+mgh, rgn, +hyw,
16.3"3.r"

> 3(3R? — 8r7)% + 3R¥ — 6ar? v AABC, =" iff A ABCis equilateral (QED)

1525. In any A ABC with F - area, the following relationship holds :

\/§ an+2 _|_bn+2 bn+2+cn+2 cn+2 +an+2
< >,n € N*

F<—max , )
4 a® + b b™ + cn c? 4+ aqn

Proposed by Marian Ursarescu-Romania
Solution by Soumava Chakraborty-Kolkata-India

3 <an+2 + bn+2 bn+2 + cn+2 cn+2 + an+2> - an+2 + cn+2
max T —

an+b? ' bo4+ct ' ct+4an b" + ¢cn

cyc

b™. b2 + c". ¢2 Chebyshev %(b‘f1 + ¢ (b? + c?)
e =
Z b +c® - Z b" +c"

cyc cyc
(“b=c=>b">c"andb? >c?andb < ¢ > b" < c" and b? < ¢?)

2 Ionescu—Weitzenbock
= Z a = 4+/3F

cyc
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\/§ <an+2 +bn+2 bn+2 +Cn+2 c11+2_|_an+2>
>F

= —max , ,
4 a™ + b b™ + cn c? 4+ an

\/§ an+2 + bn+2 bn+2 + Cn+2 c11+2 + an+2
~F<—
F < 1 max< 1b b re | ot an ) v A ABC and
vn e N =" iff AABC is equilateral (QED)
1526.
Inany AABCand V n € N : n > 2, the following relationship holds :
hjy wy mg
a + b + C
ré+23rd (2 +rd) +rd P23 +r2) +rf r@+ 231224+ 1r2) 4+ 1
128.3"°8 "

>
~ (81R> — 2560r>)(9R3 — 64r3)

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

V Xy z> O,sz +Zx3y3(x2 +y?) = (Zﬁ) (Z x5> - (1)

cyc cyc cyc cyc

sinE sinE ssin (B—-I_C) cosé scosZé
rb+rc=s< 2+ 2>: 2 2 _ 2

B ¢ AcosBeoss  (3R)
cos 3 Cos 3 COosS 2 COosS 2 Cos 2 4R

® A
STy + T = 4Rcoszi

3
3 via (i) and analogs
Now, ) r; = z r, | —3(r,+nr,)p +r)(r: +1,) =

Euler
and

Mitrinovic /9R 3 (2) 81
: < —) —24r.27r? - 3 < —_—(9R3 — 3
e S (2) 24r.27r E i <3 (9R3? — 64r3)

A
= 4Rcos? —
COS 2

g2

(4R +71)3 — 3.64R3

cyc

via (2)
Again,z r; < Z r? Z rl |- Z r2ri(rg + 1p)

cyc cyc cyc cyc

81
= (4R +1)? - 252).?(9R3 —64r%) — (4R + 1) Z r2r? | + rarbcm 10 8

cyc cyc
Euler

2
and
Mitrinovic / /9R 81 4R+r
< <<T) (4R+T1) — 2. 27r2> .?(9R3 —64r%) — % (Z rarb>

cyc

(4R+71)

81
) (4R+r1) —2. 27r2> .?(91{3 — 64r13) — — 729r*

Mitrinovic 9R
+rs < (7
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. 729R* Euler o R(4R +71) or? 9R3 — 64r3 355 4 R'r
r—e < 2 r 8 T

729 ((R(4R + r) — 12r?)(9R® — 64r%) — 48r° + R*r) ; 729(81RS — 2560r°)
= <
16 = 32
? R
& 9t5 — 20t* + 216t3 + 512t% + 128t — 4000 > 0 (t = ;)

Euler

?
e (t—2)(8t* + t3(t— 2) + 212t% + 936t + 2000) > 0 > true = t > 2
s @ 729(81R5 — 2560r°)
. z 5 <
32
cyc
by . w;

+2id3(2 + )+ i+ 2683 (2 +12) + 18
+ mg¢ S hg + hy

@233 +r2) +rf 23 (2 4 d) 4 i+ 2683 (2 +12) + 18

h? Holder (Beyeha)”

+ =
r8 + 2r3r3(r? + 12) + 18 372 Veye(rf + 21313 (2 +12) +18)
Bergstrom

Also,

n and n
(er Deye %) via (1) (2 rs. %) via (2) and (3)
= = =
2.3 2 (Teye & + Yeyerard (r2 +12)) 2.3"2 (T eyer3) (Zeyers)
3n+2 pn 128.3"8 pn

5 _ 5y 5 _ 5 3 _ 3
2.8_81(9[{3 _ 64r3).729(81R32 2560r5) (81R 2560r>)(9R 64r3)

v AABC,’ =" iff A ABCis equilateral (QED)

1527. In any scalene A ABC, the following relationship holds :
b+c N a+c N a+b B 2
(ra - rb)(ra - rc) (rb - ra) (rb - rc) (rc - ra) (rc - rb) - a+b+c

Proposed by Ertan Yildirim-lzmir-Turkiye

Solution 1 by proposer

(rq — rll)-l_(:a —T1) B Z p2r2 ( 1 211’ _)a( 1 1 )

p—-a p-b/)\p—a p-c
1 T@p-a-a)*p-bp-o _ pr’ ¢Cp-ap-a
- p?r? (a—b)(a—rc) - p?r? (a—b)(a—rc)

1 2p?-3pa+a’
pLi(a-b)a-c)
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_{2” Z(a b)(a—c) 3p- Z(a b)(a—c) E(a b)(a—c)}

}: 1 1_2 _ 2
(a— b)(a—c) p  2p a+b+c

Solution 2 by Soumava Chakraborty-Kolkata-India
b+c b+c

s—a s—b/\s—a s-c
_(b+o)(s— a)’(s—b)(s—c) B r’s(b+c)(s—a)(c—b)
- r2s2(a—b)(a—c) " r2s2(a-b)(b—c)(c—a)
B (b+c)(s— a)((s —-b)—(s— c))
B s(a—b)(b-c)(c—a)
3 1 <(s+(s—a))(s—a)(s—b)>
“s(a-b)(b—c)c—a) ~(s+G-a)(s—a)(s—c)
_s(s—a)(s—b)+(s—a)’(s—b) —s(s—a)(s—c) — (s —a)’(s — )
B s(s—b)—(s-a)(s—c)—(s—b))((s—a) - (s—0))
B s(s—a)(s—b) —(s—a)(s—¢)) + x%y — x’z
B sy—x)z-y)(x—12)
(x=s—ay=s—b,z=s—¢)
_ b+c N a+c N a+b
h (ra - rb)(ra - rc) (rb - ra)(rb - rc) (rc - ra)(rc - rb)
_ 5Teye(s —a)(s —b) —s¥ey(s — a)(s — ©) + x%y +y?z + z%x — xy? — yz? — zx?
h s(y—x)(z-y)(x—1z)
xy(x—y) —zlx—-y)(x+y) +22(x—y)  (x—y)(xy —zx — zy + 2?)
B sx-y)y-z)(x—1z) - sx-yy-nkx-12)
-y -2-20-2) GG-Py-D&-2z) 2
T ostx—-y-2(x-2z)  skx-y)y-z)(x—z) 25 a+b+c

and analogs

(QED)

1528. In any scalene A ABC, the following relationship holds :
(b + ¢)? N (a + c)? . (a + b)? _ 2R
(ha - hb)(hc - ha) (hb - ha) (hc - hb) (hc - ha) (hh - hc) B r

Proposed by Ertan Yildirim-lzmir-Turkiye
Solution by Soumava Chakraborty-Kolkata-India

(b + ¢)? N (a + c)? N (a + b)?
(ha - hb)(hc - ha) (hb - ha)(hc - hb) (hc - ha) (hb - hc)
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3 (b + ¢)? N (a+0)? N (a +b)?
T r2rs  2rs\ /2rs 2rs 2rs 2rs\/2rs 2rs 2rs 2rs\/2rs 2rs
(T‘T)(T_T) (T_T)(T_T) (T_T)(T_T)
3 a(b + ¢)? b(a + c)? c(a +b)? 3
- 4r2s2 4r2s2 4r2s2 -
AR @-bc—a) Zp—(a-b)b-0) Zp—b-c)(c-a)

R
rs(a—b)(b—c)(c—a
R (a(b +¢)(b% — c2) + b(a+ ¢)(c? — a?) + c(a + b)(a® - bz))
rs(a—b)(b—-c)(c—a)

R ((chc ab — bc)(b? — ¢) + (Xeycab — ca)(c? — a?) + (X¢ycab — ab)(a? - bz))
rs(a—b)(b—-c)(c—a)
R ((chc ab)(b? — c? + ¢ — a? + a* — b?) — (bc(b? — %) + c®a — ca® + a®b - ab3))
rs(a—b)(b—-c)(c—a)

) (a(b—-c)(b+c)? +b(c—a)(a+c)?+cla—b)(a+b)?)

" rs(a— b)(_bli oO(c—a) (bc(b2 —c2)—aMd-c)(b*+bc+c?)+a3b- c))
~rs(a _;{((ll:__cc))(c ) (b%c + bc? — ab? — abc — ac? + a?)
~rs(a —;{((ll:—_cc))(c —a) (bz(c —a)—a(c—a)(c+a)+be(c— a))
g

- r(S(a —)l())(b . g)(c _)t? (+ a))(b - ?) J)r c(b - a))
—R(b—-c)(c—a)(b—a)(a+b+c) R(2s) 2R
T s Db-ok-a 1 1 (D

1529. In AABC the following relationship holds :

nenpn. V3
a’*ptc > F(max(a' b,c) — min(a, b, C))

rarpTe
Proposed by Bogdan Fustei-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Norocco

We assume thata > b > c. Since we have

CBS
(@a—c?=[a-b)+b-01? < 2[(a-b)*+(b-0c)?]

then

\/g(max(a, b,c) —min(a,b, c)) = \/3(a —0)2 < \/2[(a —b)2+ (b—c)?+ (a—c)?]

= 2/s2 — 3r2 — 12Rr.
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So it suffices to prove that

Rngnyn, > 2s*ry/s? — 3r2 — 12Rr (%)
We have
s(b — ¢)? sla? — (b - ¢)? 4s(s—b)(s—c
n.? = s(s—a) + ( ) _ g | ( )]=s2— ( )( )
a a
5 4s. sr? 5
=S —m=s —2h,r,, then

(ngnyny)? = (s — 2h,ry)(s% — 2hyry, ) (5% — 2h,1,)

1

-2
hara

= 5% —25* z horg + 4r rprchohyh, | s? z

cyc cyc

6 _

=S

254.1'[52 + (4R +1)?] 4 25212 (s2.4R t+r 2) _ s*[(R-1)s* —r(4R - 3r)2].
2R R s’r R

So the inequality (x) is equivalent to
R[(R—1)s? —r(4R — 31)?| = 47%(s* — 3r? — 12Rr)
& (R? — Rr — 41%)s? > 16R3r — 24R%*r? — 39Rr® — 12r* (1)

«If R?* — Rr — 4r% > 0,we have

Rouche

LHS;, = (R*—Rr—4r?) (2R2 +10Rr —r2 — 2\/R(R — 2r)3)

= 2R*+ 8R3r — 19R?r? — 39Rr> + 4r* — 2(R* — Rr — 47%)yR(R — 21)3
AH{:FHI 2
S 2R*+8R3r — 19R%r? — 39Rr3 + 4r* — |(R* — Rr — 41%)" + R(R — 2r)®| = RHS 3,

«If R?* — Rr — 4r* < 0,we have
Rouche

LHSqy 2 (R®—Rr—4r?)(2R? + 10Rr — 1% + 2JR(R — 21)?)
= 2R* + 8R3r — 19R?r? — 39Rr> + 4r* — 2(Rr + 4r? — R?){R(R — 21)3
AM-GM
S 2R*+8R3r — 19R%r? — 39Rr3 + 41* — [(Rr +4r2—R?)" +R(R - 2r)3] = RHS(q).
which completes the proof.

1530.

In any A ABC, the following relationship holds :
2 h, + m:h
mawaZl'b‘l‘l'CZmb b mcgh,

lla I}l

Proposed by Bogdan Fustei-Romania
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Solution by Soumava Chakraborty-Kolkata-India

. B . C . (B+C A 2A
siny  sins ssm( > ) COS5  SCOS” 5 ,A
Ih + I =S E+ C = A B E: (i) =4RcosE
COS5  COS5 C0S 7 COS+ COS 5 IR
1 , A
& Ty + . = 4Rcos 2
mphy + m h as
Now, Iy +Te— ——— S >p 1, — —
rll ra
R S my . .
->— + — ...reference : article titled

Z he hb
"New Trlangle Inequalities With Brocard's Angle

by Bogdan Fustei, Mohamed Amine Ben A]'iba- Lemma 12,6 — 7
R 4r?s

published at : www.ssmrmh.ro -~ mpyhy, + m:h, < hbh == bca
R 4r’s?.a ) he + m.h. <
5 _r'24Rrs * Moy T Mlle = A8
Ialy — I —as s“—s(s—a)—as mphy, + m:h
_ cyc ta'b blc _ ( ) =0=>l'b+l'c— bb CCZO
ra ra ra
mphy, + mh
Ty + I Z—b b -
ra
2 2b+c cosA 2bc cosA
m,w Lascu &~ - 7'h + ¢ 2 (1)
Again,——"— (1, +r;) > Z 2btc Z - (p + 1) "
h, bc
2R
4Rcos? 2 — 4Rcos? 2 = ¢ . [PRaWa 5 1y
cos” > cos”> =0 h, I, + I
2m,w, mphy, + m:h
WA s > ——2— <€ (QED)
ha ra
1531. In any A ABC, the following relationship holds :
—rq(hg — 2r)

)>na+ga+mbhb+mc

AR+ r1y)(ry, + 1. —
Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

B . C . (B+C , A

Slni Slni ssin ( 2 ) COoS 7 SCOS 7 AR 2 A

I3 + - =S + — = = COS“ —

’ ¢ COSE COSE COSéCOSECOS E ( > ) 2
2 2 2 2 2 4R

(1
. Ty + . = 4Rcos? >

(6]
Stewart’s theorem = b%(s — ¢) + c2(s — b) = an? + a(s —b)(s — ¢) and
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(i)
b%(s —b) + c2(s — ¢) = ag?+a(s—b)(s—c)and (i) + (i) =
(b2 + c?)(2s—b—c) = an? + ag? + 2a(s—b)(s — )
= 2a(b? + c?) =2a(mi+ g% +a(a+b-c)(ct+a—b)
=2Mb*+c®)=2m2+g)+a’*—-(b—-c)?=220b*+c*)—a’*+ (b-c)? =
2(n% + g2) > 4m2 + (b — ¢)? = 2(n2 + g2) > 2(n2 + g2)
()
=Mb-c)?+4s(s—a)+(b-c)?-n2+g%=(b-c)?+2s(s—a)
& (AR+r1)(ry + 1. —hy) — (na + g% + mphy, + mch, — ry(h, — Zr))
*) bc
vm( 4R(ry, + 1) —4R. — R +1,(ry + 1) —1,h, — (b—¢)? — 2s(s — a)
—(myhy, + m:hy) +rh, — 2rr, >
4R(ry, + 1) — 2bc+1,(ry, + 1) — (b — )2
1 4(s—a)(s—b)(s—c
——((b+c)2—a2+ ( )( )( ))_

(s—a)
R mb

—=>— + — ...reference : article titled
Z he hb
"New Trlangle Inequalities With Brocard’s Angle”

by Bogdan Fustei, Mohamed Amine Ben Ajiba- Lemma 12,6 — 7,

R 4r?s?
published at : www.ssmrmh.ro . myhy, + m:h, < hbh =T bea
R 4r?s?
T ARrs mbl;b + mch, < as
=4R(ry + 1) + 1y(ry + 1) — (b2 +c?) ——((b +0)?-a*+a*—-(b-c)?)—as

via (1)
4R.4Rcos? — + z o1, — I — (b% + ¢ + 2bc) — as

cyc

A
= 16R2coszi +s2—s(s—a)—(b+c)? —as

A A A B—-C
= 16R?%cos? >~ 16R%cos? Ecos2 = 16R2coszz(1 — cos? 5 ) >0
~ (4R +r,)(ry, + r. — h,) = n2 + g% + myhy, + m:h, —r,(h, — 2r) (QED)

1532. In AABC the following relationship holds:

sin?A N sin’B N sin?C - s2 1
bc ca ab — R? a?+ b? 4+ c?

Proposed by Khaled Abd Imouti-Damascus-Syria

Solution by Daniel Sitaru-Romania
a? b? c?
sin?A sin’B  sin?C 2 2 2
n + _4R? 4R 4R _

bc ca ab  bc ca ab
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1 a? b2 2 BERGSTROM 4 (a+ b + ¢)?
- . JE— > . =
4R2 ( ) - 4R? ab + bc + ca

bc  calab

452 1 >s2 1
" 4R?2 ab+bc+ca” R? a?+b%+c?

1533. In any A ABC, the following relationship holds :

Z h{ + h? _ e
ry h
cyc cyc
Proposed by Marin Chirciu-Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

z 42 s> —2sa+a® 4s*Y.a’b? 8sy..ab

- 12
16R2r2s2 4Rrs +
cyc cyc
2z ) - (1)
Iy 4R“r
cyc
zrf_l (a-s+s)? 1 3 z Z
h 4L (s—a)? 4 s—a G—a)?
cyc cyc cyc cye
( RN
1 2s(4Rr + rz) sZ | (Z(S —b)(s - c)> I |
~a r2s r‘*s2 | e |

|
|
|\3 \ 25— (s - b)s— ) Y (s- a)//

cyc

2(4R+1) r%((4R+r1)% —2s? r2 8R%Z+r?-—s?
_1(, 20R+0) r(UR+0?-257))  Grd_BRE4rios? o
4 r rt h2 2r?
cyc
2
Z hlz) + h% _ Z chc h%l - h%l _ chc a’b? (chc rbrc) — 2IgIpT, chc Tq h¢21
2 2 - 2 264 )
cyc Ta cyc Ta 4R res cyc Ta
via (1) Yeyc @?b? s* — 2rs?2(4R+r1) Yy a®b? — BRr Yy ab + 48R%*r?
- 4RZ r2s* 4R2r2
_ —2r? Y a’b? — 48R%r?s” + 8Rr(s? Xy ab — Y¢yc a’b?)
- 4R2r2g2
hi + h —s*+ (24R? + 4Rr —2r?)s? —r(4R+1)®
= Z 2 252 -
Iy 2R“s

cyc
Z i +r2 Z YeyeTe =12 ((4R +1)? — 252)(s? — 4Rr — r?) Z r2
- T /ih2

hZ hZ B 2r2s?
cyc cyc cyc

46 | RMM-GEOMETRY MARATHON 1501-1600



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
via2) ((4R+1)? —2s?)(s> —4Rr —r?) 8R%+r?-s?

2r2s2 2r?
rZ+r2 —s*+(8R?+16Rr+ 2r?)s? —r(4R +r)3 )
= Z z 252 ~ (i)
h; 2r4s
cyc
hZ + h2 2 + r?
~ (i), (i) :z b gz bhz <
cyc Ta cyc a
—s* + (24R? + 4Rr — 2r?)s? — r(4R + 1)}
=3
2R2s2
- —s* + (8R? + 16Rr + 2r?)s? —r(4R + )3
- 2r2s?

& (8R* + 16R%r — 22R?r? — 4Rr3 + 2r*)s? — (R? — r?)s*

()
—r(64R% + 48R*r — 52R%r? — 47R*r® — 12Rr* —r5) > 0
Gerretsen

Now,LHSof () >  (8R*+ 16R3r — 22R?r? — 4Rr? + 2r*)s?
—(4R? + 4Rr + 3r%)(R? — r?)s?
—r(64R5 + 48R*r — 52R%r? — 47R?*r® — 12Rr* — r¥)
= (4R* + 12R%r — 21R?r? + 5r*)s?

—r(64R5 + 48R*r — 52R%r? — 47R?*r® — 12Rr* — r¥)
Gerretsen

> (4R*+12R%r — 21R?*r? + 5r*)(16Rr — 5r?)

?

—r(64R5 + 48R*r — 52R3r? — 47R?*r® — 12Rr* —-r%) > 0

? R
& 31t* —86t3 +38t2+23t—6>0 (tzF)

? Euler
& (t-2)((t—2)(31t> + 38t + 66) + 135) > 0 > true =+ t > 2 = (+) istrue
hi+hi _m +18 v S
Z 7 = z >— VAABC"” =" iff A ABCis equilateral (QED)
cyc Ta cyc ha

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Since h, < /s(s — a) = ,/rpr,, then we have
rbz + rc2 _ haz (rbz + rcz) = haz(rb2 + rcz) _ ha2 h 2

a
= > + (and analogs)
ha2 ha4 L LR
Therefore
rp2 + r.2 h,> h,* h? h’ hy* + h.2
P () - T () - TR
ha Tp Tre Tq Tq Trq
cyc cyc cyc cyc

as desired. Equality holds iff AABC is equilateral.
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1534. In any A ABC, the following relationship holds :

12r b c 3R
—SZ (—+—)(cosB+cosC) <—
R c b r

cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India
Proof (1)

c +a2 b? a2+b2—c2_bc2+a2b—b3+caz+b2c—c3

cosB + cosC =

bc(b +c) + az(b + c)—(b+ c)(b2 bc+c?) (b+ c)Z(Uolllz)c— (b —©)?)
2abc - 2abc
(b+c)(4(s—b)(s—c)(s—a)) 2rs b+c b ¢
- 2abc(s — a) - abc's—a:(z-l_g)(COSB-l_cosc)
_(b?>+c?\ 2r’s b+c  2r’s a(b + c)(b? + ¢?)
_< bc >'abc's—a_16R2rzsz'; s—a

1 a(s+s—a)(b*+c?) 1 as(b? + c?)
_8st'z s—a _8st'<z s—a +Za(b2+c2)

cyc cyc cyc
Chebyshev 1 s a

< A= b? + c? z b(2s —

- 8R2s (3(25—a>z( +c)+ ab(2s - c)

cyc cyc cyc
~ WLOG assuminga >b > c
a b C

<:> > > andb2+c2Sc2+a2Sa2+b2>

C

s—a s—b s-
1 2s a—SsS)+s
= 8R%s ?(Z—( s—)a ><2a2>+25(52+4Rr+r2)—12Rrs>

cyc cyc

Leibnitz 1 (25 3+s(4Rr+r2)
8R%s’\| 3

e ) (9R?) + 2s(s* — 2Rr + r?)

Gerrétsen 1 2s(4R — 2r).9R? n ZS(4RZ + 2Rr + 4-1‘2))
-  8R2%s’ 3r
RZ(ZR —-r)+ 31~(2R2 + Rr + ZrZ) ? 3R
6R2r l‘

Euler

& 3r(R% — Rr — 2r?) >0 3rR+D)(R-20) >0 true R > 2r

Z <<2 + %) (cosB + cos C)) <—

cyc
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Again,z ((% + E) (cosB + cos C)) A; Z(Z (cosB + cos C))

> (b + c)(4(s —b)(s— cc)y)c
2abc

_ ry Euler /2r r ) b ¢ 12r
_4(1+E) > 4<E+E)"z (E+B)(cosB+cosC) ZT

cyc

12r b ¢ 3R
—gz <—+—)(cosB+cosC) <—
R c b r

cyc

< cosB + cosC = > 0 and analogs

v AABC,’ =" iff A ABC is equilateral (QED)
Proof (2)
b c Bandila R
z <<— + E) (cosB + cos C)) < z ((—) (cosB + cos C))
cyc ¢ cyc r
(b + c)(4(s —b)(s— c)) 2R r\ Euler 2R 1
= = — - < — _
< cos B + cosC 2abe >0 r(1+R) S 5 (1+2)
_ 3R
T or
b c A-G
Again,z <<— + B) (cosB + cos C)) > Z(Z (cosB + cos C))
cyc ¢ cyc
b+ c)(4(s—b)(s—c
< cosB + cosC = ( )( ;abc X )) > 0 and analogs

_ r Elger 2r r\ 12r b ¢ >12r
—4(1+E) = 4(E+E)—Tz (E+B)(COSB+COSC) _T

cyc

12r b c 3R
—gz (—+—)(cosB+cosC) <—
R c b r

cyc

v AABC," =" iff A ABCis equilateral (QED)

1535. In any A ABC, the following relationship holds :

3r m, +m. 3R
— =< <
R? b% + ¢2 ~ 8r?

cyc

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

mb+mc_Zchcma_ma_ Zm Z 1 _ mg
bz +c2 bz +cz2 @ b2 + c2 b2 + c2
cyc

cyc cyc cyc cyc
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A-G,
Tereshin
and
Leuenberger

1 a 1 b’2+c2 (4R+r1r)s 3 2R-r
2Z.bca| 4RZ.b? +c? 4Rrs 4R 2Rr

cyc cyc
? 3R ? ? Euler
<82 ® 3R?-8Rr+4r’>0< BR-2r)(R-2r) > 0->true~R > 2r
. my + mg B 3R
h b2 + ¢2 ~ 8r?
cyc
Acai myp, + m Tereshin 1 O c? +a®+a*+b* 1 3+Zz a?
ain, ) ——— > — -
8 b2 + c2 4R b2 + c2 4R b2 + c2
cyc cyc cyc
Nesbitt 3 3r Euler 3r my +m, 3r
> = 2 A —_—
2R 2Rr RZ bz + CZ RZ
cyc
3r< mb+mc< v AABC” =" iff A ABCi ilat 1 (OED
“52S ) 32 1.2 Sa2 S =" is equilatera
R? bZ +c¢% ~ 8r2 1 (QED)

cyc

1536. In any A ABC, the following relationship holds :

2 2
m m 6r 4r R
a n b >p< )

m,+m, my+m. 4

a b c

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

p(6r S R)_3F+F R 3 e + Sy — e
34 alb c_2a6b44cR_34aZZb 4
m, p( r 4r ) mg + 2my —m
<= + = ———n=l—t———)< 1
gMe ™ 4\ T T ¢ 4 - @

Aodi mg mIZ) Bergstrom (ma+mb)2 ? 3m, + 2my — m,

ain, > >
8 m, +m, my+m mg +2my, + mc 4

?

S4x+y)?>@Bx+2y—2)(x+2y+2) (x =mgy =mp,z =m,)
?
& 4x% + 4y? + 8xy > 3x% + 6xy + 3xz + 2xy + 4y? + 2yz — zx — 2yzZ — Z?
? ?

ox2-2xz+z2>0< (x—2)% > 0 > true
2 2

. mg my, 3m, + 2my — m, Via>(1) p (6r N 4r R)
"mg+m, my+m, 4 ~ 4\a b c
v AABC,”' =" iff A ABCis equilateral (QED)
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1537. In any A ABC, the following relationship holds :

A X
2023 sinz R ) 2023\/7
+(=) = +z
z . B, . C <2r> b+c

cyc sin 7 + sin 3 cyc

Proposed by Nguyen Van Canh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

B . C . (B+C\ A ,A
siny  sinz ssin (T) Cos5  scos” 3 A
S R +—=C|= A B €= 7S :4Rcoszi
Cos5  Ccosy OS5 COS 5 COS 5 (ﬁ)
) 2 A
S rb +rc = 4Rcos 2
2 (1) 1 1
Now, (b + ¢) > 32Rrcos? — 8r(r, +r.) = 8r s( + )
2 —-b s-—c
= 8(S—a)(S—b)(S—C)m= 4a(b+c—a)

?
e Mb+c)?+4a?—4ab+c)=0

? A
& (b+c—2a)? >0 - true ~.b+c>+V32Rr cos— and analogs =
023 [ @ 2023 (4R cosy sm 4046 | R 2023 A
z Vbrc™ Z 2r Z siny
cyc ¢ cyc 32Rr. cos r cyc
]ensen 4046 | R 2023
2r

! 2023sin? [2\+ 2022cos? 2 2023
[ ~f"(x) =— 25— < O where f(x) = /sm2 vx e (0,1 |
16370116 (smA)2023

2023\/7 2023\/1 4046 | R N (1)
,IZr
cyc

r
Also, K2 L & 4RZ—9Rr+2r220
99 rZ2R2 C9R_2r - 2R rrer =
27R
r
? Euler ﬁ I‘Z
©(R-2r)@AR-1)>0->true~R > 2r..2_£ oz = (D
2 R
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. A 5 . A
2023 sing A 2023 [Leye sin >
Again, Z ——F = 3.
B C . B . C
cyc sins + sin5 [Leye (smf + sin 7)
r r
6069 4R 6069 4R
= >
> (Z smA) (Z smAsmB) L > A\’
cyc cyc 2 2 4R (chc sin 7) I‘

- (2) ~ (1),(2) = in order to prove :

. A
2023 sin=
Z —3 ¢ 2 > 1+ z 2023’ , it suffices to prove :

cyc sin +sm cyc
2023 1 6069 41-2 2023 |1 4046 | R
——1=3. . —
2r
2

2023 4046 21\6069
Y [ ey
2r \ﬁ 2r R

1 12138 1 3 1 4
R \12138 2023 ] R\ 12138 2r\12138

() -1z30 (@) ) ()
2r 2 2r R

©) 1 1 R 12138

* 2023 12138
o im0 95 L (L) (o (RyP

2 t4 2r

1 1 2023 [1 1 1\ ?
+22023>1and “t3 ——=>0 - 3. —.(t3 - —) <3 (t3 - —) < 12138 _q
t4 2 t4 tt

3 7 (=)
& t12138—3t3+t—4—120 > 0

%n

3 12138t12142 _9¢7 — 12
Let f(t) = t12138 _ 3¢3 + oo 1vt>1andthen:f'(t) = 5

_9(t1212 —7) 4+ 12(t12142 — 1) + 12117¢12142 _ 12117012142
Bl ts - t5
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1
R \ 12138 Euler
t=(ﬂ) S 150 fMisTVE>1= 1) > (1) = 0= (+%) = ()

nA
smz

d..(R)3>R.
c M \2r) =2r”

is t R>1+22023’ a 22023
istrue ... — = -
2r b+c

. B .
cyc cyc sln7 + sin 7

3 A . A 3
( R) z 2023\/T z 2023 Z 2023 smf 4 ( R)
—) =1+ - —_— — (=
= B C . B . C
2r o b+c o o sin + sin 2r
2023 QA . . .
>1+ z ’b T v AABC," =" iff A ABCis equilateral (QED)
cyc ¢
1538.
Prove that for any acute triangle ABC the following inequalities holds
3 sin4 +sinB + sinC
=< <2

2~ v/cosA++cosB ++/cosC

Proposed by Vasile Mircea Popa-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

By CBS inequality, we have

1 1 1
vcos A + Vcos B +\/cosCS\/(acosA+bcosB+ccosC)(E+—+z>,

b
h A+ beosB 4 C_ZF d1+1 1_ab+bc+ca<(a+b+c)2 th
with a cos cos ccosC=—-and —+ o +—= e <——52pp  then
2a+b+c 2
\/cosA+\/cosB+\/cosCS\/;.T:\/;.(sinA+sinB+sinC),

which completes the proof of the left side inequality. Equality holds iff AABC is equilateral.
Now since Vcos 4 > cos A (and analogs),
then to prove the right side inequality it suffices to prove that

s r
sinA + sinB + sinC < 2(cos A + cos B + cos C) or E< 2(1+E) ors<2(R+r)

which is true by Gerretsen’s inequality, s < \/4R2 +4Rr +3r2 < 2(R +1).

1539.
In any AABC the following relationship holds :
haWb wpm, mcha - 9R

1. + + <
ha‘l‘Wb‘l‘zmc Wb+mc+2ha mc+ha+2wb 8
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2713 _ hwpy?2  wym.2  m.h,” _ 27R?
R " h,+w, wp+m., m.+h, 8

2.

Proposed by Zaza Mzhavanadze-Georgia

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
1. By CBS inequality, we have
hawb wpm, + mcha

hy,+wp+2m, wy+m.+2h, m .+ h,+ 2w,

1( h,wy N h,wy ) N 1( wym, wym, ) 1( m.h, 4 m.h, )

“4\hg+m, wp+m., 4\wyp+h, m.+h,/) 4\m.+w, h,+w,
_hgt+w, +m, hasmaéwb =™, +my +m, %M 1 9R _9R
B 4 B 4 -~ 42 8’

as desired. Equality holds iff AABC is equilateral.

2. By AM — GM inequality, we have
hawb2 Wbmc2 7"-(:’"a2 < Wb(ha + Wb) mc(Wb + mc) ha(mc + ha)

ho+wp, wp+m, m.+h, " 4 4 4
_ (howp, + wym, +m hy) + (ho® + wp? + m.2?) - ho? +wp2 + m2
B 4 = 2
fta < M ,Zw” =™ ma? +my? + m2 _ 3(a%+b* +c?) Leig’iz 3.9R* 27R?
. B - 8 8
Now, by using AM — GM inequality and h, < w, < m, (and analogs), we have
howp?  wym2  mh,’ 3howpm, 9h,wpm,

= =
hs+w, wp+m, m.+h, i/(ha + wy)(wy, + m)(m, + h,) 2(hg +wp +m,)
3

3
9.\ w¥———5
T, 1. 1
9hy hyh, ~ CMTHMEGotman  \ gt R T h, 2713
> > = .
2(mg+ my +m,) 9R R

So the proof is complete. Equality holds iff AABC is equilateral.

1540. Inany AABCandVneN:n>m +
1, the following relationship holds :
hn wn Inn 22m. 3n—3m+1_ I.n
3 5 3\m + : m + 3 - 3\m = 3 3\ym
(ra + ha) (I‘l? + Wg) (rc + mc) (9R — 64r )

Proposed by Zaza Mzhavanadze-Georgia
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Solution by Soumava Chakraborty-Kolkata-India
3

ng+2ma: Zra —3(rg + 1) (rp + 1) (e + 1) +

cyc cyc cyc
3

Leuenberger
Z m, | —3(m, + my)(m, + m)(m, + m,) < 2(4R+71)3

cyc
Euler

and
Cesaro

_3(ra + rb)(rb + rc)(rc + ra) - 3(ha + hb)(hb + hc)(hc + ha) <
2r%s?

9R 9R)? )
2 <7> — 24r, 1,1, — 24h,hyh, = 2 (7) — 24rs” — 24.
Gerretsen + Euler
d
Mitrinovic 9R\? r2.27Rr _ 81(9R® — 64r3)
< 2 (7) —24r.27r% - 24. = 2. 3

< R
81(9R3 — 64r3
:ng+2m3s ( 2 )_’(1)
n m+1cyc Ve
chc hm+1L " Power-Mean inequality <chc h%)l ( n
‘m+1

n
1) = Zochi

Al
so, 3

= >
3 3
n n
_n 1\ m+1 9
- <chc ha>m+1 _ 2rs chca Berg;trom er_ﬁ
z\—3— —3 > 3

+1

n

_n_ n
£ ) B 2 3G - (2)
cyc

n n
hy wp mg

N ) (Rrwd) (e rmd)

m+1
: . ()
hg hb b Z Radon
e
e +m3)”  (B+md3)" (3 +md)” T (r2 +m3)"

m+1

n \m+1
m+1 n
<chc hy ) via (1) and (2) (3(3r )m) 22m gm+l+n—4m .n

(Beyerd + Zeyemd)” (81(9R3 — 64r3))“‘ ~ (9R® —64r3)"
4
hg wlr)l mn 22m 3n- 3m+1_rn
+ >
(3 +n3)" (B3 +wd)" (rC +m3)" ~ (9R® —64r3)™
v AABC,' =" iff A ABCis equilateral (QED)

55 RMM-GEOMETRY MARATHON 1501-1600



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

1541.
InanyAABCandVm,n € N: n>m + 1, the following relationship holds :
hp N wp
(2 +rd)2+ (b3 +h3)2)™ (g +1r3)2 + (wi + wd)H)m
m? 23m. 3n—6m+1. ™

>
TGEF 2 + mE+mDD™ ~ BOR? — 6413)2 — 128r0)™
Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

> (w3 +r2) = (Z(re + r3)> -

cyc cyc

A-G
2 ((rb3 +rd)3+ )+ (B +ed)( B +3) + (2 +53) (2 + rc3)) <
2

3
4 | (Z ra) - 3(ra + rb)(rb + rc)(rc + ra) |

cyc

Leuenberger + Euler
and

9R\*
_63\/(rg +13)° (3 +13)° (12 +13)° L 4 ((—) - 24rarbrc)

2
Mitrinovic 9R
-6.3/64(r,nr)® < 4((7)
4 B12(9R° 6413)
' 64

812(9R3 — 64r3)°
-'-Z(r€+rc3)zs ( e ) —729.24r% > (1)

2

3 2
= 24.27r3> —24(27r%)*

—729.24r°

cyc

2
Again,Z(mg + mf;)2 = (Z(mg +m3 > -

cyc cyc

-G
2 ((mﬁ +md)(md + m3) + (m2 + m3)(m3 + m) + (m3 + m)(m + mg)) =
2

cyc

3
4 ((Z ma> — 3(m, + my) (m, + m)(m, + ma))

Leuenberger + Euler
and

Cesaro

—63\/(m3 + mﬁ)z(mﬁ + mg)z(mg + m,31)2 <
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2

9R
4 <<7) - 24mambmc> — 6.3/64(m,m,m,)®
9 2
< 7 — 24h,hyh, ) — 6.3/64(hzh,h,)®
4 9R 4r? 252 g 24 r2 2 2Gerretsen+Euler
= ) - _ - — <
( 2 ) R °° > =
3 2 2 2 2(gR3 3)2
9R\*  24r? r 81%(9R3 — 64r3)
4 (7) - R .27Rr — 24 EZ7RI‘ =4,

—729.24r¢
64
2 812(9R3 — 64r3)"
+ ) (md+md)’ <

—729.24r% - (2)
cyc 16
m+1
chc h? Power—Mean inequality chc htlz 1 _n
A = ( 3 ) ('m+121)
3 I 1 nl 9 nl
m+1 m+1 m+ m+
. YeychmHt N <chc ha>m+1 _ 2rs Leye Berg;trom 2rs. — 2rs.5¢ _ (31.)%
3 3 3 3
_n_ n
z h™+1 > 3(3r)m+1 - (3)
cyc
N ha Wy
ow,
(2 +m)+ (2w (o )+ (o v w2
+ me . hy
3 3 2 3 3 2\~ 3 332 3 312 m
(rc + ra) + (mc + ma) (ra + rb) + (ma + mb)
3 3 2 3 3 2\m 3 3 2 3 3 2\m
(I'b +I‘c) +(mb+mc) (l‘c +ra) +(mc+ma)
- n_ m+1 n m+1
Z <h21+1> Ragon <chc h?-'-l)

m m
o (53 +12)" + (m] +m2)*) (Seyelt +18)” + Seye(mi + m3)”)
via (1),(2) and (3)

n m+1
(3@3r)m+)
rang 2 2(QR3 _ 3)2 m
3m+1+n.rn 23m' 3m+1+n—7m_rn

a7 (3(9R3 64r3)> 6r6)“‘ ~ (3(9R3 — 64r3)2 — 128r6)m
hn

8
Wiy

@+ @ n) (R )+ (w4 wd))
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mlcl 23m_3n—6m+1_rn
+ >
2 2\ ™~ (3(9R3 — 64r3)% — 128r6)m
((rc3+ra3) +(m§+m3)) G( r’) re)
VAABCandVmmneN:n>m+ 1, =" iff A ABCis equilateral (QED)

1542,

InanyAABCand Vm,n,t € N:n > m + 1, the following relationship holds :
((Wa + Wb)t + (ma + mb)t)n

m
(W + wZwi + wp + m3 + mZm3 + my)

((Wb + wc)t + (mb + mc)t)n

+
(W + w2w3 + w8 + mJ + mm3 + m8)"
((Wc + Wa)t + (mc + ma)t)n 24—m+n(t+1). 3nt—6m+1. I.nt
WS +w2w2 + w2 +m2 +m?m3 + m3)™ ~ (81R5> — 2560r>)™m
C C a a C c a a

Proposed by Zaza Mzhavanadze-Georgia

Solution 1 by Tapas Das-India
Note:

(x+y+2)°=x°4+y5+2°+5(x+y)(y +2)(z+x)(x® + y? + 22 + xy + yz + zx)
Leunberger Euler 9R

m, +m, +m, < 4R+r < >

AM-GM
(ma + mb)(mb + mc) (mc + ma) = 8mambmc

Mitrinovic

(ma > \/s(s — a)) >8s’r > 8-33%3

analog

Zmﬁ +Zmbmc > szbmc
( Z m2 > Z mbmc)

s2r

>2.3%3.12

4
(vmy > hy) > ZZ hyh, =

Z md = (Z ma)s —5n(m, + my) - (z m2 + Z mbmc)

_ 36(81R5 —256071°)
B 32

9R\®
s(7> ~5.8-33.73.2.33 .92

Applying AM-GM h h,h, > 2713
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« hy + hy + hy > 3(hyhyh,)3 = OF
w3 + wiwy + wp + m3 + mim} + mj << mS + mZmj + mj + m3 + mimj + m;,
(w, < m, analog)
=2(m$ + m}) + m2mi(m, + m,) < 2(m3 + m3) + m3 + mg = 3(m3 + my)

Note:

m2mj(m, + my)

cBs (m* + m})(m, + my)] aM—-m
m3+m,5, > ( a b)z a b >

Note:
(Wa +wp)! + (mg +my)* 2 (g + ) + Ry + R (v 002 "a)
= Z(ha + hb)t

A M tn
[(Wa + wb)t + (ma + mb)t]n = Zn(ha + hb)tn = Zn-l-tn(hahb)T

tn tn
n+tn v _ . on+tn . ) %
o LHS > 2 §hahb3 3 AMZGM 3 :m [(hohy) - (hyh,) (h;tha)]
Z 3m(m§ +m3) [[(m3 +m$)]3
n+tn g 3 L
AM_GM 3-2 (hahbhc)fn o netnm (271°)3 _
— >
3 [Z(ZBmE)] 22 (81RS — 256075))

3. 2n+tn—m+5m . 3tn ., ptn 24m+n(t+1) . 3nt—6m+1 .t

~ 36m(81R5 — 25601r5)™  (81R5 — 25601r>5)™

Solution 2 by Soumava Chakraborty-Kolkata-India

VXy,zZ> O,sz +Zx2y2(x+y) = (Zx3><2x2> - (1)

cyc cyc cyc cyc
Now, 2 Z m) + Z m2m}

cyc

cyc
ia (1)
= (22m3 + Zngmﬁ +22m3m§> —Zmﬁmf’, —Zngmﬁ Y=

cyc cyc cyc cyc cyc

2 (Z mﬁ) (Z mﬁ) - Z m3(m + m?) — Z m3m?

cyc cyc cyc cyc
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A-G
3
< 2 m3 Zmﬁ — 2m,mym, Zm,zl - 3m,mym,. y (m;mym_)>2

cyc cyc cyc
3

= z m%l Z m, - 3(ma + mb)(mb + mc)(mc + ma) — mmpm
cyc cyc
A-G,
Cesaro,

Leibnitz
and

3 Leuenberger 3 9R 3
-3m,mym,. y (m;mym_)?2 < Z'Z'9R2'<(_) —25mambmc>

2
3 3 2 9R 3 33
—3m,mym,./(m,mym,)? < Z'Z'QR . (7) —25.27r% | —3.27r%.1/(27r3)?

r2_ Zs2 Gerretsen + Euler rz_ 27Rr 3
v mgmpm, = hahbhc = > — =27r

3

R = R
27R5 — 200R?*r3 — 161°
=729 T

s ” 3 27R5 — 200R?*r3 — 1617
ZZma+ZmambS729 T - (2)

cyc cyc

m+1

nt \ “tn
chc(ha n hb)m " Power—Mean inequality <chc(ha + hb)1>1

Also, =
so 3 3
tn

nt —
( th 1) . Yeye(hg + hy)m+1 - <chc(ha + hb))“‘“

m+1 3 - 3
tn tn
1\ m+1 9\ m+1
[ 21S Yeyc a Bergstrom _tn [ 2IS.5c tn tn
=2m+l,| ——— > 2m+1, = 2m+1, (3r)m+1

t t t
Z(ha + hy)@H > 3.2m¢1, (3r )@t | - (3)

cyc

((Wa + Wb)t + (ma + mb)t)n

We have : m
(w3 + w2wd + wf + m3 + mZm} + m})
((wb + wc)t + (mb + mc)t)n

(w + wiw3 + w8 + m + mZm2 + m$)"
((we + W)t + (m¢ + mg))"

(wé + wZw? +wg + mE + mZm3 + m§)"
((ha + hb)t + (ha + hb)t)n

- m
(m3 + m2m} + m§ + m} + m2m3 + mj)

_|_
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((hb + hc)t + (hb + hc)t)n
(m$ + m2m2 + mg + m$ + m2m2 + m%)"
((he + hp)t+ (he + hy)H"

3 3 5\™m
(m? + m2m3 + m3 + m + mZm$ + m3)

. z (hg + hy)™
& (mf + mZm2 + mS + m + m2m3 + mg)"

cyc

nt \m+1 nt \m+1
<(ha + hb)m+1) Radon (chc(ha + hb)m+1>

n z m = 20, m

e (m§ + mm? + mg + mj + m?m? + m?) (4Xeyem3 + 2 Y ycmZmi)
via (3) 2n 3m+1. ztn. (31. )tn via (2) 2n 3m+1. Ztn. (31. )tn

> =

2m (2 YeyemS + YeyemZm3)" 27R5 — 200R2?r3 — 1615\
2m (729 16
n+nt-m-+4m 3m+1+nt—6m_ ot n+nt+3m 31+nt—5m_ ot

~ (27R5 — 200R%r® — 16r5)™ _ (27R5 — 200R%r3 — 16r5)m
? 24m+n(t+1)_ 3nt—6m+1' ot
>
= " (81R5 — 2560r5)™
(3)“‘ 1 ; 1
2) "(27R5 — 200R2r3 — 16r5)™ — (81R5 — 2560r5)™

& 3(81R5 — 2560r°) > 2(27R5 — 200R?r® — 161%)

? R
& (189t° + 400t%2 — 7648 > 0 (t = F)
Euler

& 189(t5 — 32) + 400(t% — 4) S0otruevt > 2
((Wa + Wb) + (ma + mb)t)n

(WS + w2wd + wd +m§ + mZm3 + m$)"”
((Wb + Wc) + (mb + mc)t)n

(wg + wZw? + w2 + m + m2m3 + m8)"

((Wc 4+ Wa)t + (mc + ma)t)n 24m+n(t+1)_3nt—6m+1_rnt
(Wg + w2w3 + wS + mf + m2m3 + m3)" ~ (81R5 —2560r°)™
VAABCandVm,nteN:n>m+ 1" =" iff A ABCis equilateral (QED)
1543.
Inany AABCand Vm,n,t € N: n > m + 1, the following relationship holds :
(hf, + w{ + m}H)" (hg, + wi + m§)"
r +2r3rd(rg+ 1) + )™ () + 2313 (rp + 1) + 1)™
(hg + Wctl + m{))n 26m 3n(t+1)-8m+1 Lnt

+ >
(1 +2rrd (re + 1) +1)™ ~ ((27R* — 416r*)(9R? — 6413))"
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Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

Vx,y,z>0,2x7+2x3y3(x+y): Zx“ Zx3 - (1)

cyc cyc cyc cyc
2
4 2 2 22 _2
Now,zra = zra —erarb < (4R +1)? - 252) -3 Zrarb
cyc cyc cyc cyc

Euler

and
Mitrinovic [/ /9R z 2 243
< ((7) - 2. 27r2> — §.7291r4 RT3 (3(9R* + 64r* — 48R%*r?) — 32r%)

Euler 243

(3(9R4 + 64r* — 48.4r%.r%) — 32r%)

24
Zra <—(27R4 416r*) > (2)

— 16
cyc
Euler
and
Cesaro
Again,z r2=@R+1)3 -3, +1,)p + 1) +1,) <
cyc
9R 3 Mitrinovic /9R 3 81
(7> —24r,nr,. < (7) —24.r.27r% .. z r2 < ?(9R3 —64r3) > (3)
cyc
ht + w + mt)" hf +w!+mt)"
(e + 2033 (rg + 1) +17)" (rg+2rb 3(rp + 1) +17)"
n (m+1 m+1
eawsamy)  (hrwbrmO™) (b wdrme)e)
(7 + 20303 (e + 1) +10)" (2 + 20303 + 1) +17)" (7 + 26303 (ry + 1) +17)”
n m+1

((hg + Wctl + m{))m+1) Radon

(r + 2303 (r. + 1) + rZ)m

n n n
((h}l +wpy + m&)™+H + (hf + w + mb)™ 1 + (ht + wi + mf,)m)
(2 chc l'g + 2 chc l‘gl‘g (ra + rb))m
m+
n (m+1 1 m+1
via (1) (3 Zeye ha)m) Holder 3. <(F (Zeye h“) )
> >
2m, ((chc rg)(z:cyc )) Zm-((chc rg)(z:cyc ra))

2rs 1 ARY
) g3m+1 <3t 1 (chc ) ) Berg;trom 3m+1_(3t_ (ZI'S ZS) )

2 (Gt Coerd))” 2 (Coerd) Ceerd)”
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3m+1 32nt L.nt via (2) and (3) 3m+1+2nt-nt+n_pnt
= >
3nt-n pm ((chcr&‘)(zcycr‘f))m - 2m_<% (27R4 _ 4161‘4).%(9R3 _ 64r3))m
3m+1+nt+n—9m. 27m-m p.nt (hfl + wlt) + mg)n
T (@7R* — 41689 (9R? — 641%))" (1] + 26313 (rg + 19) + 1)
(hy+we+my)”  (hetwi+mp)
(7 + 20303y + 1) + 7)™ (27 + 20303 (e + 1) +17)"

26m_ 3n(t+1)—8m+1_ rnt
VAABCand Vm,n,t €N,

>
((27R* — 4161*)(9R3 — 6413))"
" =""iff A ABC is equilateral (QED)

1544. In any A ABC, the following relationship holds :
2417 _ (mg +my)®  (wy +w)?  (he+hy)® 5106 <R)6 5082
RZ = wZ+w? hZ + h2 m2 +m? ~ 256

r 4

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

(ma + mb)z (Wb + Wc)z (hc + ha)z

wi + w? h2 + h2 m2 + m?
< (ma + mb)z (mb + mc)z (mc + ma)z
= hi+h? hZ + h hZ + h
Reverse B<ergstrom 1 <(ma + mb)Z + (mc + ma)2> N 1 (ma + mb)Z + (mb + mc)2>
= 4 h2 4 h?
+1<(mb + mc)z + (mc + ma)2>
4 h2
<E<m§+mf,+m§+m§> E<m§+mf,+m§+m%>
=4 h2 4 h?
2 (mZ + m? + m? + m2
4 h2
1 1
=5 | 2mé | e | L@
cyc cyc
+ 3 TerZs? (aZ(Za2 +2b% — c?) + b%(2b? + 2¢% — a?) + c?(2c¢? + 2a® - bz))
Mit;i:((i)vic
Leibnitz 1 § 9R2 9R2 N 1 5 Z azbz B 32r252 Goldétone
- 24 "4r2s2’ 32r2s2 -

cyc
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243R* N 5.4R%s2 — 32r2s?2 3 9R* + 20R?r2 — 32r* ; 5106R® — 64.5082r°
32r2.27r2 32r2s? - 32r4 o R 25616
& 2553t — 36t* — 80t2 — 162496 > 0 (t = ;)

?
& (t—2)(2553t° + 5106t* + 10176t3 + 20352t% + 40624t + 81248) > 0
Buler (m, + my)?  (w, +w)?  (he +hy)? _ 5106 (R>6 5082

- true -t >

wi + w? h? + h2 m2+mZ ~ 256 4
Aeqi (mg +mp)?  (wy, +wo)?  (he+h,)?
S "WZ + w2 hZ + hZ m2 + m?
b [ C a a b
9 2 Bergstrom 9 9 2
rs and Is.
(h + hb)z (hb + hc)Z (h +h )2 Berg;trom 4 (chc a ) Leibnitz (Z—S)
" mi+m? mi+m? mZ+md - 2 cycmi - 2.%.9R2
_ 24r%  24r? - (mg + my)?  (wy +w)?  (he +hg)?
~ RZ TR T wi+w? hZ +hZ ' mZ+m?
_ 5106 R\® 5082 o _ _
< 256 (—) T v AABC," =" iff A ABCis equilateral (QED)

1545. In any A ABC, the following relationship holds :

14413 _ (mg, + mp)3  (wp +w)® (h, +hy)3 _ 9(243R7 — 30976r7)
RZ — w+w? h+hZ  mZ+mi ~ 32r®
Proposed by Zaza Mzhavanadze-Georgia

Solution by Soumava Chakraborty-Kolkata-India

(ma + rnb)3 (Wb + Wc)3 (hc + ha)3

wi + w? h2 + h2 m? + m?
(ma + rnb)3 (mb + mc)3 (mc + ma)3
h + h? hZ + h hZ + h?
(ma + mb) + (mc + ma) (ma + mb)3 + (mb + mc) \
Reverse l:ergstrom 1 hZ c
B 4 + (mb + mc) + (mc + ma)3 )
hg
Hol<derf<m3+ml3,+m§+m3 m3 + mj + m} + m? mb+mc+mc+m,§
T 4 h? h? h3
2 chc ma (mb + mc) 2 chc ma (mc + ma) 2 chc ma (ma + mb)
h2 h? h2
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=2( ) md Loyea®) (mp m¢ m¢ mg mg mp
a [\ 4r2sz hZ hZ hZ hZ hZ hZ

Radon
and s
Leibnitz 9R2 (2 2 m )
s 2 ((4R +1)’ - 3(m, + my,)(m, + my)(m, + mu)) (41‘252) - (2 chc ha)z
Euler, cyc Ha
Mitrinovic

and 3 2

Cesaro ) <9R) 24h hih 9R 2 2rs
< ) — e =~
- 2 a”b¥c I\ 4r2.27r2 a

cyc

Bergitrom 5 <9R)3 24 2rig2 9R? 2 2rs.9
- 2 " R 4r2,27r? " 2s

Gerretsen + Euler 9R\3 r2.27Rr 9R?
= 2 (7) —24R )(4r2.27r2 -
o <3R2(9R3 — 64r3) — 32r5> 2 9(243R7 — 30976r7)
161t - 32r°

? R
& 243t7 — 5415 + 384t — 30912 > 0 (t = F)

18r

?
& (t—2)(243t° + 486t° + 918t* + 1836t% + 3672t2 + 7728t + 15456) = 0
Euler
—>truevt > 2

C(mg+mp)? (wy +w)? (b +hy)? - 9(243R7 — 30976r”)

wi + w? h? + h2 m2+m2 ~ 32r6
. (ma + mb)3 (Wb + Wc)3 (hc + ha)3
Again, w2 + w2 hZ + h2 m2 + m?
b C C a a b

Bergstrom 3
2rs and 2rs.9
- (hy + hy)® (hy +h)®  (h, +hy)3 Holder 8 (chcT) Leibnitz ( s )

" mi+m? mi+mi mi+mi —  3.2%.m? - 3.2.%.9R2
_144r® 14413 - (mg +mp)3  (wy, +w)® (he+h,)3
~ RZ 7 RZ T wZ+w? hZ + h2 mZ + m?
9(243R7 — 30976r7) _ _ )
< 3256 v AABC,” =" iff A ABC is equilateral (QED)
1546.
In AABC the following relationship holds:
sin3  sinzZ r. r
b
2, 2> a, b
Tp Tq

B
22 oin2i
sin5  sin®5

Proposed by Bogdan Fustei-Romania
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have

. 2 A . »B
SIHZE_I_Sanf _(E Q)_a(s—b)_l_b(s—a)_s—b_s_a
sinzg sinzg Ty Ta b(s—a) a(s—b) s—a s—b

_s—b(a )_s—a(l_b>_(a—b)(s—b) (a—b)(s—a)

~s—al\b s—b al~ b(s—-a) = a(s—b)
_(a-bla(s— b~ bs—a)’] _(a-b)*(s*—ab) " "
B ab(s —a)(s — b) “ab(s—-a)(s—-b) ~
Therefore
- ZA - ZB
sinz sin’z g oy
£+ >24+-2
sin? > sin2S Tp Ta

Equality holds iff a = b.

1547. In any A ABC, the following relationship holds :

2 2
m m 6r 4r R
a b >p< )

m,+m, my+m. 4

a b c

Proposed by Marin Chirciu-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

3F F Rp Panaitopol 3 b 1h m,
= — —_—— < — — —_—
2a b 4c = aletz™

3 N mc’p(6r 4r R)<3ma+2mb—mc
gMa M ey )T

mg mlza Berg;trom (m, + mb)Z ; 3m, +2m, — m,
m, +mp, mp+m, - m, +2my +m; 4
?
©4(x+y)?=>Bx+2y-2)(x+2y+z) (x =mg,y=myz=m,)
?
& 4x% + 4y? + 8xy > 3x% + 6xy + 3xz + 2xy + 4y? + 2yz — zx — 2yzZ — Z?
? ?

Again,

ox2-2xz+z2>0< (x—2)%2 > 0 > true

. m} m? - 3m, +2m, — m, Via>(1) p (6r N 4r R)
"mg+m, my+m, 4 ~ 4\a b c
v AABC,” =" iff A ABCis equilateral (QED)
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Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

By AM — GM inequality, we have

m,? m, +m, my? my, + m,
>m, and > my,.
m, +m, 4 my, +m, 4
Adding these inequalities, we have

m,? my?

1
+ =>—-@B8m, +2my, —m,).
mg,+m, m,+m, 4( @ b 2
2pr 2pr Rh, pR

Also,we havem, > h, = a my, > h, = 5 and m, < o o

Therefore

m,? my?

+
m, + m, m, + m,
Equality holds iff AABC is equilateral.

1548. In any A ABC, the following relationship holds :

576r* _ (mg + my)*  (wy, +w)*  (he + hy)? _ 9(19683R'° — 20154368r1?)
9R3 —64r3 =~ wi +w? h3 + h3 m3 +mj ~ 128r°
Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

(ma + mb)4 (Wb + Wc)4 (hc + ha)4

wi +w} h? + h3 m3 + m3
(ma + mb)4 (mb + mc)4 (mc + ma)4
h} + h3 h? + h3 h3 + h}
Reverse Bergstron 1 ((m + my)* + (me + mg)?) 1 ((mg + my)* + (my + mo)*
= 4 h3 4 h?
1 (mb + mc)4 + (mc + ma)4
*t2 3
4 h3
Holder 8 mi+mi+mi+mi mi+mi+mi+m¢ mi+md+md+md
- 4 h3 h3 h3
_ 2 chc mg - (mg + m‘c}) 2 chc mg - (m‘c} + m‘c}t) 2 chc mg - (m?l + mg)
- h3 + h3 + h3
b C a

_ o\ (Zeye@® my m¢ m¢ mg; mg mg
=4( ) mq 33 2\ Tttt Tt
8r3s W3 h3 hd hd hd hd

2
Ra%on A 9 (z 2 ZZ 212 .Zs(sz — 6Rr — 3r?) ., (2 chcma)4

T 3c3 . 3
16 cyc cyc 8rs (2 chc ha)
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Leibnitz,
Gordon,
Mitrinovic

and
Gerlztsen 4 9 (81R4 2 812,27 2) 4R? — 2Rr A 2rs Bergitrom

. —=.48r°.27r" | ———5 4. ) —
- 16 3 4r3.27r2 a -
cyc

9(81R* — 864r*)(2R? — Rr) LS9 (3R* —32r*)(2R? — Rr) — 32r°

8r3.27r2 2s 8r>
2 9(19683R1° — 20154368r'?)

- 128r°

? R
& 19683t10 — 96t° + 48t5 + 1024t% — 512t — 20153856 > 0 (t = F) =
(t—2) ( 19683t? + 39366t8 + 78732t7 + 157464t° + 314832t° ) ; 0
+629712t* + 1259424t3 + 2518848t% + 5038720t + 10076928/
Euler (ma + mb)4 (Wb + Wc)4 (hc + ha)4
- true~vt > 2. 3 3 3 3 3 3
wp + Wg hg + hg m; + m;
- 9(19683R!? — 20154368r1?)
- 128r?
(ma + mb)4 (Wb + Wc)4 (hc + ha)4
wi +w? h3 + h3 m3 + m}
> (ha + hb)4 + (hb + hc)4 (hc + ha)4
" mi+md mi+md md+md
Bergstrom,
Leuenberger

2rs\* d 2rs.9\*
Holder 16 (chc T) C:sxzzro 8 ( 2s ) Euler 8.729r*
>

T 9.2Y . ,cm3 9((4R+r1)3 —24m,mym,) ~ [(9R\3
cyc Mg a c (T) — 24h hyh,

8.729r"  Gerretsen + Euler 8.729r* _ 576r*
3 2g2 = 3 2 ~ 9R3 — 64r3
(9R) _ 24.Zr s 9R) o4 T .27Rr

2

C(mg +mp)*  (w, +wo)*  (he +hp)? 576r*

Towd 4+ wd h? + h3 mi + m} — 9R3 - 64r3

~ 576r* - (mg + mp)*  (wp +wo)*  (he +hy)?*

"O9R3 - 6413 = wi + w3 hi+hd  md+m}
- 9(19683R1° — 20154368r'?)
= 128r°

v AABC,' =" iff A ABCis equilateral (QED)

1549.

In any A ABC, the following relationship holds :

nyn 4R
5+2 b e
119 r

cyc

Proposed by Bogdan Fustei-Romania
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Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

s(b — ¢)? sla? — (b - ¢)? 4s(s —b)(s —¢©)
Wehavenazzs(s—a)+¥=sz— [ ]=sz—
a a a
y_ st 2h,r, (and analogs) and — +— = - (and analogs)
=s?—-———=5s%*—2h,r, (and analogs) and — + — = — (and analogs).
S T as-a) " ° o 8 r, T hg 8
Using these identities, we have
Z nyn, AMéGM n,* +n? Z (s* —2hyry) + (s* — 2hcr.) Z s? (hb N hc>
e Zrbrc 2rpr, - TpTc Te Tp
cyc cyc cyc cyc
_SE(rgtry+1e) (ha ha) _s?(4R+71) Y 4R c
- TaTrpTc r, 1) sZr or '
cyc cyc

which completes the proof. Equality holds iff AABC is equilateral.

Solution 2 by Soumava Chakraborty-Kolkata-India

. B . C . (B+C A 2 A

siny sing ssin (T) Cos7  SCOos” 5 ,A
I, +I. =S + cl= A B C — (S) =4Rcos§

Cos3 Cosy C0S5 COS 5 COS5 aR

® A
STy + T Z 4R cos? >

Stewart’s theorem = b?(s — ¢) + c2(s —b) = an? + a(s —b)(s — ¢)
= s(b? + ¢?) — bc(2s — a) = an? + a(s? —s(2s — a) + bc) = s(b? + ¢2) — 2sbc

= an? + a(as — s2) = s(b? + ¢ — a® — 2bc) = an? — as?

A
= an? = as? + s(2bccosA — 2bc) = as? — 4sbcsin? —

4sbc(s —b)(s —c)(s — a) 40% 2A A
: be(s — a) —a = _2“(7) (s—a)

=as? — = as? —

2 2

na
= as? — 2ah,r, = h,r, = and analogs = nyn, + hyn, + h.re

2 2 2 2 2

L stomp s?m s? — (n + n? — nyn,) Zsz—(nb—nc)2<2
= nyn = = <—
b 2 2 2 2 2
nyn, + hyr, + h,r, s? npn, ® s h, h,
b ¢’ bb7 cc_ -2 << — 2 __¢ and analogously,
Ipr. s(s—a) nr. s—-a r. 1,
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Befla " S N o ppgPafle™ 7 S fa_ Tb (34 (ha) + (s64) =
r.I, s—b r, r I,y S—C I, I,
nyn Iy, + Ie) via (i) and analogs S
z b CSZ z hg(ry + 1) Z(s—b)(s—c)
Iy I S — Iy I
cyc cyc cyc
bc 2 A
>R 4R cos® 2 _4Rr+ r? nyn, 4R 4R
A 3 —6=>5+z <—+1-6+5=—
cyc bc. COS2 7 r cye Iy I'c r r
v AABC," =" iff A ABCis equilateral (QED)

1550. In any A ABC, the following relationship holds :

+—-1
Ip I I'c Iy

2

Z 1<nbnc+E h, )S 2R—r+ Al + Bl + CI

r
cyc

Proposed by Bogdan Fustei-Romania

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

s(b — c)? sla? — (b — ¢)? 4s(s —b)(s—c
Wehavenazzs(s—a)+¥:sz_ [ ( )]:52_ ( ) )
a a
o, 4s.s12 _ s 2h.r. (and analogs)
=s a(s—a)_s «Ta (and analogs),

then
AM—GM 2 2 2 2
n.n ny2 +n s —2hyry) + (8% — 2h,r s h, h,
plc " b c ( b7) + ( Te) - _(r_b+r) (and analogs).
c b

e 2rpr, 2rpr, rpTe

Using this inequality, we have

1 /myn,
> 5 p I e 1) E

2\rpr, rC rbrc 2(s —
cyc Cyc cyc

Z a +zz bc _ 2R—r+z 1 _ 2R—r+ Al + BI+CI
2(s—a) 2(s—b).2(s—c) r A r ’
cyc cyc

cyc sin 7

as desired. Equality holds iff AABC is equilateral.
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Solution 2 by Soumava Chakraborty-Kolkata-India

: Stewart’s theorem = b?(s —¢) + c2(s —b) = an? + a(s —b)(s — ¢)

= s(b? + ¢?) — be(2s — a) = an? + a(s* —s(2s — a) + bc) = s(b? + ¢?) — 2sbc
= an? + a(as — s?) > s(b% + c? — a® — 2bc) = an? — as?

A
= an? = as? + s(2bccosA — 2bc) = as? — 4sbcsin25

= as

2_4sbc(s—b)(s—c)(s—a)_a 2 42 :asz—Za(E)( A )

=as
bce(s — a) s—a a/\s—a

2

a
= as? — 2ah,r, = h,r, = and analogs = nyn, + hyry + h.r,

B +sz—n|2,+sz—n§_Zsz—(nlz,+n§—nbnc)_Zsz—(nb—nc)2<Zs
= Ml 2 2 2 = 2 =72
nyn. + hyr, + here s2

= <
Ipr. s(s—a)
1/myn, hy, h 1 s2 1 a
= —(" ‘r 24 ——1) — 1= |5
2\rpr. 1. 1, 2\s(s—a) 2's—a
A. A LA
B 1 4Rcosfsm7 1 sin” 5
T2 A. B . C |20 I
4Rcosismfsmi )

1 npn, hb h 2R A
= = ( + —— < —.sin— and analogs
2 rbrc 2

1/nyn, hy 2 [2ZR—r+ Al +BI+ (I
:Z —( +—+——1 Zsm—:
2\rpr. I r

cyc

Z . A2 [2ZR-r+AI+BI+Cl 2R—r+z r 1
& == = —.
Siny 2R 2R 2R . A

cyc cyc Sln7
- [Sowde D (rondanbont L) Sawd oS ot
= sin 2 sin 2 sin 2 S1 2. A = sin 2 sin 2 sin 2
cyc cyc sin 2 cyc cyc
. A ? . A 1 nyng hb h
@Zsm—= Zsm— - true Z —( +—+ __1>
2 2 2\nr, . I
cyc cyc cyc
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v A ABC," =" iff A ABC is equilateral (QED)

<\/2R—r+AI+BI+CI
- r

1551. In any A ABC, the following relationship holds :

nyn, h, h s?
[l
rbrc rc rb r

cyc

Proposed by Bogdan Fustei-Romania

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco
s(b—c)? _s[a2 —(b—¢)?] _ _4s(s—b)(s—c)

We have n,2 =s(s—a) + s? s*
a a
) 4s. s> 2_op (and 1 )
=8 —— = §° — T and analogs ),
aG—a) ala g
then
AM-GM _ 2 2 2 2 2
nyn ny® +n s% —2h,rp) + (s* — 2h,r s hy h
b o b " _ ( s7s) + ( eTe) - — (_”+—C) (and analogs).
TpTe 2rpr, 2rpTe ToTe Te b

Using this inequality, we have

3
1—[(nbnC N hy, N hc) - 1—[ s\ (s?)" &7
rpre Tre Tp) rpre) (s2r)2  r?
cyc cyc

as desired. Equality holds iff AABC is equilateral.

Solution 2 by Soumava Chakraborty-Kolkata-India

Stewart’s theorem = b?(s — ¢) + c2(s —b) = an? + a(s —b)(s — ¢)
= s(b? + ¢?) — bc(2s — a) = an? + a(s? —s(2s — a) + bc) = s(b? + ¢2) — 2sbc
= an? + a(as — s?) = s(b? + ¢ — a® — 2bc) = an? — as?

A
= an? = as? + s(2bccosA — 2bc) = as? — 4sbcsin? —

4sbc(s—b)(s—c)(s—a) 4)? 2A A
‘- be(s — a) :asz—s_a:asz—Za(—)( )

=as

a/\s—a
5 s? —n?
= as“ — 2ah,r, = h,r, = and analogs = nyn, + hyr, + h.re
s2—n? s2-n? 2s2—(nf+n?-nyn.) 2s>—(n,—n)% 2s?
=Ml z 2 - 2 =7
nyn. + hyry + her, s? npn, hy h s
bbb T ee b 2y—t< and analogs

rpr, “s(s—a) nr. r. n,_ s—a
3

nyn, hy hc) s3 s
i — < = —
=:’1_[<rbrc + I, +rb “(s—a)(s—b)(s—c) r3s

cyc
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nbnc hb hc SZ 12 7 = -
| | (— +—+ —) <—5VAABC" =" iff A ABCis equilateral (QED)
Iy I Ic Iy r
cyc

1552. In any A ABC, the following relationship holds :
m; + m3  9R®
Or < Z 5 > < 7
wi +wg o 32r
Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

cyc

WLOG if we assume a > b > c,then : mj + m > m? + m3 > m2 + m}
1 1 1 mg + mg Chebishev

and < < .
wg+w2 T wi+wET wi+w cycw§+wc2

1 1 A-G
E 3 3 E

— m; +m <

3 (my ) wi + w?

cyc cyc

2Yyca® —3a® 2 Y yca® —3b?
m, ) + my ) 1

(
§|\ 2 yca® —3c? Ezﬁ
o ) )

A

cyc

4
Leuenberger + Euler
/ \ and
1 chc a’ 3 a? 1 Bergstrom
<—| P LA | <
3 2 4 1 w?
cyc cyc cyc
y y m, y

Leye az)

Leibnitz (3R — 2r)s? — 3R(4Rr + r?) 9R? ? 9R®
< : <

2 4r?s? ~ 32r*

© (R® —12Rr? + 8r3)s? + r3(48R* + 12Rr) = 0
o)
R3 — 12Rr? + 8r3 > 0 and then : LHS of () > r3(48R? + 12Rr) > 0
= (*) is true (strict inequality)
R3 — 12Rr? + 8r3 < 0 and then : LHS of (x)

Gerretsen

= —(~(R® — 12Rr? + 8r%))s? + r3(48R* + 12Rr) >
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?
— (—(R® — 12Rr? + 8r3) ) (4R? + 4Rr + 3r?) + r3(48R? + 12Rr) 2 0

? R
& 415 + 4t* — 4563 + 32t +8t+24 >0 (t=;)

Euler
& (t—2) ((t—2)(4t + 2012 + 19t + 28) + 44) = S0otrue~t > 25 (+)
m} + m? 5

v A ABC
E + w2~ 32rt

is true and combining both cases, () V A ABC ..
cyc

. ml3> + mg W + W3 Chebyshev 2 (Wb + w¢ )(Wb + Wc)
Again, 3 7 2 z Z W,
Wi + W¢ T wi + w? T wi + w? T
z h, 2rs Berg;tmm 2rs.9 <"m; +m? > o
- 2s wg +wZ
cyc cyc cyc
m3 + m3 9R5 Yo . )
~9r < < v A ABC," =" iff A ABCis equilateral (QED)

wg + w2~ 32rt
cyc

1553. In AABC holds :

my,3+mS2  9R®
9r < Z <

wpZ + w2 T 321t
cyc

Proposed by Marin Chirciu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

3 Mg =wgy 3 Chebyshev Wq 2 hg AM—-HM 9

3 3
m,° +m ~~ wy” +w ~ Wy + W . .
b c ~ b c ~ § b2 c ~ E ha ~

w2+ w2 wp? + w2 y 1
cyc cyc cyc cyc cy¢h,

3 3 Pilﬁl';/;utGoIeIM th Rh, 2 wgshg 2 2
my° +m, Z 2 my? +=¢ 2,. .m, > EZ hymy* + h,m,
wp? + w2 2wpw, - 2r 2hyh,

2 2

cyc cyc cyc
_RZ my, +mcz RZ m, +ma2 _ R~C"b+c 2b*+2c% - a?
" 4r h, h, 4r h, h. ) 4r 2F 4

cyc cyc

R
= 32¢r2 Za "‘Z Z 32sr2[3 2s(s* —3r% — 6Rr) + 25.2(s? — 1% — 4Rr)]

cyc cyc cyc
R(5s% — 11r% — 26Rr) Gerrgsen R(20R? — 4r% — 6Rr) é 9RS
B 1612 = 1612 3254

& R(R —27)(9R® + 18R?*r — 4Rr? + 413) > 0,
which is true by Euler’s inequality.
So the proof is complete. Equality holds iff AABC is equilateral.
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1554. In AABC the following relationship holds:
A
4 —
Z tan > + tan* >
ye tanz';l + tan? g
Proposed by Marin Chirciu-Romania

>1

Solution by Daniel Sitaru-Romania

4A+tan4g tan3g+ta 3B

Z tan‘“;1 + tan* tan*s >
A B Z A B’ A B~
oye tan? = 5+ tan2 e tan3 = 5+ tan3 > tan?5 7+ tan? = >

LEHMER ., tqn3 5+ tan® > tan?® 5 +tan 3 7

= A B A B
24 2B 24 2 B

e tan? 5 + tan’5 tan?5 + tan’

A B - A B
2 2 £ =
tan®5 + tan® tans + tany

-3

cyc

A B\? A B\?
32 32 LEHMER 22 22
(“’" 2 ttan 2) S (t“" 2 ttan 2) S
C

2

LEHMER A B\? AM—-GM
- 1+1 - 2 2|
cyc

cyc

—Zt 4 t B—l
= anz anz—
cyc

Equality holdsfor A =B =C = 3"

1555. In AABC the following relationship holds:
1 1 1 12
Y + B + > —
u(A) - cos? 57 Mu(B) cos? 57 no):- cos? 5 T

Proposed by Khaled Abd Imouti-Damascus-Syria

Solution by Daniel Sitaru-Romania
1 1 1 B

u(A - coszg u(B) - coszg u(C) - cos? 5
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1 1 1

A B C
cos? 5 cos? 5 cos? > BERGSTROM

TORTORTCE

p(A) +puB)+puC w

2
1 1 1
(cosé * cosE ¥ cos £> 1 1 1 1 i
> 2 2 2 >

C
€os5 COs5  COSy

ENSEN z z ’
| } 1<3 —1 ) _1<3 1 ) |’ i
= w\" (AYB+C\| “m\® s(®) =\ V3| w
cos( 3 ) COS(6) 3

Equality holdsforA = B = C = g
1556.

| b=
[UEY
[URY
N

Suppose that
~“BAD=20°

ZDBA=40°
ZDAC=20°
Prove that

1 1 2

A a+c_b

Proposed by Jafar Nikpour-Iran
Solution by Daniel Sitaru-Romania

m(XABD) = 180° — 40° — 20° = 120°, m(xADC) = 180° — 120° = 60°
In AADC:

a b asin20°
- = — >b=—-
sin100° sin20° sin100°
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In AADB:
c a asin20°
- =— =Cc=—— "
sin20° sin40° sin4.0°
1 1 1 1 1 1 . ) ]
—t-—=r- -+ — == ————— & sin20° + sin40° = sin100° <
a ¢ b a asin20 asin20

sin100° sin40°
. 20°+40° 20° — 40° .
< 2sin > cos > = sin(90° + 10°) &

< 25in30°c0s10° = sin90°co0s10° + sin10°co0s90° <

1
=2 -Ecosloo =1:¢c0s10° + sin10°:- 0 < cos10° = cos10°

1557. Suppose that ZDBA=sin(50°), 2BAD=sin(10°?), ZDAC=sin(10°)

Prove that
1 1 1
a ¢ b
C b D c B

Proposed by Jafar Nikpour-Iran
Solution by Togrul Ehmedov-Azerbaijan

Using the law of sines, we conclude that

sin(110°) sin(10%) (1 _sin(10%) 1
J a -7 p a sin(50°) ¢
sin(50°) _ sin(10°) |1 sin(110°) 1
\ a c \b ~ sin(509) T
1 1 1 sin(10°) 1 1 sin(110°) 1  sin(10°) _ sin(110°)

a'c b sin(500) ¢ e sin(500) ¢ = sin(500) +t1= sin(500)
sin(10°) + sin(50°) _ sin(110°)
sin(500) ~ sin(500)
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10° + 50° 10° — 50°
T) cos (T) sin(90° + 20°)
sin(500) ~ sin(509)
2sin(30°) cos(20°) cos(20°) cos(20°) cos(20°)
sin(500°) ~ sin(50°) = sin(509)  sin(50°)

Zsin<

1558. Suppose that 2ABC=20°, 2CAB=40°. Prove that: a® — b3 = 3ab?

Proposed by Jafar Nikpour-Iran
Solution by Togrul Ehmedov-Azerbaijan

Using the law of cosines in AABC, we conclude that
AB = \/a2 + b% — 2abcos(120°) = \/a2 + b% + ab
ABCM~AMA, —2 = "2 = 22 — 2o

T AC MCc ~— AC
b+Vva2+b%2+ab a

b\ a? + b? + ab = a? — b?, a3 — b3 = 3ab?

a b’

Proposed by Nguyen Van Canh-Vietnam
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Solution by Soumava Chakraborty-Kolkata-India

n® sin€\ ssin (B2 cosd  scos?
sin 2 sin 2 SS 2 COoS 2 SCoSs 2

A
_ _ _ _ 28
I, +T.=S _+ c)” A B o (i) —4Rcos2
COS5  COS5 C0S 7 COS+ COS 5 IR
® 2 A
s Ty + r. = 4Rcos 2
? A via (i) 1 1
Now, (b + ¢)? > 32Rrcos? — e 8r(r, +r.) = 8rzs( + )
2 s—b s-—c

=8(s—a)(s—b)(s—¢) :4a(b+c—a)<:>(b+c)2+4a2—4a(b+c)éo

a
(s—=b)(s—o¢)

7 A
& (b+c—2a)?>0-true ~b+c>vV32Rr cos— and analogs =

z 2023 @ - z 2023 (4R cos 5 s1n 4046 | R z 2023 A
«/ = ————— A -~ f ’sm—
b+c 32Rr. 2r’ 2

cyc cyc COS cyc

]ensen 4046 | R 2023
2r

| 2023sin? + 2022cos? X |
[ ~f"(x) =— 2 2 < 0 where f(x) = 2023/sin§ vxe (0,m) |

4045

16370116 smA 2023

zozr 2023\/1 4046 ’ R _) (1)
cyc

) ) ) 2m, Zmb ch
Implementing (1) on a triangle with sides 3 whose area as a consequence

F 2023
of trivial calculations = —, we arrive at : Z
3’ my + mc
cyc

2m, 2m; 2m,
3 43F —3 b
4046 anc
3 2023 1 3 . R _ (ﬁ) _3 2023 [] 4046 mambmc(chcma)
AP 2F ENE YR 9F?
m n% m S
Ma , Mb , P
\\3 t3 t3

s2
mgmpme < ——

and RS 9R
Leuenberger + Euler 2023 4046
\J 9r2 sZ
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2023 2023 1 2023 R
- (2)
my + mc
cyc
A Z 2023 6069 bc.ca.ab
gain, £ hb + h, abc(a +b)(b+ c)(c+ a)

6069 4Rrs Gerretsen 6069 2Rr Euler 6069 2Rr
=3. > . = 3.
2s(s2 + 2Rr + r?) 4R2? + 6Rr + 4r? 4R?% + 3R2% + R2
6069 [ 81 2023 2023 |1 6069 |21
’ﬁ — hb h f f - (3) ~ (2),(3) = in order
cyc
t z o R 1> z o it suffices t
0 prove : hb + h , 1t surtices to prove :
cyc cyc
2023 [1 6069 (21 2023 (1 2023 | R
—+ 1>3 -
f ‘I 2r f ‘/Zr
R 3 2023 2023 6069 21-
S (—) -1>3 —— and to prove it, it sufices to prove :
2r 2r
R 2023 6069 2r 2023
—] -1> —— S < 1
<2r> 2r

18207 3 R 18208 _ ¢ & (¢4
et 1>3(t —;) where t = Z>1 ot —t>3(t*-1)

IV

Let f(t) = t18208 _t _3t* + 3vt> 1 and then: f'(t) = 18208t18207 _ 12¢3 — 1
t=>1
=1263(¢18204 — 1) + (18207 — 1) > 0= f(DisTVE>1=>f() >f(1)=0

) 2023 hg, R\3 2023 m,
= (*) is true - Z + (—) >1+ Z T —
hy, +h, \2r my, + m,
cyc cyc

v AABC," =" iff A ABC is equilateral (QED)
Proof of m,mym, < RTSZ
mZm{m? = (sz +2¢? — a?)(2c? + 2a® — b?)(2a® + 2b% — ¢?)
o1 o1 —42 a®+6 Z a‘*b? + Z a’b* | + 3a%b?c?

cyc cyc cyc

Now,z a® = Z a’? | —3(a?+b?)(b?% + c?)(c? + a?)

cyc cyc

80 RMM-GEOMETRY MARATHON 1501-1600



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

(5] fosverr 5w {50

cyc cyc cyc

(o] i
et (go saovia( v (50)

cyc cyc cyc cyc

z a*b? + z a’b* = z a’b? (Z a’— c2> @

cyc cyc cyc cyc

(Z a? b2> (Z a2> _3a?b2c? - (1),(2),(3) = m2mZm?

cyc cyc

(50 - )50

cyc

\ +6 (Z a? b2> (Z a2> — 18a?b?c? + 3a%b?c?

cyc

Al g

cyc cyc cyc

3 2
1
=1 —4 (Z a2> +18 (Z ab) — 16Rrs? (Z a2> — 27a%b?c?

cyc cyc cyc

1 {—32(52 —4Rr —12)’ + 36(s? — 4Rr — r?)(s? + 4Rr + rZ)Z}

64 —576Rrs?(s? — 4Rr — r?) — 432R?r2s?
1
= E{s6 — s*(12Rr — 33r?) — s?(60R?*r? + 120Rr® + 33r*) — r3(4R + r)3}
RZs*
< =4
4

©)
s® — s*(4R? + 12Rr — 33r?) — s?(60R?*r? + 120Rr> + 33r*) - r3(4R+ 1) < 0

Gerretsen

Now,LHSof (¢) < —s*(8Rr—36r?)—s*(60R?*r?+ 120Rr? + 33r*)
?
-r’(4R+1)3 <0
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?
& s*(8R — 16r) + s*(60R*r + 120Rr? + 33r%) + r*(4R +)* > 20rs*

(CD)]
Gerretsen
Now,LHS of (+¢) > s%(16Rr — 5r?)(8R — 16r)
(a)
+s2(60R?r + 120Rr? + 33r3) + r?(4R + r)3 and

Geretsen

RHS of («¢) < 20rs?(4R? + 4Rr + 3r?)
(b)

(a),(b) = in order to prove (¢°), it suffices to prove :
s2(16Rr — 5r2)(8R — 161) + s?(60R?*r + 120Rr? + 33r3) + r2(4R + )3
> 20rs?(4R? + 4Rr + 3r?)

& s2(108R? — 256Rr + 53r2) + r(4R +1)3 > 0

.CC)
& s2(108R? — 256Rr + 80r?) + r(4R +1)% > 27r%s?

Gerretsen

Now, LHS of (¢es) > (108R? — 256Rr + 80r?)(16Rr — 5r2) + r(4R +r)3

()
Geretsen

and RHS of (ee¢) <  27r%(4R? + 4Rr + 3r?)
(d)
(c), (d) = in order to prove (ee°), it suffices to prove :

(108R? — 256Rr + 80r?)(16Rr — 5r%) + r(4R + )% > 27r%(4R? + 4Rr + 3r?)

R
& 22413 - 587t2 +308t— 60> 0 (where t= F)
Euler

e (t—2)((t—2)(224t+309) + 648) >0 > true =t > 2= (see) > (o)
RZS4 R 2

2.2 S
=> mompm, < - (QED)

= (¢) is true > m2m{m? <

Prove that
1 T 1

a+c:b

Proposed by Jafar Nikpour-Iran
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Solution by Daniel Sitaru-Romania

m(«CDA) = 180° — 50° — 30° = 100°, m(xADB) = 180° — 100° = 80°
In AADC:

a b asin30°
" =— = 0=—""
sin50° sin30° sin50°
In AADB:
c B b oo bsin80° B asin30° sin80°
sin80°  sin20° _ ° sin20° _ sin50°  sin20°
1 N 1 B 1 1 1 1 sin20°sin50° _ sin50°

b < ot asin30° sin80° ~ asin30° © ' T 5in30° - sin80°  sin30°
sin50° sin20° sin50°

< sin30° - sin80° + sin20°sin50° = sin50°sin80° <
< sin20°sin50° = sin80°(sin50° — sin30°) <

_ , , . 50°—30°  50°+30°
< 2s5in10°co0s10°sin50° = sin(90° — 10°) - 2sin > cos > =

< 25in10°c0s10°sin50° = 2c0s5s10°sin10°co0s40° <
< sin50° = c0s40° < sin50° = sin50°
1561. In AABC the following relationship holds:
3(..2
1‘2 (rtzl + rbrc) L (rb + rcra) r§ (T% + rarb)

ry + T ré+rd A
Proposed by Zaza Mzhavanadze-Georgia

Solution by Daniel Sitaru-Romania

WLOG:a< b <c.

1 1 1
—a>-b>-c=>s—-a>s—-b>s—c> < <
s—a s—b s—c
F F F
<

s—a s—b s-—-c

=1, <r,<r,

Z ra(ra +rpre) Z ra(ri +1.ry) z ratra_

ry+rt ry +ré ry+rEs
cyc cyc cyc
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LEHMER Z rt ot LEHét‘/IER Z 343 LEHSI_I:IER z r2 442 LEHH>I_I\/IER
rs+rd r2+rz r,+1r,
cyc b ¢ cyc b ¢ cyc ¢
(R AMZGM 5
= ﬁ = Z L = 3 Yorpr, =
cyc cyc

_ 3| F F F 3 sF3 _
=3 s—a's—b's—c_3 s(s—a)(s—b)(s—c)

3 |gF3 ; MITRINOVIC 5
=3 |7 = 3VsF=3Vrs2 > 3 /r(3\/§r) =

=3%27r3=3-3r=9r

Equality holds for:a = b = c.
1562.
In any A ABC, the following relationship holds :
he(wg + m2)  wy(mZ +h2) m(hZ + wy) .-
h2 + wym, wlf + m:h, m? +h,w, '

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

Firstly, we shall prove thatV x,y,z > 0, 1_[(y2 +12z2) > 1_[(;\72 +yz)

cyc cyc
@
o Z xty? + Z x2yt > xyzz x3 + Z x3y3
cyc cyc cyc cyc
2 4 xtg2 x4v2 1+ x2vt AG
cyc cyc cyc cyc
eye(y? + 22)
=x z2x3 +Z:J|c3 35 (i)istrue ~Vx,y,z>0——o—2>1- (1)
y Y Y57 P G +y2)
cyc cyc
Now ho(wZ + m?) wy(m?+h2) m.(hZ+wd)

hZ + wym, wi + mch, m? + h,wy,

A-G 3\/ (w + m2)(m2 + hZ)(h2 + w?)
hawbmc.

(hZ + w,m,)(wZ + mch, ) (m? + h,wy,)
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- 5 D (y2 +22) (2% + x2) (a2 + y2) via>(1) ; 3 |2r2g2
=22 ryn)(y2 +zx) (22 +xy) R

Gerretsen _ 3|12, (27RI‘ + 5r(R— 21‘)) Euler 3[rZ,27Rr

© _ > 3. [———=

N 3 o > 3 0 Or
h,(wZ + m wp(m2 + hZ2) m.(hZ + w?

ag 5 +mZ) wy(mZ+hi) m( b)29rVAABC,
hg + wym, Wb +mch, m¢ + h,w,

" =" iff A ABC is equilateral (QED)

1563.
In any A ABC, the following relationship holds :
hZ(hZ + wym,) wi(wg +mch,) mZ(m? + hywy) - 27r?
(Wb + mc)z (mc + ha)z (ha + Wb)z -2

Proposed by Zaza Mzhavanadze-Georgia
Solution 1 by Soumava Chakraborty-Kolkata-India

Leth, = x, w;, = yand m, = z and then :
hZ(hZ + wym.) wg(wg +mch,) m?(m? +h,wy)
(Wb + mc) (mc + ha)z (h + Wb)z

3 x%(x? +yz)
T4 z<y+ 2 Y Z( +2)?

C
R DR (DY B S = D
> = x
3 (y + z)? 3 y+z y+z
cyc cyc cyc

cyc

/ x2 y? 72
» WLOG assuming x >y >z = x> > y% > 7?2, >
| gx=y VR T T a0 T oy |
1 1 1 X y Z
> > and > =
\ y+z z+x x+y y+z z+x x+y /
Nesbitt
and 2
Bergstrom 1 1 X XyZ 9 3 Nesbitt
> = Z x? |= Z +—=. 5 =
3 3 y+z 3 2Yeyex 2
cyc cyc
1 9 9xyz ?3 YeycX2  9xyz 2
2 2y252 ye 2y242
- x“ .=+ > Yxy?222 o + > 3./x2y2z
9 Z 4" ATgex - 2 y* 2 23ger y
cyc

Assigningy+z=Xz+x=Y,x+y=Z=>X+Y-Z=22>0Y+Z-X=2x
>0andZ+X-Y=2y>0=>X+Y>ZY+Z>X,Z+X>Y=>XY,Zform
sides of a triangle with semiperimeter, circumradius and inradius = s,R,r (say)

85 RMM-GEOMETRY MARATHON 1501-1600



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

yielding22x=zx=25=>2x:s—>(1)=>x=s—X,y=s—Y

cyc cyc cyc

z = s — Z and such substitutions = xyz = (s — X)(s - Y)(s — Z)
= xyz =r?s - (2);2xy=2(s—X)(s—Y) :ny=4Rr+r2 - (3)

cyc cyc cyc
2
ia (1) and (3)
and Zx2= Zx —Znyvm =" s? — 2(4Rr +r?)
cyc cyc cyc

= Z x? =s? —8Rr — 2r? > (4) - via (1),(2) and (4), (x) ©
cyc

2 2 2
s*“ —8Rr — 2r* O9r“s ()
> + 55 >3.Yrts? & (s> — 8Rr + 7r2)3 —216r%s? > 0
Gerretsen

and - (s — 16Rr + 5r2) 0 - in order to prove (), it suffices to prove :
(s2 — 8Rr + 7r2) — 216r*s? > (s? — 16Rr + 5r2)°
& (24Rr + 6r?)s* — r?s?(576R? — 144Rr + 144r?)

(***)
+r3(3584R3% — 2496R?r + 24Rr? + 218r%) > 0and

Gerretsen

+ (24Rr + 6r?)(s* — 16Rr + 5r2) 0 - in order to prove (xx),
it suffices to prove : LHS of (x+x) > (24Rr + 6r?)(s? — 16Rr + 5r2)2

****

& |(48R% + 24Rr — 51r?)s?> > r(640R® + 48R?r — 96Rr? — 17r3)

Gerretsen

Now, LHS of (x++x) >  (48R%+ 24Rr — 51r?)(16Rr — 5r?) >

? R
r(640R3? + 48R?r — 96Rr? — 17r3) & 16t3 + 12t — 105t + 34 >0 ( = F)

Euler
& (t—2)(16t2 + 44t —17) S0otrue~t > 25 (rsexx) = (xxx) = (4%)

hZ(hZ + wym.) wZ(wZ +mch,) m?(m? +h,wy)
(Wb + mc)z (mc + ha)z (ha + Wb)z

2
3 3 3|2r2s2 Gerretsen
>>. *h2wZm? >>. /hzhzh2 =, / >
2
3 [3[r2.(27Rr + 5r(R — 2r)) Eger 3 [3|r2.27Rr
2’ R -2 R

Chi(hZ +w,m.) wi(wp +mch,) mi(mZ+h,w,) 27r
(wp, + m)? (m¢ + h,)? (hg +wp)2 = 27
v AABC,”' =" iff A ABCis equilateral (QED)

= (%) is true .

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
Letx,y,z > 0. We have
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x%(x% + yz)
(¥ + 2)?

cyc
Holder (chc x2)3

(x%)3 N
———— + XYz Z > 2 >
(xy + zx) s (xy + zx) 4(chc yz)
+ xyz. (chc x)
4(Teyeyz)”
Yeye x2 > Ycyc Yz Z AM - GM
- Z 3XYZ)yc X
> 2224 2 = —=+3xyz(x+y+ z).
= 4 4%, vz ZV3xyz(x +y +2)

(Ecycx) >32cycyz
Settingx = h,, y =w,, z=m,we obtain
Z(h 2 + wbmc) WbZ(WbZ + mcha) mcz(mcz + hawb)
(m, + h,)? (h, + wp)?

(Wb + mc)z
1
> E\/Bhawbmc (hy +wp +m,)
z 2
"ivs hhyp, Tt ot e MM 3 3 _3(3) 27
m:;hz ’ 3 AMHMZLL-FL _21 2
e 2 he h, R, h, r
as desired. Equality holds iff AABC is equilateral.
1564. In AABC the following relationship holds:
r*(r2 +ryr.) rHr: +r.r r*(r2 +r,ry)
a\la b'c b(b ca) c\c ab29r,nEN

r2+1 + 1‘?"’1 1‘2”'1 + ra1+1 T2+1 + rrl}+1

Proposed by Zaza Mzhavanadze-Georgia
Solution by Daniel Sitaru-Romania

WLOG:a< b <c.
1 1 1
—a=z2-b>2-c=>s—-a=2s—-b=>2s—c= < <
s—a s—b s—c
F F F
< <
s—a s—b s-—-c

=1, <r,<r,

n+2 n+2
r + T,

2 2
E rg(ra + rbrc) = E rg(ra + rara) _ E a >
= n+1 +1 n+1 +1 —
r, " +r¢ r, " +re

1,.n+1 I 1,.n+ 1
b c
cyc cyc

cyc

LEHMER LEHMER
r2 +12 &

LEHMER LEHMER
- n+1 + Tn+1 Tg + TZ -
= — 2 BT =P
"+ rp 4+ ret Tp+ T

cyc cyc

cyc
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AM-GM
S Ty + re Z ; 33
> —_— = r > r,r,r. =
1+ 1 a a’ b?c

cyc cyc

_ 3| F F F 3 sF3 _
=3 s—a's—b's—c_3 s(s—a)(s—b)(s—c)

3 SF3 . MITRQ\\IOVIC 3 2
=3 |7 = 3VsF=3{rs2 = 3 /r(3\/§r) =

=3%27r3=3-3r=9r

Equality holds for:a = b = c.

1565. In AABC the following relationship holds:
2+ 11, r% +r.r, ri+r.r 167

ra(rp +re  Ti(re+ ro Te(qa+71pH  9R?
Proposed by Zaza Mzhavanadze-Georgia
Solution by Daniel Sitaru-Romania

WLOG:a< b <c.

1 1 1
—a>-b>-c=>=>s—-a>s—-b>2s—c= < <
s—a s—b s-—c
F F F
<

< <
s—a s—b s-c

Z T2 + 17, >Z T2 + 1,7, _z 2r;
ra(rptr)  Lurd(ry +r1e) ra(ry + 1)
cyc cyc cyc
2
iz BERGSTROM (i + L4 l)
- T, T, T

=zz = > 2 =
r,+ T, 2(rg+ry+r.)

=1, <r,<r,

oz r EUéER r _16r
"~ 4R+r 134R+71r) T R R\ 9R*
@) (4R +7)

Equality holds for:a = b = c.
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1566. In any A ABC, the following relationship holds :

33BR/m, n, n,\?2 4R-r
28 (_a 40 _C) SAR-D)
r\r, n I r

Proposed by Bogdan Fustei-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

Stewart’s theorem = b?(s — ¢) + c?(s —b) = an? + a(s —b)(s — ¢)
= s(b? + ¢2) — bc(2s — a) = an? + a(s? —s(2s — a) + bc) = s(b? + ¢2) — 2sbc
= an? + a(as — s?) = s(b% + ¢? — a® — 2bc) = an? — as? = an?
4sbc(s—b)(s—c)(s —a)

A
= as? + s(2bccosA — 2bc) = as? — 4sbcsin25 = as?

be(s — a)
4N? 2A\/ A
2 2 2 2 2
= as” — = as —Za(—)( ):as — 2ah,r, = n; = s“ — 2h,r,
s—a a s—a ata a ata
n2 s? —2hgr, %Yoy Iprd 2rs
and analogs - z—z = z 3 = o - Z.Z A A A
cyc Ta cyc Ta res cyc 4Rcosisin7.stan7
_s*—2rs?(4R+r1) r~Cbc(s—a) s?—8Rr—2r? s?—8Rr+r?
B r2s? R rs r2 Rr

cyc
_ R(s? —8Rr — 2r?) — r(s® — 8Rr + r?)
B Rr2
_ (R—r)s* —R(8Rr + 2r?) + r(8Rr — r?)
- Rr2
Gerretsen (R — r)(4R? + 4Rr + 3r2) — R(8Rr + 2r2) + r(8Rr — r?)

Rr?
n? - 4R3 — 8R?r + 5Rr? — 4r3 o
— -
r2 = Rr?

cyc

313R/n, np ng\2cBS 3[9Rx " n2 via(D) 3|9R 4R3 — 8R2r + 5Rr2 —4r3 ? 4(R—r)
Now, —(—+—+—> < =)= = | > <
r\r, n r. r rs r Rr r
cyc

?
& 64(R—1)3 > 9(4R% — 8R’r + 5Rr? — 4r?)

? R
& 28t3 —120t2 +147t—-28> 0 (t = F)

(:(t—2)((t—2)(28t—8)+3)+10;O
33Rmg; np nn\? 4R-r)
- j—(—+—+z) < (QED)

r\r, 1 r

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
By CBS inequality, we have
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2

3Rm, n, nN\2 3R/1 1 1\/n,2 n n.?
—(—“+—”+—°) s—(—+—+—)< L
r\r, 1, T, Ta Tp TJ\T, T, T,

r
3BRC's—a ( (b—C)2>
= .S|s—a+ a

r2 F
cyc
3R 4(s—b)(s—c¢) 3R( , , 2+ 12+ 4Rr
=FZ(S—(1) S — a =F S“ — 4sr-. 4Rsr
cyc
3[(R — r)s% —r2(4R + 1)] ¢“""¢"°" 3[(R — r)(4R? + 4Rr + 31%) — r2(4R + 1)]
- r3 = r3
3(4R3 — 5R1? — 413)
54(R —1)% — (R — 2r)(42R? — 78Rr + 217?%) F¥" 54(R - 7)3
- r3 = r3
Therefore
3\]%(ﬁ+@+&)2 < 3V2(R-71) < 4(R—r).
r\r, 1, 71, T T
1567.
c

Suppose that
ZBAD=30°

c ~Z“DBA=50°
ZDAC="70°

Prowve that
1 1 1

a ¢ b
Proposed by Jafar Nikpour-Iran

Solution by Daniel Sitaru-Romania

In AADB: m(<ADB) = 180° — 30° — 50° = 100°

In AADC: m(xADC) = 180° — 100° = 80°, m(«xDCA) = 180° — 80° — 70° = 30°
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In A ADB:
a b asin30°
. =— = 0=—"—
sin50° sin30° sin50°
In AADC:
a c asin70°

. = — =C=—F
sin30° sin70° sin30°

1+1_1=)1+ 1 B 1 - +sin30°_sin50°
a ¢ b a asin70°  asin30° sin70°  sin30°
sin30° sin50°

sin70° - sin30° + sin30° - sin30° = sin50°: sin70°
sin30°(sin70° + sin30°) = sin50° - sin(90° — 20°)

1 70° + 30° 70° + 30°
2 2sin > cos > = sin50°cos20°

sin50°c0s20° = sin50°cos20°
1568. In any A ABC, the following relationship holds :

2 R2
8R Z(b+c) 16<r——3>
cyc

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

WLOG we may assume a = b > c and then :

1 1 1
(b +¢)? < (c+a)? < (a+b)?and — < — < — - via Chebyshev,
I I ¥

2 (zeo)2s)

cyc cyc cyc

2
Ag; 4 (Z ab) . (chc 1‘brc) — 2IgIplc chc Ta

ris*
cyc

s* —2rs?(4R+r) ; 8R

= 4(s? + 4Rr +r?).

(s? + 4Rr +r?) oy i
© s* — (10Rr +r?)s? —2r(4R+1)* = 0
®

Gerretsen Gerretsen

Now,LHSof (+) > (6Rr—6r?)s’—2r’(4R+r)? >
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? ?
(6Rr — 6r?)(16Rr — 5r%) — 2r?(4R+r1)? > 0 © 32R?> — 71Rr + 14r2 > 0

? Euler b+c 2 8R
< (R-2r)(32R—7r) =0 > true ~* R > 2r = (%) is true - ( ) > —

cyc

Again,Z((b +0?2%(s—a)?) = Z((s +s—a)i(s—a)?)

cyc cyc

= Z ((s2 +(s—a)* +2s(s— a)) (s— a)z)

cyc

=s? Z(s2 —2sa+a?)+ 252(53 —3s?a + 3sa? — a?)

cyc cyc

+ 2:(54 —4s3a + 6s?a? — 4sa® + a*)

rg T

cyc
= 2,352 — 2s3.25 + 52 z a? + 2s.3s3 — 6s3.2s + 6522 a? — Zsz a3 + 3s*

cyc cyc cyc

—453.Zs+6szz 2—4sZa3+Zz a’b? — 16r%s?

cyc cyc

= —12s* + 26s2(s? — 4Rr —r?) — 1252(5 — 6Rr — 3r?)
+2 ((s +4Rr + rz) — 16Rrs ) —16r?%s?
= 2(2s* — (24Rr + r?)s? + r?(4R + r)?)
z (b + c)2 2(25 — (24Rr +r?)s? + r’(4R + r)z) 16 (RZ )

—-3
r2s2 r2
cyc

?
& 2s* +r?(4R+ 1)? < (8R? + 24Rr — 23r?)s?

(xx)
Gerretsen

?
Now,LHS of (xx) <  (8R?+8Rr+6r?)s*+r2(4R+r1)? <
?
(8R? + 24Rr - 23r?)s? & (16Rr — 29r%)s® > r?(4R+1)?

(***)
Gerretsen
Again, LHS of (+**) = (16Rr — 29r?)(16Rr — 5r2) > r(4R +r)?
Euler

& 240R? — 552Rr + 144r? > 0 © 24(R—2r)(10R — 3r) > 0-true~R > 2r

+ )? R? 8R_\"(b + c)?
= (xxx) > (**) is true - Z b+o <16 <— - 3) ( )
cyc cyc
RZ
<16 <r_ - 3) v A ABC,”" =" iff A ABC is equilateral (QED)

1569.

In any acute triangle ABC, the following relationship holds :

a b C
.VSsinA+ ——.vsinB+——.vsinC>1
c+a a+b

b+c
Proposed by Vasile Mircea Popa, Mihai Neghina-Romania
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Solution 1 by Soumava Chakraborty-Kolkata-India

3\3 1
I Yeycal
Via Power — Mean — Inequality, (L > (=X

3
5 3 3
cyc A2 (25)2 2s |2s Z 3 2s
5——>|—] =—. |—=> 2>2s. |[— 1
3 =\3 33 azz2s |3~ @)
cyc
a b C 1 a\/a Chebyshev
— . vVsinA+ ——.vVsinB+ ——.vsinC = —. >
b+c sm +c+a sm +a+b st V2R cycb+c
via (1)
1 1 »* WLOG assuming a > b > ¢ = a+a > bVb > ¢/c Ber‘glggom
. aa ( ) 1 1 1 >
3.v2R z b + and > >
cyc b+c c+a a+b
1 2s 9 3 2s 3 4R

28 |=—.—= = =
3.v2R 3 4s 2+2R 3 2+2R 3

3
('-'AABCisacute=>s>2R+r>2R)=\E>1

a b c
& ——.VsinA + ——.VsinB + ——.vVsinC > 1V acute A ABC (QED)
b+c ct+a a+b

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
WLOG, we assume thata > b > c.

Wehave —2—> 2 > _g\sinA>sinB > vsinC
e aveb+c_c+a_a+b sinA > Vsin B > vsin C,
then by Chebyshev's inequality, we have

a
b c\/sinA+ \/sinB+ sinC >
1/ a b
>
_3(b+c+c+a+ +b>(\/SmA+\/smB+\/smC)

By Nesbitt's inequality, we have
a N b N c - 3
b+r;'r c+a a+b 2
Also since 0 < sinx < 1,Vx € (O, E) ,and by using Jordan’s inequality, we have

2A 2B 2C
vVsinA + VsinB + VsinC > sinA4 + sinB +sinC > — + —
Therefore

T Y3

a b
Vsin4 + \/sinB+
b+c ct+a

\/sm >_E =1.
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1570. In any A ABC and V n € N, the following relationship holds :

hZ + wym, wZ + m.h, m? + h,w, 1 (2)“‘1
ha(wy + m,) | wi(m, +h,) | mE(h, +w,) ~ 372 \R

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

x’+yz y?’+zx z%l+xy

+ +
x(y+z) yz+x) zlx+y)
Nesbitt

[Case 1|n = 1 and then : LHS =

and 2

x 1 y2z2 Bergstrom 3 (chc xy)
(x_ha'y_wb'z_mc)_Zy+z+xyz y+z = E+2xyz2cycx

cyc cyc
3 3 1 2\"*"
=3 +3=352(5) Gn=D
~hi+wy,m.  wp+mch, m?+h,w, 1 2\"?!
“hi(wp +m)  wl(m,+hg)  m?(h, +w,) ~ 372 (ﬁ) forn=1

x*+yz Z4rzx 2%+ x 1
[Case 2|n = 2 and then : [LHS| = .3 + y Z

x2(y+z) y2(z+x) zz(x+y)= cycy+z
3 Bergstrom 3
1 and 1
- () wolder 9 s (Zoex) [7 9
xyz ) —— > XyZ. >
&2y +z 2y X 6YcycX | ZeyeX
1,3 3
(ZCY“E) 9 ! 22,2 .
S XYZ. = o z xy | =27x“y“z* - true via AM — GM
6YcycX  2XcycX o
Leuenberger
and 1
LHS > -2 . % om0 2 1 (Z)n_
h T Ygex hgtwp+meT Ycmg - 9R " R 3n2\R
2
hZ+wym, wZ+mch, m?+h,w 1 2\"?
(n=2) - - > _2(—) forn=2
hf(w, + my)  wj(m,+h,) m?th,+w,) ~ 3"2\R
3 and th x2 +yz +y2+zx +zz+xy Z 1
ase 3|n = 3 and then : = =
x3(y+z) y3(z+x) z3(x+y) L xy + xz
Bergstrom 4 Y
1 and 1 4
" xyzz (E) H°l>der 9 + xyz (chcf) _ 9 (chc xY)
o y+z — 2XcycXy 9.2¥ X 2Xyexy 18x3y3z3% . x
2
.9 9x%y?2?(Teyex) 9 Teye |2 1( 9 )2

94 RMM-GEOMETRY MARATHON 1501-1600



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
2 3

?
© 9xyz Zx + ny Zx 254xyz2xy—>true

cyc cyc cyc cyc
2 3

A-G
© Oxyz Zx + ny Zx = 9xyz.32xy+ ny .27xyzZ

cyc cyc cyc cyc cyc

54 Z LHS>1<—9 )2 1(—9 )2>1< 9 )Z
= 54xyz ) xy - > = >
y y 3\ Xeye X 3\h, + wp, + m, 3 \Xcyc Mg

cyc
Leuenberger

and 2

Euer 1 9 1,2\2 1 /2\"1

=" 3lor) =3 =3=k) ©¢n=®

2
~hZ+wy,m.  wj+mch, m?+h,w, 1 (E
“hi(w, +mg)  wi(mc+h,)  m2(h,+w,) 37 2\R

x* +yz Z4zx 2% +x
[Case 4]n € N — {1,2,3} and then : [LHS| = y y y

+ +
x"(y+z) y"(z+x) z"(x+vy)
n-2 n+1

n-2 n+1
- 2@ 4 xyz.z (%) Holder (chc %) -
y+1z T y+1z

n—-1
) forn=3

+ xXyz —(chc;)
32y ox 312y x

cyc

n-2 1 3
1 1 9 9 xyz (chc —) v 9
. Z . PN X/ >
X chc X 2 chc X 6 chc X chc X
1\3 3
xyz(chc}) ; 9

?
o z xy | = 27x%*y?z? - true via AM — GM

= >
6 cyc X 2 Y cycXx o
n-2
1 1 9 Bergstrom 1 < 9 >n—2 9
~ LHS > —. Z— . = — .|\ .
3n-2 £ x YeyeX 3072\ Yeye X YeyeX
1 9 \"' 1 ( 9 )“‘1> 1 9 \"*!
C 327\ Y e x - 3" 2'\h,+w, +m/ T 32 \Ycm,
Leuenberger
and n-1
Euler 1 9
> |
2
~hi+wym;  wj+mh, m?+h,w, 1 (E)“_l vneN-{123)
“hi(w, +mg)  wP(m+h,) mP(h, +w,)” 372\R T
bini I hZ+wym, wZ+mch, m?+h,w
-~ combining all cases,
& hi(w, + my) * wp(mc +hy) * mI(hg + wy)
n—-1
> 302 (ﬁ) VAABCandVn € N, =" iff A ABC is equilateral (QED)
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1571. In any A ABC, the following relationship holds :

(h, +hb)(h +hc) 3R?
2 - r2

cyc
Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

Z (hg + hy)(h, + hy) B (bc + ca)(bc + ab) B (a+b)(c+a)

hyh, ca.ab a?
cyc cyc cyc

a% + Y ab 1
- z a? =3=3+ 16R2%r2s2 z ab z a’b®

cyc cyc cyc

2
>3 ! z b z b Via>(')3 24Rrs” (s? + 4Rr +r?)
=3t 1 oRZr2s2 a a = 3+ grepzez S TARr+r

cyc cyc
3 sZ 4+ 10Rr + r? Gerr;tsen 16Rr — 5r2 + 10Rr + r? 26Rr —4r? Euler 26Rr — 2Rr
B 2Rr (h, h )h, + h ) 2Rr 2Rr
% +
= 122 b ¢ >12
hph,

. (hg + hy)(h, +hc) (a+b)(c+a) (a+b)(c+a)
Again, z hyh, a? = o 4(s—b)(s—¢)

cyc cyc
_Zs(sz+2Rr+r2)z _s?4+2Rr+r? \O2s—a-s
B 4rls (b+ c) 2r2 ' (b+c)

cyc

s? + 2Rr + r? Bergstrom g2 | 2Rr + r? Og\ Gerretsen
LR (5 1 Ytz ony o
2r2 b+c 2r2 4s

cyc

4R? + 6Rr + 4r% 3 3 Euler 4R? + 3R2 + R2 z (h, + hp)(h, +h) - 3R?

2r2 ‘4 = hyh, S
cyc
P12 < Z (ha + hb)(ha +h) - 3R?
hbhc rz
cyc
Vv A ABC,"” =" iff A ABC is equilateral (QED)

1572. In any A ABC, the following relationship holds :

z (h, + hl:zl(::a + h,) - (%)3 Z (r, + r:?)i:a +1r.)

cyc cyc

Proposed by Marin Chirciu-Romania
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Solution 1 by Soumava Chakraborty-Kolkata-India

2

? ?
Z ab | >24Rrs? & (s? +4Rr + rz)z > 24Rrs?

cyc
& s* + 2(4Rr + r?)s? + (4Rr + rz)z ; 24Rrs?
?
& s* — (16Rr — 2r?)s? + (4Rr + rz)z >0
o]

€]
Gerretsen
Now,LHSof (1) >  (16Rr —5r?)s? — (16Rr — 2r?)s? + (4Rr + rz)Z
Trucht ()
=r?((4R+1)?-3s2) > 0= (1)istrue - z ab | > 24Rrs?

cyc

(h, + hy)(h, + hy) (bc + ca)(bc + ab) (a+b)(c+a)

Now,z = = - /- =
hyh, ca.ab a?
cyc cyc cyc
a%+ Ycab 1
_ _ 22
_z a? _3+16R2r252 z“b Za b
cyc cyc cyc

2

1 via (+) 24Rrs? )
23+m Zab Zab = 3+m(s +4Rl‘+l‘)
cyc cyc

_ s> + 10Rr + r? Gerretsen 16Rr — 5r” + 10Rr + r

2Rr 2Rr
. z (hy + hy)(h, + hy) <;) 13R — 2r
hyh, = R

cyc

rs rs rs rs
AgainZ(ra+rb)(ra+rc):Z(s—a+s—b)(s—a+s—c)

Tor, TS TS
cyc ¢ cyc s—b's—c
2s—a-—b 2s—a—c
_Z(s—a)(s—b)'(s—a)(s—c)_ bc AZG (b + ¢)? _z:(s+s—a)2
- 1 T Li(s—a)? ~ 4(s —a)? 4(s — a)?
cyc (S — b) (S — C) cyc cyc cyc
_Zsz+(s—a)2+25(s—a)_3+lz rs N 1 rZs?
B 4(s — a)? 4 2rdus—a 4r2l.(s—a)?
cyc cyc cyc
3. 1 1 , 3 4R+r (4R+r)?-2s?
== —Zra+—22ra=—+ + >
4 2r 4r 4 2r 4r
cyc cyc
_ (4R +1)? —25® + 2r(4R + r) + 3r?
B 4r?
Gerretsen (4R + 1)” — 2(16Rr — 5r%) + 2r(4R + r) + 3r2
- 4r2
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. (2r>3 Z (rg + 1p)(rg + 1) ('<') 32r(R? — Rr +r?)
h 18 - R3

s~ (m),(mm) =

at hb)(ha + hc) (21‘) Z (ra + rb)(ra + rc)
hbhc IpXe
13R—2r 32r(R2 Rr +r2)
R - R3
& 13t3 - 34t* +32t-32>0 <t=;) e (t-2)(9t2 +4t(t—2)+16) =0

. (h
in order to prove : Z
cyc

it suffices to prove :

Buler z (h, + hy)(h, + hy) g (%)3 z (rg + 1) (g + 1)

- true "t >
hbhc IpTe
cyc cyc

v AABC," =" iff A ABC is equilateral (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

(hg + hb)(h + hc) (h, + hy)(hy + h)(h, + h,) Cesaro 3
§ z hohyh, Z h,+h, = %7712
cyc b cyc b + € Nesbitt 2
Z (ra +1,)(Tr,+1.) 4R Z Tq cgs 4R Tq ( 1 1 )
' T, Cr Lrytr, T r ' Li4a\r, 1,
cyc cyc cyc

cyc

R< 1 R /4R +7r

= — ra- _3 :_( _3):
T Z Zra r\ r

cyc

3R> R/R 3R Euler 3 p3
(1) -2

~ 23 r\2r r - 2r3¥
Therefore
Z (h, + hb)(h + h,) o 12— (21‘)3 3R3 - <2r>3 z (ro+ry)rg+r.)
- R/ "2r3 ~ T
cyc cyc

Equality holds iff AABC is equilateral.

1573. In any A ABC, the following relationship holds :
6R _ Z (rg + 1) (rg + o) _ 3R3

r -~ T, — 2r3
cyc

Proposed by Marin Chirciu-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India
Irs Irs rs rs
Z(ra+rb)(ra+rc) =Z(s—a+s—b)(s—a+s—c)
T rs rs
cyc cyc s—b's—c
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2s—a-—b 2s—a—c
_Z(s—a)(s—b)'(s—a)(s—c)_z bc A;G (b + ¢)? _Z(S+S—a)2
1 (s—a)? ~ 4(s — a)? 4(s — a)?
cyc (S — b) (S — C) cyc cyc cyc
_zs 24 (s—a)+2s(s—a) 3+1Z rs N 1 r2s?
B 4(s — a)? "4 2rdus—a 4Ar2l.(s—a)?
cyc cyc cyc
_3. Z g Z - 3+4R+r+(4R+r)2—
3t lte 4 2r 4r?
cyc cyc
_ (4R +1)? —25? + 2r(4R +r) + 3r?
- 4r2
Gerretsen (4R +r1)?2 —2(16Rr — 5r%) + 2r(4R+r) + 3r> 4(R®? —Rr+r?) ? 3R3
- 4r2 - r2 — 2r3

R
©3t3-8t2+8t—-8>0 <t=—) e (t-2)(2t2+t(t—2)+4) =0 - true
Euler z (rg + 1) (rg + 1) - 3R3

118 P ~ 2r3
) (rg + 1) (ry + rc) bc 1 bc rs
Agaln,z — = —z (—_)
IpT. (s—a) r s(s—a)'s—a

cyc cyc cyc

1 ) A Chebyshev 1 ) A
=i leergm) = g D serz ) )m

cyc cyc cyc

B C
( WLOG assuming a > b > ¢ = sec? 52 sec? — > sec? 3 andr, > r, > rc)

1 s*+ (4R +r1)? ? 6R ?
=§.%.(4R+r) 2 —© (4R+1)° +s*(4R +1) 2 18Rs

Gerretsen

?
& (4R +1)3 > (14R - r)s?, but (14R —r)s? <
&)

? ?
(14R—1)(4R* + 4Rr+3r?) < (4R +1)? © 43 -2t - 13t+2 >0

Euler I, +1,)(r +r 6R
<=(t—2)(4t2+6t—1)>0—>true t > :.Z(“ ';)E“ C)ZT
b'c

cyc

6R r, +n,)(r, +r,
and hence,T < Z (rg :)i = C) 2 3 V A ABC,"" =" iff A ABC is equilateral (QED)
blc

cyc

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

(ra + rb) (ra + rc) — (ra + rb)(rb + rc) (ra + rc) Z Tq
Lury+r

rpTc YaTpTe
cyc cyc

4Rs? 2 g """Z,"“ 6R
Cosir T Larp+r, T r’

cyc
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(rg+rp)(rg+7.) 4R Z Ty C£S4R ra(l N 1)
T, Cor Lrytr, T r Li4a\r, 1,
cyc cyc cyc
= Ta. -
cyc cyc

_R<4R+r 3) 3R3 R(R )(SR 2)E“"”3R3

= —— <
r r 2r3  r\2r r - 2r3

which completes the proof. Equality holds iff AABC is equilateral.

1574. In AABC the following relationship holds:

1—cos(B—C)+1—cos(C—A)+1—cos(A—B)_R—Zr
ha hb hc B Rr

Proposed by Adil Abdullayev-Azerbaijan
Solution by Daniel Sitaru-Romania

Zl—cos(B—C)_ 1 Zcos(B—C)_
h,  Lih, h,

cyc cyc cyc
cos(B—-0C) _
ZZF Z— ZFZa—— acos(B—-C) =
cyc "o cyc a cyc cyc
25 z 2RsinA B—-C Z A B—-C
=5F " 2F sinAcos( ) = sinAcos( ) =
cyc cyc

b ——Z(sm(A +B—-C)+sin(A—B+C)) =
cyc

_;——Z(sm(n' 20) + sin(m — 2B)) =

cyc

= ——Z(stC + sin2B) = — — —Z sin2A =
cyc cyc
1 R4'A'B'C—1 R4abc
Ty SmasmEsSmt =T e Y R 2R 2R

“F-2R2 r F-2R®

1 abc 1 4RF 1 2 R-2r
r r R Rr
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1575. In any A ABC, the following relationship holds :
I, + I Ic+1g I, + 1

2r,+n, 2r,+n, 2ro+n;

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco
Solution by Soumava Chakraborty-Kolkata-India

Ip + Ie e+ Iy | Ta + 1y Z (ry, + 1e)?
2r, +n, 2r,+ny Zrc + n, 21, (1, + 1) + ng (1, + 1)

Bergstrom (chc(rb + rc)) B 4(4R + r)Z ?

> = >2
2 cycTa(tp + 1) + Xeye Ng(p + 1) 452 + Yeyeng (1 + 1)
?
& |2(4R+1)? — 452 > z n,(ry, + r.)
() eye
B . C —B+C\__A , A
siny  sing ssin (T) cosy scos’z A
Now,r, + 1, =s 5+—=<|= A B C - 7S =4Rcoszi
cos5 Cosy €0S5 COS 7 COS (ﬁ)

® A
STy + T Z 4R cos? >

Also, Stewart’s theorem = b?(s — ¢) + c¢2(s—b) = an? + a(s —b)(s — ¢)
= s(b? + ¢2) — bc(2s — a) = an? + a(s? —s(2s — a) + bc) = s(b? + ¢2) — 2sbc

= an? + a(as — s?) = s(b% + ¢ — a® — 2bc) = an? — as?

A
= an? = as? + s(2bccos A — 2bc) = as? — 4sbc sinZE

a2 4sbc(s —b)(s—c)(s—a) _ s 4)? g Za(E)( A )

be(s —a) B s—a a/\s—a
4rs? tan% r A
= as? — 2ah,r, = n2 = s> — 2h,r, = s% - 1 5= Z(I—Eseczi)
4Rtanz cos? 5
2 2
r 2 A
= ng(r, + rc) 4Rs 1- Esec2 5-cos”5 and analogs

:Z (rp + 1) = 4R Z -1 2 A ( A) CES
n,(ry +r.) = 4Rs. Rsec 2.cos2 cos2 <
cyc cyc

4Rs Z (1—£seCZé) cosZé Z:cosZé
' R 2 2/ 2

cyc cyc

— 4Rs ZCOSZA 3r ZCOSZA—‘I-RS (4R+r Sr)(4R+r>
B ' 2 R’ 2 ' 2R R 2R

cyc cyc
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?
= 2s../(4R+1r)(4R — 51) < 2(4R + r)? — 4s?
?
& (AR + )* + 4s* — 4s2(4R+1r)? > s?2(4R + r)(4R — 51)

?
o |4s* + 4R+ 1)*—s?2A4R+1r)(20R—T1) > 0|and
(+%)

2 Gerretsen

v 4(s? — 4R* — 4Rr - 3r2)" >
. in order to prove (*x), it suffices to prove :
4s* + (4R + 1)* — s2(4R + 1)(20R — r) > 4(s% — 4R? — 4Rr — 3r2)”

(kx

)
& |(48R%? — 16Rr — 25r?)s? < 192R* + 128R%r — 64R’r? — 80Rr® — 35r*
Rouche 2R? + 10Rr — r?
Now,LHS of (+++) < (48R? — 16Rr — 25r2) TAORr—r
+2(R—2r).A/RZ — 2Rr

?
< 192R* + 128R3r — 64R?*r? — 80Rr3 — 35r*

?
& |(R - 2r)(48R® — 64R?r — 31Rr? + 15r%) > (R - 2r)(48R* — 16Rr — 25r%)./R? — 2Rr
(****)

+ 48R3 — 64R?r — 31Rr? + 15r® = (R — 2r)(48R? + 32Rr + 33r?) + 81r3
Euler Euler
> 81r3>0and~R—2r > 0 - inorder to prove (x*x), it suffices to prove :
(48R® — 64R?r — 31Rr? + 15r3)” > (R? — 2Rr) (48R? — 16Rr — 25r2)
© r2(192R* + 320R%r + 16R?*r? + 320Rr3 + 225r*) > 0 > true
= (xxxx) = (¥x%) = (x%) = (x)is true

Tt I.+ 1, ra+rb>2
C2r,+mn, 2r,+n, 2r.+ng
v AABC,’ =" iff A ABC is equilateral (QED)

1576. In any A ABC, the following relationship holds :
r, + I r. + I, r, + 1,

r,+2m, 1r,+2m, r.+2m,

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco
Solution by Soumava Chakraborty-Kolkata-India

Ip + I r.+r, rg+r, (1, + 1)?
r,+2m, r,+2m, Tr.+2m, ZC - r,(r, + 1) + 2m, (1, + 1)
y
2
Bergstrom I, 4T, 4(4R +71)? ?
> (chc( b c)) ( ) > 9

chc ra(rb + rc) + 2 chc ma(rb + rc) N 2s2 +2 chc ma(rb + rc) -

?
< (4R +1)? —s? > Z m,(r, + 1)
©) cyc
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Now, » mq(r, +1) < JZ m2 | jZ(rb 2

cyc cyc cyc

= \/Z'Z(SZ — 4Rr — rZ).Jz(((4R +1)2 — 252) + 52)

?
= /3(s2 — 4Rr — r2)((4R + )2 — s2) < (4R + )2 — 52
? ?
& 3(s? —4Rr —r?) < (4R +1)? — 5% & s < 4R? + 5Rr +r?
?
o (s2 — (4R? + 4Rr + BrZ)) —r(R—2r) < 0 - true = s — (4R? + 4Rr + 3r?)

Gerretsen Euler
< Oand —r(R—2r) < 0> (x)istrue

BRUER Ie+ 1, I+ 1
“rp+2m, 1, +2mp, 1. +2m,
v AABC,”’ =" iff A ABC is equilateral (QED)

1577.
Prove that in all triangle ABC holds :

Z(l A A B — ) s2 — 4Rr — r2\° s2 + 4Rr + r2\°
cos cos cos = ¥ R
cyc

Proposed by Mihaly Bencze, Neculai Stanciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

Z(l — cos A — cos 2A — cos(B — (€))?

cyc

= Z(l — cos 2A + (cos(B + C) — cos(B — C)))2 = Z(Z sin? A — 2 sin B sin C)z

cyc cyc
2
2a® 2bc 1
— _ 4 2.2 2
- Z <4R2 B 4R2> - 4R4Z(“ +b*c? —2a*be)
cyc cyc
_ L Y42 ) b%c? |- b%c? + 2ab
= 4-R4 a C C apc a
cyc cyc cyc cyc

2 2
1 Z 5 Z b 4(s? —4Rr —12)”  (s? +4Rr +12)"
= 4R* @ a = AR AR
cyc cyc

B <s2 — 4Rr — r2>2 <s2 + 4Rr + r?

2
R 2R? ) (QED)
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1578.
In any A ABC with p,, py, Pc
— Spieker cevians, the following relationship holds :
Pa Pb Pc_4R+T

L2+ 5<
h, h, h,— 3r

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India
A

Let AS produced meet BC at X and m(£BAX) = a and m(5CAX) = B (say)
and inradius of A DEF =r'(say)

Now, 16[DEF]? = zZ( ><b2> z == 16 z a2b? — Z 16r2s2

a b c
rs (ztz2T32 rs , T
= [DEF] = =1 | &—5—=|=F=r =51

4

. . . C 2B+C B+m-—A
- Spieker center is incenter of A DEF, .. m(4AFS) = B + 2 = > = >

T A-B nd (4AES) ci BT A-C .,
= — — = —_,——
2~z andmiz 2 2 =2 @

Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :

AS?% = r’ +ﬁ— 2r (E)sinA_B
. 4 2sin & | \2 2

C
2. e
4sin ) 2
r? +b2 2r (b) ~A-C
= —— | ——|(=]sin
4sinzg 4 Zsin% 2 2

104 RMM-GEOMETRY MARATHON 1501-1600



R M M

ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro

i +f— 2r (E)sinA_B+ r +E

4 Zsing 2 2 4sin2g 4

r

= 2AS? (—2

C

2 U

4sin )

A-C
2

2r (b) .
—|sin
2sin+ 2

2
N 2r (c) . A—B+ 2r (b) . A-C
ow, —|sin — | sin
Zsin% 2 2 ZSing 2 2
r C A—B B A-C
=—(4Rcos—sin +4RcosEsin > )

2 2 2
A+B . A-B .A+C  A-C
+ 2sin sin > )

= Rr | 2si
r(sm > sin > >

B C A
_ _ 2 _ in2 _ in2
= Rr <1 2sin > + 1 — 2sin > 2 (1 2sin 2))

. <2a(s —b)(s—c)—-b(s—c)(s—a)—c(s—a)(s — b))

abc

Rr (2a® + (b + ©)a? — 2a(b? + ¢%) — (b + ¢)(b — ¢©)?)

- 8Rrs
A be( (2s —a)sinzé— a(l — 2sin? —)
4(b + c)bcsin? 5 — 2a.2bccosA 2 2
- 8s - 2s
be| (2s + a)sin? A_,
2 (2s+a)(s—b)(s—c¢)
= = — 2Rr
2s
R 2r (c) . A—-B 2r (b) . A-C
— —)sin — —|sin
Zsin% 2 2 Zsin% 2 2
 —2s+a)(s—b)(s—c
) ( )( )( )+ 2Rr
2s
Avai r? N r? r? ( ca N ab )
ain, =—
T sineB g S 4 \G-06-@ G-a)-b)
r? ab + ca (% 12 r?
:4—2(ca(s—b)+ab(s—c)) == Rr = B C
res 4sin27 4sin27

b?+c2+ab+ca (2s+a)(s—b)(s—c)

(D), (%), (x+) = 2AS? = 1 P
_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)

b3 + ¢ — abc + a(2b? + 2¢? — a?) , () b3 + ¢ —abc + a(4m3)
4s 4s
Via sine A AFS r AS cAS
ia sine law on , = — =
¢ A—B (a+ b)sin%

2sin5 sina  cos
2 2
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(***) r(a + b) (****) r(a + C)

= csina = 5AS and via sine law on A AES, bsinf} = 2AS
Now, [BAX] + [BAX] = [ABC] = %pucsina + %pabsinB =rs
via (x+x) and (x+x) p,(a+b + a+ c) 4s
= 4AS =SS Pa=5 A
,via 16s? b3 +c® —abc+ a(4m?)
ZPa = (2s + a)?’ 8s
~|pa 2 (ZszTia)z(bg +c3 —abc+ a(4m§))

Now, b3 + ¢3 — abc + a(4m2) = b? + 3 — abc + a(2b? + 2¢% — a?)
= (b + ¢)(b? —bc + ¢2) + a(b? — bc + ¢2) + a(b? + ¢ — a?)

= 2s(b% —bc + %) + a(b? — bc + % + bc — a?)
b 2 _ b— 2

=(Zs+a)(b2—bc+c2)+a<( o) 4( o _

a(b+c+2a)(b+c—2a)_a(b—c)2

aZ

= (2s+a)(b? —bc+c?) + 1 2
a2s—a+2a)(b+c—2a) a(b-c)?

= (2s+a)(b? —bc+c?) +

4 4
4b?% + 4c? —4bc+ab+c—2a) a(b—c)?
_ (2s+a) a ( )_ ( ) _

4
(25) 4z+x)?+4(x+y)? -4+ 0)x+y)+ +2)(z+x)+ (x+y) —2(y+2))
+a/’ 4

a(b —¢)?
—¥(a:y+z,b:z+x,c:x+y)

4x(x+y+z)+2x(y+2z)+3(y—2)? _a(b—c)2

= (2s+ a). -
— — 0)2
=(2s+a) (S(s —a) +%(b )2 +a(sz a) _a(b4 c)
- - — )2
=(2s+a) <s(s —-a) +%(b O+ a(S2 a) _ (a+2s is)(b c)
—0)2 _ 2
= (2s+a) (s(s —a)+ b ZC) + 0(52 a)> +s(b2 )
_ — —
~|b® + ¢ — abe + a(4m2) & (25+a)<(s a);25+a) O Zc) >+ S(bz 9

' _ 2s s—a)2s+a)? @2s+a)b-c)? s(b—c)?
(00 > P = ey a)2< : n . L )

s 2 S 1 1
— — - 2 1 4
=s(s—a)+ (-0 <(25+a) Tosta 2 4)

b — ¢)? 1\2
Cs(s—a) - 4c) +(b—c)2.(251a+5)
a(b—-c)? a(4s+a)?

4 + (4s + 2a)?

.(b—1c¢)?

(s00)
= |ap? = as(s—a) —
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a(4s+a)?  (4s+2a)® —2a(4s +2a) + a®
ow, (4s + 2a)? @ (4s + 2a)?
(a+2s—-2s)? (a+2s—2s)
B 2s+a (4s + 2a)?
4s? N 1 <(2s +a)® -8s®—3(2s+ a)(Zs)a)

=a—(2s+a)+4s—

2s+a 4 (2s+ a)?

4s2  2s+a 2s3 3s(a + 2s — 2s)
Zs+a+ 4 (2s+a)? 22s+a)

55 a  4s? 2s3 3s  3s?
=7+Z_Zs+a_(2s+a)2_7+25+a

a(4s + a)? (eeee) a s2(4s+a)
“|as +2a)? Sta~ (2s + a)?
- (se0), (oeee) = apf = 2
a(b;c) +s(b—c)2+a(b;c)

2 a<s :
_M.(b—c)2 < as(s—a)+s(b-o)? _S(Z(:;Jrz)az)

(2s + a)?
(4s+a)(b —c)?

= 2s —

as(s—a) —

.(b—c¢)?

=as(s—a)+s(b—-c)? -
5s(b—c)? a(b—c)?
9 9

10
.-.Zap?l:s(ZS—Z(s —4Rr—r2) +—S Za —Zab

cyc cyc cyc

—% Z(ab(ZS —¢)) — 6abc

cyc
10s(s? — 12Rr—3r2?) 2s(s? — 14Rr +r?)
9 9

=as(s—a) + and analogs

=s(8Rr + 2r?) +

_ 2s(4s? — 10Rr — 7r?) _ Zeye apﬁ (’) 4s2? — 10Rr — 7r2 Pa, Po , Pc OB

2rs and i;_ *-i;; +'i;;

Z p2 Z Teycapd apa 1 “a(’) 4s2 — 10Rr — 7r2
h, 2rs
cyc cyc

Gerrétsen \/4(4R2 + 4Rr + 3r%) — 10Rr — 7r?
- 9r2

B j16R2 + 6Rr + 5r2 Elier j16R2 + 6Rr + r2 + 2Rr B J(4R +r)2

9r2 9r2 9r2
4R+r
2Pa P, Pe v AABC,” =" iff A ABC is equilateral (QED)
h, h, h,_ 3r
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1579. In any A ABC, the following relationship holds :

(Fy + Ty + 1)? (r+4R)2 (6s - (\/—+\/—+\/—) ) 3R
Proposed by Adil Abdullayev-Azerbaijan

Solution 1 by Soumava Chakraborty-Kolkata-India

(r, + 1 + 1)2 (r+4R)2(6s—(\/_+\/_+\/_))

Ialy + Iple + rcra sz(\/_ ++b + \/_)
_(R+D? 6(4R+1? 4R+ TPGM_HM_ 6(4R+1)
T s? 2s+2 Vab)  s? B ab
S( S + chc a ) S (ZS + 4chc a_l_—b)
3(4R + r)? Bergstrom 3(4R +1)? _ 3(4R +r)? ; 3R
1 = 9 - 36Rrs? 2r
s (s + 2. 4Rrs.chc—ca T bc) s <s + 2.4Rrs. ‘25 ab ey ab) s? + s + 4Rr + r?

?
& Rs* +rs?(8R? — 15Rr - 2r?) = 2r’(4R + )

()
Gerretsen
Now,LHS of () > (R(16Rr —5r2) + r(8R% — 15Rr — Zrz)) s?
Gerretsen

)
r(24R? — 20Rr — 2r?)(16Rr — 5r?) > 2r?(4R + r)3
? R
& 64t3 — 1342 + 11t+2 >0 ( :;)

Euler

e (t—2)(60t% +3t(t—2) + (t2 —4) + 3) > 0-true~t > 2= (x)istrue
o (g + 1y +1)? (1'+4R)2(6S—(\/_+\/_+\/_)) 3RVAABC
U Il + T + rcra s2(va + Vb + \/—) 2r :

" =""iff A ABC is equilateral (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
Sincer, +r, + r. = 4R+ rand r,r, + rpr. + r.r, = s*,then we have

LHs = AR+ ("+4R)2(6S—(\/_+\/_+\/_)) 65(4R + 1)?

2 2(NatVbive)  s(atvbive)
R 2
e 4.65 (4R + ) MM 4B6sR? _ 6sR* 3R

(a+b+c2(Va+Vvb+ve)  (3¥abe) (3%¥abe)’ @b 2r

as desired. Equality holds iff AABC is equilateral.
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1580. In any A ABC with p,, pp, Pc —
Spieker cevians, the following relationship holds :
PaPbPc _ B8R —7r
rghpyYe 9r
Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India

Let AS produced meet BC at X and m(£BAX) = a and m(£CAX) = B (say)
and inradius of A DEF = r’'(say)

Now, 16[DEF2:ZZ< ><b2> 216 = Z 2 Z _16r%s

a b c
rs (ztz21T32 rs , T
= [DEF] = =1 | &—2—=|=F=r =51

4

. . C 2B+C B+m—A
- Spieker center is incenter of A DEF, . m(4AFS) = B+E: > = >
T A”E ndm@aEs) =c+o=2_2"C ¢
— = —_—_———,— e
2 2 and m(& 5=73 > (2)

Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :

AS2 r? N c? 2r (c) _A-B
= - — —)sin
4sin2% 4 ZsinC 2 2

2

_r? b? 2r by  A-C
= Bt2 (. B (E)S"‘ 2
2

2D
4sin )
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A—-B r? b?

r? +c2 2r (c) . N N
——|——=](=)sin —
4 2 2 4sin2g 4

= 2AS? (—i)
C C
2 U in b
4sin ) 2s1n2

2r (b) . A-C
—|sin
. b [\2 2
Zsm2
2r (c) . A—B+ 2r (b) . A-C
—)sin —|sin
Zsin% 2 2 ZSing 2 2
T AR C. A-B AR B A-C
—2< coszsm 2 + coszsm > )
_R (2_ A+B . A-B 9si A+C . A-C
= Rr|( 2sin 2 sin 2 + 2sin 2 sin 2 )

=Rr <1 - Zsin2§+ 1- 2sin2§— 2 (1 — 2sin? E))
<2a(s —b)(s—c)—-b(s—c)(s—a)—c(s—a)(s — b))
= 2Rr
abc

= %(Zﬁ + (b +c)a? — 2a(b? +¢%) — (b + ) (b — ¢)?)
. 2A
1 — 2sin? 7))

Now,

A
_ in2 It _
2a.2bccosA bc<(Zs a)sin 2 a(

4(b + c)bcsin? % -
B 8s - 2s
be| (2s + a)sin? A_,
2 2s+a)(s—b)(s—c¢)
= — 2Rr
ZS ZS
N 2r (C) . A-B 2r (b) A-C
— —)sin - —|sin
Zsin% 2 2 Zsing 2 2
) —(2s+a)(s—b)(s—c
) -@s+@E-DGs-0
2s
Acai r2 N r? rz( ca N ab )
ain, -
s 4sinzg 4sin2% 4\(s—c)(s—a) (s—a)(s—Db)
ab + ca () r? r2
_ . n -

2Rr =

2
r
= —z(ca(s —b) + ab(s — c)) =
4r”s 4sinzg 4sin27

b?+c2+ab+ca (2s+a)(s—b)(s—c)
2s

(D), (%), (x+) = 2AS? = 2
_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)
B 8s

3., .3 2 2_ 2 3 o3 2

:b +c —abc+:s(2b + 2c _a)=>2ASZ(;)b +c —a:sc+a(4ma)
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r AS cAS
Via sine law on A AFS, =

. . A—B "~ . C
Zsmisma CoOs—5— (a+ b)smi

d via sine | A AES, bsing = rla +c)
ZAS anda via sine iaw on ) SlnB = ZAS

] &) r(a+b)
> csmnmak = ————

1 1
Now, [BAX] + [BAX] = [ABC] = Epacsina + EpabsinB =TS

via (++) and (+++) p,(a +b + a+ c) 4s
= 2 =s>p, = AS
4AS 2s+a
,viaG 16s? b3 +c® —abc+ a(4m?)
= = :
Pa (2s + a)? 8s

(m)  2s
p2 - m(b3 +¢3 —abc+ a(4m¢21))

We have : H(Zs +a)=8s%+ 4szz a-+ Zsz ab + 4Rrs

cyc cyc cyc

= 8s% + 4s2.25 + 2s(s% + 4Rr + r?) + 4Rrs
(mm)
= H(Zs +a) = 2s(9s%+ 6Rr + r?)

cyc
Now,b? + ¢ — abc + a(4m2) = b® + ¢ + a® — abc + a(2b? + 2¢? — a?) — a®
= z a® — abc + 2a.2bccos A = 2s(s? — 6Rr — 3r?) — 4Rrs + 16Rrscos A

cyc

= b3 + ¢ — abc + a(4m?) = 2s(Q + 8Rrcos A) and analogs
(Q=s*—-8Rr-3r?) > 1_[ (b3 + ¢ —abc+ a(4m,21))

cyc

=8s3[ Q3+ Q2.8er cosA + Q. 64R2r2.z cos B cosC + 512R3r3 l_[cosA

cyc cyc cyc

R+r R +r\2 2(s? — 4Rr — r?) \
3 2 2.2 — —
(Q + Q% 8Rr.—— + Q.32R%r2, ( - ) <3 )

= 8s3| 4R? |
s2 — (2R +r)?
+512R°r . —— o ——
= 1_[ (b3 + ¢ —abc+ a(4mﬁ)) (mae)
cyc
g3 < (s> — 8Rr — 31'2)3 + (s — 8Rr — 3r2)2.8r(R +r1) + )
(s? — 8Rr — 3r%).16r%(s* — 4R? + r?) + 128Rr3(s? — (2R +1)?)

~(m),(mm),(mmm)
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8s3.8s3 (s2 — 8Rr—3r?)” + (s* - 8Rr — 3r2) . 8r(R+ 1) +
Pa _ (s® — 8Rr—3r%).16r%(s? — 4R® + r?) + 128Rr?(s” - 2R+ 1)?)
g - 4s2(9s2 + 6Rr + r2)2.r2s*
cyc
? (BR — 7r)2
< (==
Or

3 2
12965 — (5184R? + 11664Rr — 15471r%)s* — rs? (6912R — 10944R"r j)
44748Rr? + 69570r

?
—r?(2304R* — 3264R°r + 484R?r? + 21212Rr? + 3937r*) S 0
®

Now, Rouche = s — (m — n) > 0 and s — (m + n) < 0, where
m = 2R? + 10Rr —r? and n = 2(R — 2r)./RZ — 2Rr
#(s?~m+m)(s*~ (m-m) <0

= s* —s?(2m) + m? —n? < 0 > s* — s?(4R? + 20Rr — 2r?) + r(4R+1r)? < 0
~ 1296s%(s* — (4R? + 20Rr — 2r?)s% + r(4R + r)?) < 0 = in order to prove (),
it suffices to prove : LHS of (¢)
< 1296s%(s* — (4R? + 20Rr — 2r?)s? + r(4R +1)?)

(14256R + 12879r)s* — rs?(51264R? + 60300Rr + 7086612 )
?
= |-r(2304R* — 3264R%r + 484R?r? + 21212Rr? + 3937r%) < 0 and
)
via (@)

+ (14256R + 12879r)(s* — (4R% + 20Rr — 2r?)s? + r4R+1)3) < 0
- in order to prove (+), it suffices to prove :
LHS of (¢¢) < (14256R + 12879r)(s* — (4R% + 20Rr — 2r?)s? + r(4R + r)3)

(8208R3 — 71343R?*r — 42192Rr? + 24156r3)s?

= (ooe
+r(228672R* + 376320R3r + 197437R?*r? + 47504Rr? + 4204r*) > 0

8208R3 — 71343R?*r — 42192Rr? + 2415613 > 0 and then : LHS of (s°)
> r(228672R* + 376320R%r + 197437R?*r? + 47504Rr® + 4204r*) > 0
= (eee) is true

8208R3 — 71343R?r — 42192Rr? + 2415613 < 0 and then : LHS of (s¢¢)
= — (—(8208R? — 71343R?r — 42192Rr? + 241561°) ) s?

+r(228672R* + 376320R%r + 197437R?*r? + 47504Rr® + 4204r*)

Gerretsen
> - (—(8208R3 — 71343R%r — 42192Rr? + 24156r3)) (4R? + 4Rr + 3r?)

?
+r(228672R* + 376320R%r + 197437R?*r? + 47504Rr> + 4204r*) > 0
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? R
& 8208t° — 5967t* — 13299t — 22184t% + 4388t + 19168 > 0 (t = ;)

?

e (t—2) ((t —2)(8208t% + 26865t + 61329t + 115672) + 221760) >0

Euler
—>true vt > 2 = (ee¢)istrue .. combining both cases,

8R — 7r>Z

2
V A ABC, (se¢) = (o) = (o) is true = VAABC,HP—; < ( or

cyc Ta
PaPbPc _ 8R—T7r
=> <
TaTpTe 9r

1581. In any A ABC, the following relationship holds :

v AABC,”' =" iff A ABCis equilateral (QED)

m, my, m. 6(m,my + mym,+ m.m,)
—+ | =+ [—+ =
h, hy, h, (m, + my + m.)

Proposed by Adil Abdullayev-Azerbaijan

Solution 1 by Soumava Chakraborty-Kolkata-India
b24-|;{c2 s 4RFm, b4 o abcm,
am, b c 2m, 2m, 2m,

F =>— + b implementing which on a triangle with sides

)
F a
whose area via elementary calculations = 3 and medians = 2

(%) (%) my  2Me 2m m, m 2m, m, m
3 3 a b c a b M
F >2mc+2mb:> > c+ = > — +mb—>(1)

a
’ ’m ’m
. via (1) and analogs, h—b + <
b
cyc

3 Z m? + m? 2(m{ + m?) 3 Z(mb + m%)
B (mb + mc)z

Tereshin = m, >

=

we get :

cyc JZmbmc(mb +mc) cy JSmbmc(mb+mc) cyc
< (y+2)* = (y2 + 22 + 2yz)° i 8yz(y? + zz)>

N & + c 6(Inarnb + mpme + mcma)
(ma + my + mc)z

Z(mb + m ) 6(mamb + mym, + m mg) ?
- (mb + mc)z (ma + my, + mc)z
cyc

>5
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2(y? +z2 ? 6 Ycyc X
<:Z<M_1>>2_M(xzIna:y:Il’lb:ZZIn(:)
cyc

= 2

(y +2)? (Seyex)
o (y - Z)z ; 2(chc xZ - chych)
cyc (y + Z) (\:) (ZCYC x)

Assigningy+z=Xz+x=Y,x+y=2>X+Y-Z=22z>0Y+7Z—-X=2x
>0andZ+X-Y=2y>0=2>X+Y>ZY+Z>X,Z+X>Y=>XY,Zform
sides of triangle with semiperimeter, circumradius and inradius = s’,R’, r' (say)
yieldingZZx = ZX = 2s’ :Zx =s'->1)>x=s-Xy=s-Y,

cyc cyc cyc
z = s’ — Z and suchsubstitutions = xyz = r'?s’ - (2),

ny = Z(s’ -X)(s'-Y) > ny =4R'r' +1r'% > (3) and

cyc cyc cyc
2
via (1) and (3)
sz = Zx —Zny = s'? —2(4R'r' +r'*
cyc cyc cyc

= sz =s>—8Rr' —2r'% > (4) - (»)
cyc

((s’ —Y)—(s'— Z))Z 2 (s’2 —8RT' —2r'% - (4R’r’ + r’z))
It Z X2 = 2

S
cyc

(Y — Z)? e 2(s’> — 12R'r' — 3r'?)

cyc
Now,z b%c2(b—c¢)? = z a? z a’b? | —3a%b?c? -2 Z a3b3
cyc cyc cyc cyc
= Z a? Z a’b? | — 3a?b?c?
cyc cyc
—2| 3a%b%c? + Zab Z:azb2 —acha
cyc cyc cyc

=2((s* + 4Rr +12)* ~ 16Rrs?) ((s? - 4Rr — 1) — (s + 4Rr + 12) ) — 144R?r?s?
+2.4Rrs.2s(s? + 4Rr + r2) = 4r? ((12R? + 4Rr — 2r?)s? — s* — r(4R +1)?)

- Z (b—0)? Xecb?c?(b-o)?
a? 16R2r2s?

cyc
ar? ((12R? + 4Rr — 2r?)s? — s* — r(4R +1)%) 7 2(s2 — 12Rr — 3r2)
>

16R2%r2s2 s2
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& |s* — (4R? + 4Rr — 2r?)s? — r(32R% — 24R%*r — 12Rr? — r?) < 0

(***)

Gerretsen

Now,LHSof () = ((4R?+4Rr+3r?) — (4R? + 4Rr — 2r?)) s?

—r(32R3? — 24R?r — 12Rr? — r3) = 5r2s? — r(32R% — 24R?*r — 12Rr? — r?)
Gerretsen ?
< 5r%(4R?+ 4Rr + 3r?) —r(32R% - 24R*r— 12Rr? - r3) < 0
? R ?
&8t - 11t -8t—4 >0 <t=;) & (t—2)(8t2+ 5t+2) = 0 > true

Euler b—c)? 2(s?-12Rr - 3r?
vt = 2= (xxx)istrue z( ) > ( 2 )

cyc

z(Y 7)? <**)2(s —12R” 3r'?)
=

= (xx) = (%) is true

cyc

& Lms mc 6(mamb + mym, + m:m,) .
hb (m, + my, + m)? -

v AABC,”’ =" iff A ABC is equilateral (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

By Tereshin’s inequality, we have
ma>b2+c2_b2+c2
h, — 4Rh,  2bc

Applying this inequality to the triangle GBC

(G is the centroid of the triangle ABC) and noting that

h 2
the altitude from G is equal to ?a and GB = §mb, GC = §mc, we get
m 2\ 2y
3 (3ms) +(5me) op Ma _ M* +m?

& - 2.%mb.%mc he — 2mym,

m, my% + m,2 2(mu?% + m.?) AM_GM 2(mu? + m.?)

=
hq zmbmc 2\/2mbmc(mb +m.2) 2m,m, + (my? + m.?)
C)Z (mb - mc)z

(mb n mc)z +1> = . m, + m)E + 1 (and analogs)

Therefore

m m m, e6(m,ym,+mym, +m.m,)
_a_l_ —b+ _c_l_ a’’th b"tc 2c a >
ha hb hc (ma + my + mc)

> (mb - mc)z + (mc - ma)z + (ma - mb)z + 6(mamb +mpym, + mcma)
- (ma + my + mc)z
as desired. Equality holds iff AABC is equilateral.

+3 =35,
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1582. If p,, pp, P are the Spieker’s cevians in AABC then:

Pa Pb Pc R

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco
Solution by Soumava Chakraborty-Kolkata-India

A

B

Let AS produced meet BC at X and m(£BAX) = a and m(5CAX) = B (say)
and inradius of A DEF =r'(say)

b? 16r
2_ 22
Now, 16[DEF] _zz< >< ) 216 16 z b Z
a b c
S EF =S o p(2r2 2| LT
3T 2 =30 =z7M

. o C 2B+C B+m—A
- Spieker center is incenter of A DEF, .. m(3AFS) =B+ = = =

2 2 2
m_A-B mdmAEs) =c+o=D_2"C_

= — = — —_—_——
7 " g ondmis 2°2 2 °®

Via (1), (2) and using cosine law on A AFS and A AES, we arrive at

AS? = r? c? 2r ¢y, . A-B
. e\ ( )S“‘
4sin sin5
2
- ( >
= sm
B B
2D
4sin 2 Zsm2
@ r? C r2 b2
= 2AS? = +—— Ssin2 =B, +—
4sin2% 4 <Zsin%> (2) 2 B 4

2r (b) . A-C
— —|sin
Zsin% 2 2

RMM-GEOMETRY MARATHON 1501-1600

116



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

2r cn . A-B 2r by A-C
Now, — (—)sm + B (—)sm

Zsini 2 2 Zsini 2 2
_r<4R C. A-B AR B . A—C)
=5 coszsm 2 + coszsm 2
_R (2_ A+B A—B+2_ A+C . A—C)
= Rr( 2sin > sin > sin > sin >
=Rr(1-2 inZE+1 2 inZE 2(1 2 inzé)
= SIS S S5
2a(s—b)(s—c)—b(s—c)(s—a)—c(s—a)(s—Db)
= 2Rr abc

= %(2613 + (b + c)a? — 2a(b? + c?) — (b + ¢)(b — ¢)?)

— ein2A _ocin2A
4(b+c)bcsinzé—2a.2bccosA bc<(Zs a)sin 2 a(l 2sin 2)

2
8s 2s
be( (2s + a)sin? A_ a
2 2s+a)(s—b)(s—c)
- = — 2Rr
2s
N 2r (C) . A—-B 2r (b) _A-C
- —)sin - —)sin
Zsin% 2 2 Zsin% 2 2
»—(2s+a)(s—b —
) ( )(s—b)(s—¢) - oRr
2s
Asai 1'2 n I'Z rz( ca N ab )
ain, -
s 4sin2g 4sin2% 4\(s—c)(s—a) (s—a)(s—Db)
r? ab + ca (+» r? r2
= 4rzs(ca(s —b)+ab(s—0)) = _oRr = N

4sin2 g 4sin? ¢

2
. _b*+c?+ab+ca (2s+a)(s—b)(s—c)
(D), (), (%) => 2AS? = _ -

4
_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)

8s
34 ¢3 2 2 _ g2 S h3 4+ o3 2
:b + ¢ —abc + a(2b? + 2¢ _a):>2ASZ(;)b + ¢ — abc + a(4m?)

4s 4s
AS cAS

Via sine law on A AFS, = =
. . A—B . C
Zsmisma Cos—5— (a+ b)smi

(== r(@ +¢c)

) r(a+b)
o =

= csi - .. . =
csin “2AS and via sine lalw on A AES,:)smB 2AS
Now, [BAX] + [BAX] = [ABC] = Epacsina + EpabsinB =rs
via (+++) and (++=) p,(@a+ b+ a+ c) 4s
= =S P, =

4AS
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,viaG) 1652 b3+ ¢ —abc+ a(4m3)
“Pa = (2s + a)?’ 8s
p2 @ —(ZSZ:a)Z (b3 +¢3 —abc+ a(4mﬁ))

Now, b3 + ¢ — abc + a(4m2) = b3 + ¢3 + a® — abc + a(2b? + 2¢% — a?) — a®
= Z a® — abc + 2a.2bccos A = 2s(s? — 6Rr — 3r?) — 4Rrs + 16Rrscos A

cyc

(mm)
= b3+ ¢ —abc + a(4m2) = 2s(s? — 8Rr — 3r2 + 8Rrcos A) - (m), (mm)
2s

S P = Zs_l_a.\/s2 — 8Rr — 3r% + 8Rrcos A
1 1 2s+a 1 1 1
=5 —=— and analogs > — + —+ —
Pa 2s \/52 — 8Rr — 3r2 + 8Rrcos A Pa Pb DPc

1 z (2s + a)?
2s’ cyc \/S2 —8Rr — 3r2 + 8RrcosA.(2s + a)
Bergstrom 1 (6S+ZS)2
2s Deye (\/s2 —8Rr — 3r2 + 8RrcosA.(2s + a))
1 64s?

- ZS.chc (\/(s2 —8Rr — 3r2 + 8RrcosA)(2s + a).v/2s + a)
cBS 1 64s?

g.
\/chc((sz — 8Rr — 3r2 + 8Rrcos A)(2s + a)) . V6s + 2s
1

B 64s?
(s? — 8Rr — 3r2)(8s) + 16Rrs (%) + 8Rr.%.\/§
2rs 1 64s? Gerretsen
'-'ZacosA:— =—, >
e R 25 g8s.\/sZ — 6Rr + r2
4 4 Euler

2

= > = —

VARZ + 4Rr + 3r2 — 6Rr + r2  /4R% — 2Rr + 4r2 J4RZ —2Rr + 2Rr R
1 1 1 2

—+—>—-VAABC/' =" iff AABCis equilateral (QED
Pa Pb Pc R ( )

C

.

1583. In AABC the following relationships holds :

5[S,  Tgrpre
+

m, WaWpWe B

Proposed by Adil Abdullayev-Azerbaijan
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

w, 2\/b_
We have <1 (and analogs).

\/_ b+c

By using the AM — GM Inequality, we have
sa  2bc 16b2¢? 16b2c? <2\/bc>4

Za _ — . _
m, b%2+c? 4.2bc.(b?+c?)  [2bc+ (b2 +c?)]? \b+c

5 5
2vVb
2( \/_c> =< Wa ) o *|le s W (and analogs)

b+c T, m, | [ryr.

Therefore
5 Sa 5 sb Sc  Tal'pTc w, wp, N w, N ToTpT e
ma mb m, Wawb W, \/Tbr \/rcra \/rarb W,WpW,

AM—GM
W, TalpTc
B \/rbrc \/rcra \/rarb WoWpW,

Equality holds iff AABC is equilateral.

1584.

In any A ABC, the following relationship holds :
m,m;m, - 5
I T 2r
Proposed by Adil Abdullayev-Azerbaijan
Solution by Soumava Chakraborty-Kolkata-India

mZm{m? = — (sz +2¢? — a?)(2¢? + 2a® — b?)(2a® + 2b% — ¢?)

1
@1 ol {—4 Z a®+6 (Z a*b? + Z a2b4> + 3a2b2c2}

cyc cyc cyc

Now,z a® = (Z a2> — 3(a?+b?)(b? + c¢?)(c? + a?)

cyc cyc

(o) -ofoom 5]

cyc cyc cyc

3
= Zaz + 3a®b?c? -3 z:azb2 Zaz
cyc cyc cyc
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3

(2)
-'-Za6= Zaz + 3a’b?c% -3 Z:azb2 Zaz

cyc cyc cyc cyc
41,2 214 212 2 2 ®)
a*b” + a“b* = a“b a“—c =
cyc cyc cyc cyc

Z a? b? z a? | - 3a?b2c? - (1), (2),(3) = m2mZm?

cyc cyc
3
/—4 Zaz —12a?b?c? +12 z:azb2 Zaz \
_ il cyc cyc cyc I
64 |
\ +6 z a’b? z a? | — 18a?b?c? + 3a’b?c? /
cyc cyc
3
1 2 2 12 2 2h2 02
=a —4 Za + 18 Zab Za —27a“b“c
cyc cyc cyc
3 2
= % —4 z a’?| +18 z ab | — 16Rrs? z a? | — 27a%b?c?
cyc cyc cyc

_ 1 (-32(s® — 4Rr —1?)" + 36(s2 — 4Rr — r?)(s? + 4Rr +12)°
64 —576Rrs?(s? — 4Rr — r?) — 432R?*r?s?
1
= E{s6 — s*(12Rr — 33r?) — s?(60R?*r? + 120Rr® + 33r*) — r3(4R + r)3}
RZs*
<
* ©)
s% — s*(4R? + 12Rr — 33r?) — s?(60R?*r? + 120Rr> + 33r*) - r3(4R+ 1) < 0

(=14

Gerretsen

Now,LHSof (¢) < —s*(8Rr—36r?)—s?(60R*r?+ 120Rr® + 33r*)
?
-r}(4R+r1)3 <0
?
& s*(8R — 16r) + s*(60R?r + 120Rr? + 33r®) + r? (4R + r)* > 20rs*

(=)
Gerretsen
Now,LHS of (¢¢) > s%(16Rr — 5r?)(8R — 16r)
(a)
+s2(60R?r + 120Rr? + 33r®) + r?(4R + r)? and

Geretsen

RHS of («¢) < 20rs?(4R? + 4Rr + 3r?)
(b)
(a),(b) = in order to prove (e°), it suffices to prove :
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s2(16Rr — 5r2)(8R — 161) + s?(60R?r + 120Rr? + 33r3) + r2(4R + )3
> 20rs?(4R? + 4Rr + 3r?)
& s%(108R% — 256Rr + 53r2) + r(4R+1)3 > 0

(o00)
& s%(108R? — 256Rr + 80r?) + r(4R + )3 > 27r?%s?
Gerretsen

Now, LHS of (se¢) (108R? — 256Rr + 80r%)(16Rr — 5r%) + r(4R +r)3

(C)
Geretsen

and RHS of (+s¢) < 27r%(4R? + 4Rr + 3r?)
(d)
(c), (d) = in order to prove (ee°), it suffices to prove :
(108R? — 256Rr + 80r?)(16Rr — 5r%) + r(4R + r)® > 27r%(4R? + 4Rr + 3r?)

R
& 22413 - 587t2 +308t— 60> 0 (where t= F)

o (t—2)((t—2)(224t + 309) + 648) > 0 > true = t > 2 (sss) = (s+)

2.4 2 Rs?
, R%s Rs m,mym, 2
= (+) is true = m2mZm? < > mympm, < > <5
2 I IpT s
m,my,mc, R "orros . .
——— < — VAABC" =" iff A ABCis equilateral (QED)
IaTpTe 2r

1585. In any A ABC, the following relationships hold :

1 1 1 1
1/r,[,r,:(—+—><csc— and —+ —+— ( +—)
my, h, h.

Proposed by Bogdan Fustei-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

1 1 \ Lascu+ A-G 1 1 ? A
T (m—b+a> < Js(s—a) <\/s(s—b) +\/s(s—c)> < csco

s—a7 vbc
\/ ‘]S—C (s—b)(s—0¢)
=>\/(s—a)(s—c)+\/(s—a)(s—b)S\/_c=>\/ﬁ+\/x—y§\/(z+x)(x+y)
(wheres—a=x,s—b=y,s—c=z=>s=x+y+z:a(——*)y+z,b=z+x,)
cC=x+y

Reverse CBS

Now, (z + x)(x + y) > (Vxz + \/x—y)z = (%) is true

\/_<1+1)< A:>1_|_1< Vvbc
e ([—+—) < csc=|=2 —+—<
*\m, m, 2] mp m¢ [(s—b)(s—0c)./s(s—a)
1 1 vbc
> —+—<255 )
m, m, F
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N +\/’ + 2(1 1)@(b+C)(1+1)<2b+C
ow,| |— — — — < 2.
hb c Vvbc my m, 2F
o + < be t &) \f + 2(1 1)
—_— < —- — — —
my | m. F rue via by hc
] (1 1)< A d b \F (1 1)<2(1 1)
&/ TpTe mb+mc _csczan C+ b mb+mc < hb+hc )

" =" iff A ABC is equilateral (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

By Tereshin and CBS inequalities, we have

- (c? + a?)(a? + b?) . ac + ab abc<1 N 1) F(l N 1)

MpMie = 4R.4R =" 4R 4R "7

We know that m,, m;, m. can be the sides of a triangle with area F’
3F 3a

=7 and medians m, = T

3b 3c
my = T,m’c =7 By using the last inequality in this triangle, we have

, (1 1 1 1 +bc
/mbm’CZF(—+—> > —+—<—
m, m, m, m, F

Using this result, we have

= csC—,

1 - F? Vbc A
_>_ (s—b)(s—b) F 2

I 1 b+cx/_ 1 1
O A T —2(L4d)
mb m \/E 'F h, h,

as desired. Equality holds iff AABC is equilateral.

122 RMM-GEOMETRY MARATHON 1501-1600



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
1586. Prove that:
2
(x +y + z)(xAP? + yBP? 4+ zCP?) > yza®* + zxb* + xyc* + (x + y + 2)*h,,

for P a point in space,
h, perpendicular from P on (ABC), x,y,z real numbers, a, b, c sides of AABC

Proposed by Bogdan Fustei-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let M be the feet of the perpendicular from P to (ABC).

We have (xAM + yBM + zCM)2 >0

& x2AM? + y2 BM? + z2CM? + 2xyAM.BM + 2yzBM.CM + 2zxCM.AM > 0.

Since 2BM.CM = BM? + CM? — BC? (and analogs), and
AM? = AP? — h,[,2 (and analogs), then
x2(AP? — h,%) + y*(BP? — h,%) + 22(CP? — h,*) + xy(AP? + BP? — 2h,* — ¢?) +
+yz(BP? + CP? — 2h,* — a?) + zx(CP? + AP* — 2h,* — b?) > 0
& (x +y + 2)(xAP? + yBP? + zCP?) > yza® + zxb? + xyc® + (x + y + z)2h %,
as desired. Equality holds if and only if the barycentric coordinates of point M is (x,y,z).

1587. In AABC holds :

m, N my N m, <3 R
\/mbmc \/mcma \/mamb a 2r

Proposed by George Apostolopoulos-Messolonghi-Greece
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let S be the area of AABC. By CBS inequality, we have

m m m 1 1 1
¢y L4 Sj(ma2+mb2+mc2)( + + )

Jmym, Jmm, m,m, mym, mem, m,m,
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So it suffices to prove that

1 1 )<9R_9abc(a+b+c)
mym, mem, mym,/ ~ 2r 1652

We know that m,, m;, m. can be the sides of a triangle with area S’

3s . ., 3a
=7 and medians m, =

(my* + my* + m?) (

4’
, 3b  3c . . .
m, = me = Then the inequality we have to prove is
1 1 1 m,m,m.(m, + m;, + m,)
(ma2+mb2+mcz)( + )s b e 0 =
mpym, mgm, m,m, A\

Now, the last inequality will be true if the triangle with side
— lengths a, b, c and area S satisfies
the following inequality :
1 1
2o p2 ey (—y — 4 —
(@®+b"+c )<bc+ca ab
By Tereshin’s inequality, we have
b2+c2_|_c2+az_|_az+b2 _a?+b*+c?
4R 4R 4R 2R
Using the known inequality, m, > ./s(s — a) (and analogs), we have
2

momym, > /s(s — a).\/s(s — b).\/s(s —¢) = 57

1 ) - m,mym.(m, + my + m,)
< 52 :

m, +my,+m,=

Then
m,ym,m.(m, + my, + m,) - a? + b% + c?
Sz - 2Rr
which completes the proof. Equality holds iff AABC is equilateral.

1 1 1
— (2 2 (= = =
(a®+b +C)(bc+ca+ab)'

1588. In AABC holds:

. 273
Zsm A.sin(24) S?

cyc
Proposed by George Apostolopoulos-Messolonghi-Greece
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Since sind = — and A—b2+cz_a2( d analogs)
1mmnce sin = ZI? an COS = ZI)C and ana Ogﬂ;,

where R is the circumradius of AABC,then we have

a®(b? + ¢? — a?
Zsin4A.Sin(2A) = z sin®A.2 cosA = Z ( 32R5. bc -

cyc cyc cyc
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1 Z a3[b*c? — (a? — b*)(a® — c?)]

~ 32R5 bc
cyc
_abc(a® + b* + c?) _ Yeyeat(a? — b*)(a® - c?)
B 32R5 32R5.abc '

By Schur’s inequality, we have
Z a*(a? — b?)(a? - c?) > 0.
cyc
By Leibniz's inequality, we have
a? + b? + ¢? < 9R?, and by Mitrinovic and Euler inequalities,
we have abc = R.2s.2r < R.3V3R.R = 3V3R5.
Using these results, we have
abc(a? + b%> + c?) 3+/3R3.9R? 273
Z sin 4_sin(24) < 22 ) =
32R5 32R5 32
cyc

as desired. Equality holds iff AABC is equilateral.

1589. In any A ABC, the following relationship holds :

3=y et <5

cyc

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

bc 2 2

mgh mg sy m4 Tereshin m
. azz -ab = 2R Z = BRZZ YD)
hyh, ca.ab m,a a?(b? + c2)

cyc ¢ T4RZ cyc cyc

Goldstone
and

2b?% 4+ 2¢% — a? » Bergstrom
=2RZZ ————— = 4R%. CZ"“ RZZ n <
a?(b% + c2?) b b
cyc cyc
4RZ% 4R%s? 9  Leibnitz RZ 2R%2.9 R? ? 3(R)“

— — — —2R?———— < — - =——1%
16R%r2s2 2 Y cyca? r2 2.9R?2 r2

2r

? R ?
& 3t* > 16t — 16 (t = ;) e (t-2) ((t— 2)(3t% + 12t +20) + 32) > 0 - true
4

it > 2 Maha <3 (5)
= . hyh, 2r
. maha m, Tereshm ZR b2 + ¢2 a’\ A-G 1
Ag“m'z hyh, = 2R a? = a? 22( ) = 2 6
cyc cyc cyc cyc
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hbh _3 3s Zhbh - (Zr)

cyc

v AABC," =" iff A ABCi 1s equilateral (QED)

1590. In any A ABC, the following relationship holds :

2hyh,
ooz = 3+9r? th

cyc cyc
Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

thbh ~34+9 z @chaab 9r? z 5
9rZ Lz aRZ.or2 = 3 T g2z 2@

cyc cyc cyc

2.4Rrs.2s 9(s? — 4Rr — 2) 4s? — 27Rr 9(s — 4Rr —r?)
e=———>3+
4RZ,9r2 2s2 9Rr 2s2
Gerretsen

& 8s* — 135Rrs? + 81Rr?(4R +r) > 0 and - 8(s* — 16Rr + 5r2)
-~ in order to prove (*), it suffices to prove : LHS of () > 8(s — 16Rr + 5r2)2

(**

& (121R - 80r)s? > r(1724R? — 1361Rr + 200r?)
Gerretsen

Now,LHS of (xx) >  (121R-— 80r)(16Rr —5r?)

? ?
>r(1724R? — 1361Rr + 200r?) & 53R* — 131Rr + 50r? > 0
? Euler
< (R—2r)(53R—-25r) >0 > true * R > 2r = (xx) = (x) is true

Zhbhc 1 N ] ] )
Z or2 > 3 + 9r? z 0z v AABC,"” =" iff A ABC is equilateral (QED)

a

cyc cyc

1591. In any A ABC, the following relationship holds :

F(4 2) Ehz tA<9F(R)3
a COL5 2r

cyc
Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

th tA_Z b%c?2 s—a
aCty =2 \ar? ¢

cyc cyc

s ((52 + 4Rr + rZ)2 - 16Rrsz) — 4Rrs(s? + 4Rr + r?)
B 4R%r
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. (s* - (12Rr — 2r?)s? + r3 (4R + 1))
hZ cot= =
= Z cot AR’r

- (1)

RS
- via (1), z h? cot < 9F( r)
cyc
s (54 — (12Rr — 2r?)s? + r3(4R + r)) 9rsR3
<
4R%r - 8(r)3
& 9R® — 8R*r — 2r° + 4r%s2(6R—r1) — 2rs* > 0

Gerretsen

Now,LHSof (x) >  9R5 — 8R*r — 2r° + 4r?s?(6R—r)
? ?
—2rs?(4R* + 4Rr +3r%) 2 0 & 2rs?(4R? — 8Rr + 5r?) < 9R® — 8R*r — 2r®

()
Gerretsen

?
Again, LHS of () <  2r(4R%? — 8Rr + 5r?)(4R? + 4Rr + 3r?) <

=4

? R
9R 5—8R4r—2r5@9t5—32t4+32t3—32>0( =;)

Euler

<=>(t—2)(7t3(t—2)+2t4+4t2+8t+16)>0—>true t > 2

R 3

= (xx) = (%) is true - z h? cot— <9F (2 )
cyc r
21 2

) r
Also, via (1), z h; cot— >F (4 - E)
cyc
(s — (12Rr — 2r?)s? + r3(4R + r)) rs(4R — 2r)?
4R?%r R2
& s* — (12Rr — 2r?)s? — r?(64R? — 68Rr + 15r?) 5
(***)
Gerretsen

Now,s* — (12Rr — 2r?)s? (16Rr — 5r%)s? — (12Rr — 2r?)s?

Gerretsen

= (4Rr — 3r?)s? (4Rr — 3r2)(16Rr — 5r?) =r%(64R? — 68Rr + 15r?)

=4

_ , A 2r\?
= (**x) is true .. Z h; coti =F (4 - i) and so,

cyc

R
(4——) thcot—<9F( )VAABC,

cyc

" =""iff A ABC is equilateral (QED)

1592. In AABC the following relationship holds:
a? b? c?
+ +
(b+c)?—-a? (c+a)?—-b?> (a+b)?-

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Daniel Sitaru-Romania

2

a? 3 a 3
Z(b+c)2—a2_Z(b+c+a)(b+c—a)_

cyc cyc

BERGSTROM

B Z a? 3 12 a? &
 Lu2s(2s—2a) 4lus(s—a)
cyc cyc

(a+ b+ c)?

1
2Z's(s—a)+s(s—b)+s(s—c)=

1 4s? B s __ S _4
4 s(s—a+s—b+s—-c) 3s—a-b—c 3s—2s

Equality holds fora = b = c.
1593.
In any A ABC, the following relationship holds :
m3 + m; m{ + m3 .\ m? + mJ __16
mim¢(m, + my) mim¢(my, + m,) m¢mi(m,+m,)  27R*

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

Stys |y (( 4ty 4yt - (Py +xy?))

Vx,y>0

xtyt(x+y) xtyt(x +y)
(% +y2)" = x?y? —ay(x® +y%) (2% +y? +xy)(x? +y? — xy) — xy(x? + y?)
xty* = xty*
a-cxy(x® +y? +xy) —xy(x®2 +y?) 1 x5 +y°
> = > - (1)
Xty x2y2 " xtyr(x+y) © x2y?
y® +2° 1 z° +x° 1
and analogously. y*zt(y + 2) = y?z? > (2)and z4x*(z + x) TP ®
and via x = m,,y = my,z = m., we arrive at :
mj + m;, mp + m3 m? + m} Z 1 Bergstrom
mimg(m, + my) mim¢(m, +m) m¢mi(mc+m,)  Lumimi

cyc

9 9 Goldstone 16 Mitrinovic 16 16

= > _— > =
2.2 - 2g2 - 2g2 2 2
Y cyemimy %chc a’b? 4R%s 4R%s2  R2.27R
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. 5+ mj mg + m$ m? + mj 16
. mamb(ma +mp) mim¢(my, +my) m“m4 d(mc+mg,) — Z 27R4
v AABC,”" =" iff A ABC is equilateral (QED)

1594.
In any A ABC, the following relationship holds :
Ia + 1y HAre | re+ry der
R(Z ) (1) | WrgE +18) - OR?

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

+yS (2 +y?) (3 +y?) - xPyi(x+y)
x3y3(x2 +y2) x3y3 (a2 +y?)
_x+y? x+y >xy(x+y)_ 2x+y) _x+y 2
dy3  xy(x+y?) T 2y ay(x+y)? xPy? xy(x+y)
_(x+y)?-2xy  x?+y? - (x +y)? s x> +y° x+y
x2y?(x+y)  x%yE(x+y) T 2x?yi(x+y)  x3y3(xF +y?) T 2x%y?
y> +z° y+z z5 + x5 Z+x

- (1) and analogously, - (2) and

> >
y3z3(y2 + z2) = 2y?z2 23x3(z2 + x2) = 2222
- (3)andviax=r,y=n1,z= rc, we arrive at :
g+ rp +r1d re+rd Zra+rb
g (r2 + rb) i2rd(r? + rcz) 23 (r2 +12)

1 1
_ § 2 _ § §
= L) ré(rg+ ) = . T, r,Iy, | — 3.,
21'31'131};2 - c \la b 2r2g4 a a'b a'b'c
y

cyc cyc

Euler
and

(4R + r)s? — 3rs? _ 2R —r Mitrinovic  3r

= > -
2ris* r2s2 ~  R% 27R?
rs 5, .5 rS 415 4 4
+r Iy 4T +r 16
b b ¢ a v A ABC,

U (ra + rb) rb r2(rZ+12) rdrg (rc + r‘%) 9R*
="" iff A ABC is equilateral (QED)

1595.
In AABC the following relationships holds :
m, m, m, R? Ty Tp T
a_l_ b c . >1+ a n b n c
r, T, T, A4r m, m, m,

Proposed by Nguyen Van Canh-Vietnam
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

b+c A 2(s—a)+a |[s(s—a)
We havem, > Ccos — = .

=
2 2 2 bc
’a(s —a) a(s—a) m, a(s—a)?
>./2(s —a)a. = = — >———— (and analogs)
4Rr 2Rr Ty FV2Rr &
m, m, m, a(s—a)>+b(s—b)?+c(s—c)?
> S+2+—=>
Te Tp T¢ Fv2Rr
_ 5225 —25.2(s* —r> — 4Rr) + 25(s>* —3r> —6Rr) 4R -—2r
a FV2Rr ~ V2Rr
Now, since m, > h, (and analogs), then we have

rq ry re

Te Tp T Z a 12 s
<224 Sy ——— == -1)=
m, m, m.” h, h, h, cyCZ(s—a) 2 ( )

s—a
cyc

1/4R+7r 2R
- —( - 3) i Y
2 r r
From these results, it suffices to prove that
R
x=_|5=
AR—2r R?* _2R 17 ey e
t-—=2— © 4x ——+x*"24x°* o x> —4x°+4x°—-12=20
2Rr 4r r X

e x-Dxx-1D&*+2x—-1)+1] >0,
which is true by Euler’s inequality

/ R
x = o > 1. Equality holds iff AABC is equilateral.

1596.If a,b,c > 0,n € N then

han(haZ + Wbmc) an(sz + mcha) "lcn("lc2 + hawb) >

an+1 + mcn+1 mcn+1 + han+1 han+1 + an+1

Proposed by Zaza Mzhavanadze-Georgia
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We will first prove that for all x,y, z > 0, the following inequality holds:
a(x? +yz) y*(y®+zx) z"(z%+ xy)
n+1 n+1 n+1 n+1 n+1 n+1 Z X+ y Tz
yrtl +z zntl + x x4+ y
The last inequality can be rewritten as follows
Z <x"(x -Nx-2) ™ (y+2)

yn+1 + Zn+1 yn+1 + Zn+1> =x+ y t+z

cyc
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Notice thatif x > y > z then
xn yn Zn
> >
yn+1 4 znt1l T Zn+l 4 an+l T 4ntl 4 yn+1’
so by the Generalized Schur inequality, we deduce that

X
Zm(x—y)(x—z) > 0.

cyc
So it suffices to prove that

Tl+1(y+z) n+1(y+z)
Zy+1+zn+1—x+y+z@Z<n+1+zn+1 >20

cyc cyc
xy(x"—y") zx(z"—ax") xy(x" —y")  xy(x"—y")
o Z - >0 & Z - >0
yn+1 + gn+1 yn+1 + gnt+1 yn+1 + zn+1 zn+1 + xn+1
cyc cyc

xy(xn _ yn)(xn+1 _ yn+1)
(yn+1 + Zn+1)(zn+1 + xn+1) = 0’
(4

which is true because x™ — y" and x"**1 — y**1 have the same sign.
Taking now x = h,, y =w,, z=m,. We have
h."(h +wym.) wy"(wp? +mch,) m(m2 + how))

>h,+w,+m,

an+1 + mcn+1 mcn+1 + han+1 han+1 + an+1
Wh2hpgme=hg AM-HM
o - 9
> h,+hy,+h, = m=91‘,
h, "Ry, TR,

as desired. Equality holds iff AABC is equilateral.

1597. In any A ABC, the following relationship holds :

A
Z h2 cot— > — Y r? cot—

cyc cyc
Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

th tA_Z b%c?2 s—a
aCty =2 \ar? ¢

cyc cyc
s ((s2 +4Rr + rz)z - 16Rrsz) — 4Rrs(s? + 4Rr + r?)
- 4R%r
s — (12Rr—2r?)s? + r®(4R + r))
= Z h?2 cot— = AR%r - (1)

cyc
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, A r’s? s-a
Also,Zra COtE:Z W'T =sZra

cyc cyc cyc
2r A
= Z r? cot— =s4R+1r-2)~(1),2)= Z h? cot— >— > r? cotE
cyc cyc cyc
s(s4 — (12Rr — 2r?)s? +r3(4R+r)) 2r
>—.s(4R
o ARer 24 s(4R+r)

& s* — (12Rr — 2r?)s? — r?(32R? + 4Rr — 15r?) (2) 0
Now, LHS of (*) Gerrgsen (16Rr — 5r2)s? — (12Rr — 2r?)s?
—r2(32R? + 4Rr — 15r2) = (4Rr — 3r?)s? — r?(32R? + 4Rr — 15r2)
Gerigsen (4Rr —3r?)(16Rr — 5r2) — r2(32R2 + 4Rr — 15r?) > 0
& 4R%? — 9Rr + 2r > 0 & (R-2r)(4R—71) > 0 - true ~ R Elger 2r = (%) is true
z h? cot r2 cot% Vv AABC,” =" iff A ABC is equilateral (QED)

cyc cyc

1598. In any A ABC with p,, py, pc
Spieker cevians, the following relationship holds :
14R —r

pa'l'pb"'pcS 3

Proposed by Mohamed Amine Ben Ajiba
Solution by Soumava Chakraborty-Kolkata-India

A

Let AS produced meet BC at X and m(4BAX) = a and m(5CAX) = B (say)
and inradius of A DEF = r’(say)

Now, 16[DEF]?2 _zz< ><b2> 216 1 Z L Z _16r%s
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a b

rs +o+5 rs r
= DEF| =~ o1 (222 ) =25 r =25 1)
. L. C 2B+C B+m—A
- Spieker center is incenter of A DEF, .. m(5AFS) = B + 3 = > = 2
B nm A-C
=5~ @

m A-B
=573 andm(zﬁAES):C+E—2 >
Via (1), (2) and using cosine law on A AFS and A AES, we arrive at
A—B
2

r? c2 2r c
G

c B C
2L in b
4sin 2sin 2
r2 >
sm

2sin >

) sin

AS? =

- BT
2
4sm2
rZ +f— 2r (E)sin + +—
4 Zsin% 2 2 B 4

= 2AS? o
4sin? %

2r (b) . A-C
—|sin
. b [\2 2
Zsm2

Now, —) sinA B + 2r (E) sinA —¢
Zsin% 2 2 Zsing 2 2
r C. A-B B A-C
=E(4Rcosism 2 +4RcosEsm )

.A+B _ A-B . A+C  A-C
=Rr<Zsm 2 sin 2 + 2sin 2 sin 2 )

= Rr <1 - Zsinzg+ 1-— 2sin2§— 2 (1 — 2sin? %))
<2a(s —b)(s—c)—b(s—c)(s—a)—c(s —a)(s — b))
= 2Rr
abc
(Za + (b + c)a? — 2a(b? + c?) — (b + ¢)(b — ¢)?)
A_ 2a.2bccosA  PC <(25 — a)sin’ % —a (1 — 2sin’ %))

4(b + c)bcsin? > .
B 8s B 2s

. 2 A
bc <(Zs + a)sin® 2~ a) (2s+a)(s—b)(s—c)
_ P — 2Rr

2r (c

~ 8Rrs

- 2s
2r (c) . A-B 2r (b) . A-C
—)sin - — | sin
2sin (2: 2 2 ZSinlz3 2 2
—2s+a)(s—b)(s— c)
= 23 2Rr

ﬁ_

133 RMM-GEOMETRY MARATHON 1501-1600



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
r? r2 r2 ( ca ab )

Again, + =— +
® 4sin2g 4sin2% 4\(s—c)(s—a) (s—a)(s—b)

ab + ca (= r? r2

r =

2
r

(ca(s —b) + ab(s — c)) =
4r?s 4sin? g 4sin? %
b’2+c2+ab+ca (2s+a)(is—b)(s—c)
. 2 _ _
D), (), (%) = 2487 = -

4
_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)

8s
_ b3+ ¢ —abe+a(2b? +2¢% - a?) , ) b3 + ¢ —abc + a(4m3)

= 2AS
4s 4s
q sine | A r _ AS _ cAS
Via sine law on A AFS, - A_B- —C
2sins sina cos—5— (a + b)sins
2 2 2
S esing O F@tb) o iasinel A AES bsing "2 F@t©)
csina = — - — andvia sine alw on ,1 sinf = AS
Now, [BAX] + [BAX] = [ABC] = Epacsina + EpabsinB =rs
via (x++) and (=) p,(a+b+a+c) 4s AS
= = = =
4AS ST PeT 55t a
,viaG)  16s? b3 +c® —abc+ a(4m2)
Pa = (2s +a)?’ 8s
2 (m) 2s

(b3 + ¢ —abc+ a(4m,21))

Pa = m
Now,b? + ¢ — abc + a(4m2) = b® + ¢® + a® — abc + a(2b? + 2¢? — a?) — a®
= Z a® — abc + 2a.2bccos A = 2s(s? — 6Rr — 3r?) — 4Rrs + 16Rrscos A

cyc
= b? + ¢ — abc + a(4m?) o 2s(s? — 8Rr — 3r2 + 8RrcosA)
We have : 1_[(25 + a) = 8s3 + 4s? Z a+ ZSZ ab + 4Rrs

cyc cyc cyc

= 8s% + 452.25 + 2s(s% + 4Rr + r?) + 4Rrs
( )
= 1_[(25 +a) = 2s(9s?+6Rr+r?)and

cyc

Z(Zs +b)(2s+c¢) = 2(452 +2s(2s — a) + bc)

cyc cyc
mEm)

(
=24s% —2s5(2s)+s?+4Rr+r? = Z(Zs +b)(2s +¢) " 2152 + 4Rr + 12

cyc

2 via (mmm)

S
/s —8Rr —3r2 + 8RrcosA =
2s+a

\/s2 — 8Rr — 3r2 + 8RrcosA.(2s + b)(2s + ¢) and analogs

(w),(mm) = p, =
2s
2s(9s2 + 6Rr + r?2)’
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= Pa + Pbv + Pc
Z (\/(s2 — 8Rr — 3r2 + 8RrcosA)(2s + b)(2s + c).\/(Zs +b)(2s + c))
cyc

e 1 \/z(sz — 8Rr — 3r2 +8chosA)(Zs+b)(ZS+c).\/Z(Zs+b)(ZS+C)

1
" 952 4+ 6Rr +r?’

< .
~ 9s2 4+ 6Rr +r?

cyc cyc

(s2 —8Rr — 3r2)(21s2 + 4Rr +r2) +
via (mmmm) 1 > 5
= 9s2 + 6Rr + 12 E!er((Bs2 —2sa + bc) cosA) -\/215 +4Rr+r

cyc

(s2 — 8Rr — 3r2)(21s% + 4Rr + r2)

R+r 2rs b2 + c2 — a?)\ \. 2 2
P LLLN be. \/le +4Rr +r
R 2bc

1
" 9s2 + 6Rr + r2° |+8Rr| 8s2.

cyc

z A 2rs
acosA =—
R

cyc

1 \/ (s2 — 8Rr — 3r%)(21s% + 4Rr +r2)

2 2
9s2 + 6Rr + 2" |+8r(8(R + r)s? — 4rs2 + R(s2 — 4Rr — rz))'\/21S +4Rr+r

= (Pa +Pp +P)* <
(2152 + 4Rr + r2) (21s* — (92Rr + 30r?)s? — r?(64R? + 28Rr + 3r2)) » (14R — r)?
(9s2 + 6Rr + r2)2 = 9
3969s® — (15876R? + 14364Rr + 5562)s*
—rs?(21168R3 + 15912R?*r + 6804Rr? + 855r3)

?
—r?(7056R* + 3648R°r + 1480R?r? + 344Rr? + 28r*) < 0
o)
Now, Rouche = s> — (m —n) > 0 and s> — (m + n) < 0, where
m = 2R? + 10Rr—r? and n = 2(R— 2r).v/R2 — 2Rr
(s2 —(m+ n)) (s2 —(m— n)) <0

.
= s* —s2(2m) + m? — n? < 0 = s* — s?(4R? + 20Rr — 2r?) + r(4R + r)3 (s) 0
~ 3969s%(s* — (4R? + 20Rr — 2r?)s? + r(4R + 1)%) < 0 = in order
to prove (), it suffices to prove : LHS of (¢) <
3969s?(s* — (4R? + 20Rr — 2r?)s? + r(4R + r)3)

(16254R — 3375r)s* — s2(68796R> + 51606R?r + 13608Rr? + 1206r?)

?
—r(1764R* + 912R°r + 370R?r? + 86Rr? + 7r*) < 0 and

(e2)

via (#)
v (16254R — 3375r)(s* — (4R? + 20Rr — 2r?)s? + r4R+1)?) < 0
- in order to prove (¢), it suffices to prove : LHS of (s¢) <
(16254R — 3375r)(s* — (4R? + 20Rr — 2r?)s? + r(4R + 1)?)
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(1890R® — 129987R?r + 56808Rr? — 2772r%)s?

=4

+r(521010R* + 282552R%r + 16709R?r? — 12080Rr> — 1684r*) > 0

1890R3 — 129987R?r + 56808Rr? — 2772r> > 0 and then : LHS of (s++)
>r(521010R* + 282552R3r + 16709R?*r? — 12080Rr? — 1684r*) > 0
= (eee) is true

1890R3 — 129987R?r + 56808Rr? — 2772r3 < 0 and then : LHS of (e++)
- (—(1890R3 — 129987R?r + 56808Rr? — 2772r3)) s?

+r(521010R* + 282552R%r + 16709R?r? — 12080Rr> — 1684r*)

g (—(1890R3 — 129987R’r + 56808Rr? — 2772r3)) (4R? + 4Rr + 3r2)
?

+r(521010R* + 282552R%r + 16709R?*r? — 12080Rr> — 1684r*) > 0
? R
© 3780t> + 1287t* — 8439t> — 85538t + 65924t — 3704 > 0 (t = ;)
?

& (t—2)(3780t* + 11871t + 3713t% + 17782t(t — 2) + 2500) > 0 > true

Eul
vt uzer 2 = (ee¢) is true - combining both cases, (¢¢¢) = (e¢) = (o)
(14R —r)?

is true V AABC = (p, + pp + po)? < 5

14R —r
S PatPpt+Pc< 3 v AABC" =" iff A ABCis equilateral (QED)

1599. In any A ABC, the following relationship holds :
k+1

m
Z - ZEmgforallkEN
m, + m, — m,

cyc cyc

Proposed by Mihaly Bencze, Neculai Stanciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

1 ak+1
We shall : _Z
e sna prove 2 s—a

cyc cyc

ZZak forallk e N

1 a —s+s
Case 1]k = 0 and th :—Z Z
an en 6 s—a 6 s—a 6 s—a

cyc cyc cyc
s 1 (4Rr+r?)\ 2R —rEuler4r—r
—34—. Z ~b)(s-¢ |==(-3+ >
rs (s=b)(s—0) 6< r2 > 3r 3r
cyc

1 a ® 1 akt?
== 21:—2 23=Zakfork=0
6 s—a 2 s—a

cyc cyc

6

akt1 Chebyshev 1 a
[Case 2]k € N* and then : E — E ak E
2 s—a 6 s—a

cyc cyc cyc
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. K K K a b c
~ WLOG assuminga >b > c¢= a® > b* > c*and > =
s—a s—b s-c

ask > 0 sincek € N*
via ()

1 ak+1
> Zak forallk € N* . forallk € N,EZS_aZZak

cyc cyc cyc
ak+1 (**)

= Z btc—a = Z a¥ and implementing (++) on a triangle with sides

cyc cyc

k+1

m,, my, m., we arrive at : z Z mKk
@ b e my, + m, — mg @
cyc cyc

forallk e Nand vV A ABC," =" iff A ABC is equilateral (QED)

1600.

In any acute A ABC, the following relationship holds :

,(1 1 ,(1 1 ,(1 1
hi|l—+— +hb(—2+—2)+hC —+—|=6
m{ mg m; mj; mZ m?

Proposed by Lam Tran-Vietnam

Solution 1 by Soumava Chakraborty-Kolkata-India

B
szczsec - = Zbcsec - —ZZbc ca.sec —secZE

cyc cyc cyc
tan’ [2\ 16R? A
Z bc + 4Rrs. Z — 8Rrs. Z acos?—
2 A A s2 2
cyc cyc 4R cos 2 tan= ) cyc
5 5 ,A _64R°r
=|s“+4Rr+r +rz (1+tan i)ra Za(1+cosA)
cyc cyc

2
2
r S
2 2 3 3
= 4R 4R —( (4R — 3.64R3.
<s + 4Rr + r% + r( +r)+sz<( +r) 16R2>>

64R’r 2rs ,A
(25 + T) ( 1, + 1. = 4R cos 2 and analogs)
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2
A A A B

E 42 _ E 281 E 2 2>
Also, sec > sec > 2 sec 2sec 2

cyc cyc cyc
(s2+(@R+1)?)" _ 16R* 4R+r
- st —Z s2 ° 2R
LA (s2+ @R+ 1)2)" -~ 16R(4R + r)s?
= Z sect = = o - (2)

cyc

A 1 1
Now, = m, < 2R cos? 2 and analogs V acute A ABC, - Z h2 (— + —)
cyc

m?  m?
/ b%c?| 1 A A \
2 § 4 4
= |\4RZ ARZ sec’ - —sec’y /|

cyc cyc

(chc sect %) (Zeyeb?c?) — Xeyc b2 c? sect %

16R*
2 2
via (1) and (2) ((s2 + (4R+1)?)" — 16R(4R + r)sz) ((s2 +4Rr +r1%)" — 16Rrsz)
B 16R*s* ,
(s?(s® + 4Rr + r?) + r(4R + r)s? + r(4R + r)% — 12Rrs?)” — 128R?*r(R + r)s*

B R4s4

_ 32R?s?(—s* + (8R% + 16Rr + 2r?)s* — r(4R + 1)) e

B 16R*s* -

?
& |s* — (5R* + 16Rr + 2r?)s” + 4R +1)° S 0
()
Now, via Wallker and Gerretsen, V acute A ABC,
(s? — 2R% — 8Rr — 3r?)(s? — 4R? — 4Rr — 3r?) < 0 and so,
in order to prove (x), it suffices to prove :
LHS of (») < (s? — 2R? — 8Rr — 3r?)(s? — 4R? — 4Rr — 3r?)

()
& |(R? — 4Rr + 4r%)s? < 8R*— 24R%r + 2R%*r? + 24Rr?® + 8r*

Gerretsen

?
Again, LHS of () < (R? —4Rr+ 4r?)(4R? + 4Rr + 3r%) <
? R
8R* — 24R3r + 2R%r2 + 24Rr3 + 8r* @ 4t* — 123 - t2 +20t—-4 >0 (t = ;)

YT LI I (G I Y S
U \mg  m? P\m2  m? ‘\mZ mi/ ™

v AABC,”' =" iff A ABCis equilateral (QED)

? Euler
& (t-2)%(42 +4t—1)=>0->true~t > 2= (x+) = (x)istrue

Solution 2 by Mohamed Amine Ben Ajiba-Morocco

We will first prove that, for any acute triangle ABC, we have
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- b? + ¢? A
m, < €S
si A s(s—a)_ (b + ¢)? — a? th b
ince cos = e ibe ,then we have
2
b2 + c2 A b% +c?)|(b+c)? —a?| 2(b*+c?)—a?
s ez AN+ -] 206+ )
2 2 8bc 4
2.0 .2 2\(h_ 2
=(b +c2—a?)(b-o) >0,
8bc

which is true for the acute triangle ABC.

b A A
Using this result, and since h, (and analogs) and a = 4R sin > cos ,we have

b2 + ¢? b2 + ¢? h’ + h,, A
cos - csc— (and analogs)
4R sm 2

Therefore
h,, + h Jensen 3
h,* 8 sin? ——4 (1—cosd) > 4(3—-=)=6.
m,? m z 2
cyc ¢ cyc cyc cyc

Equality holds iff AABC is equllateral
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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