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2301. Prove the below closed form 

∫
𝐭𝐚𝐧−𝟏(𝐱𝟐)

𝟏 + 𝐱𝟐

∞

𝟎

𝐝𝐱 +
𝟏

𝟐
∫
𝐭𝐚𝐧−𝟏(𝟒𝐱𝟐)

𝟏 + 𝟒𝐱𝟐

∞

𝟎

𝐝𝐱 +
𝟏

𝟑
∫
𝐭𝐚𝐧−𝟏(𝟗𝐱𝟐)

𝟏 + 𝟗𝐱𝟐

∞

𝟎

𝐝𝐱 +⋯ =
𝛑𝟒

𝟒𝟖
 

Proposed by Ankush Kumar Parcha-India 
Solution by Togrul Ehmedov-Azerbaijan 

𝐈 = ∫
𝐭𝐚𝐧−𝟏(𝐱𝟐)

𝟏 + 𝐱𝟐

∞

𝟎

𝐝𝐱 +
𝟏

𝟐
∫
𝐭𝐚𝐧−𝟏(𝟒𝐱𝟐)

𝟏 + 𝟒𝐱𝟐

∞

𝟎

𝐝𝐱 +
𝟏

𝟑
∫
𝐭𝐚𝐧−𝟏(𝟗𝐱𝟐)

𝟏 + 𝟗𝐱𝟐

∞

𝟎

𝐝𝐱 +⋯

=∑
𝟏

𝐤

∞

𝐤=𝟏

∫
𝐭𝐚𝐧−𝟏(𝐤𝐱)𝟐

𝟏 + (𝐤𝐱)𝟐

∞

𝟎

𝐝𝐱]

𝐤𝐱=𝐲

=∑
𝟏

𝐤𝟐

∞

𝐤=𝟏

∫
𝐭𝐚𝐧−𝟏(𝐲𝟐)

𝟏 + 𝐲𝟐

∞

𝟎

𝐝𝐲 

∫
𝐭𝐚𝐧−𝟏(𝐲𝟐)

𝟏 + 𝐲𝟐

∞

𝟎

𝐝𝐲 = ∫
𝐭𝐚𝐧−𝟏(𝐲𝟐)

𝟏 + 𝐲𝟐

𝟏

𝟎

𝐝𝐲 +∫
𝐭𝐚𝐧−𝟏(𝐲𝟐)

𝟏 + 𝐲𝟐

∞

𝟏

𝐝𝐲

= ∫
𝐭𝐚𝐧−𝟏(𝐲𝟐)

𝟏 + 𝐲𝟐

𝟏

𝟎

𝐝𝐲 + ∫
𝐭𝐚𝐧−𝟏 (

𝟏
𝐲𝟐
)

𝟏 + 𝐲𝟐

𝟏

𝟎

𝐝𝐲 =
𝛑

𝟐
∫

𝐝𝐲

𝟏 + 𝐲𝟐

𝟏

𝟎

=
𝛑𝟐

𝟖
 

𝐈 = ∑
𝟏

𝐤𝟐

∞

𝐤=𝟏

∫
𝐭𝐚𝐧−𝟏(𝐲𝟐)

𝟏 + 𝐲𝟐

∞

𝟎

𝐝𝐲 =
𝛑𝟐

𝟖
∑

𝟏

𝐤𝟐

∞

𝐤=𝟏

=
𝛑𝟐

𝟖
𝛇(𝟐) =

𝛑𝟒

𝟒𝟖
 

2302. Find: 

𝛀 = ∫
𝒙 (𝟑 𝐜𝐨𝐬

𝒙
𝟐
− 𝟐 𝐬𝐢𝐧

𝒙
𝟑
)

𝟏 + (𝐬𝐢𝐧
𝒙
𝟐
+ 𝐜𝐨𝐬

𝒙
𝟑
)
𝟐

𝟏𝟐𝝅

𝟎

𝒅𝒙 

Proposed by Daniel Sitaru – Romania  
Solution by Ravi Prakash-New Delhi-India 

Using ∫ 𝒇(𝒙)
𝒂

𝟎
𝒅𝒙 = ∫ 𝒇(𝒂 − 𝒙)

𝒂

𝟎
𝒅𝒙, 

we get 

𝛀 = ∫
(𝟏𝟐𝝅 − 𝒙) [𝟑 𝐜𝐨𝐬 (𝟔𝝅 −

𝒙
𝟐) + 𝟐 𝐜𝐨𝐬 (𝟒𝝅 −

𝒙
𝟑)
]𝒅𝒙

𝟏 + [𝐬𝐢𝐧 (𝟔𝝅−
𝒙
𝟐) + 𝐬𝐢𝐧 (𝟒𝝅 −

𝒙
𝟑)
]
𝟐

𝟏𝟐𝝅

𝟎

 

= ∫
(𝟏𝟐𝝅 − 𝒙) [𝟑 𝐜𝐨𝐬

𝒙
𝟐
+ 𝟐 𝐜𝐨𝐬

𝒙
𝟑
]

𝟏 + [−𝐬𝐢𝐧
𝒙
𝟐 − 𝐬𝐢𝐧

𝒙
𝟑
]
𝟐

𝟏𝟐𝝅

𝟎

𝒅𝒙 = 𝟏𝟐𝝅𝛀𝟏 = 𝛀 

𝟐𝛀 = 𝟏𝟐𝛑𝛀𝟏, or 𝛀 = 𝟔𝛑𝛀𝟏 
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where 

𝛀𝟏 = ∫
𝟑 𝐜𝐨𝐬 (

𝒙
𝟐) + 𝟐 𝐜𝐨𝐬 (

𝒙
𝟑)

𝟏 + [𝐬𝐢𝐧
𝒙
𝟐 + 𝐬𝐢𝐧

𝒙
𝟑
]
𝟐

𝟏𝟐𝛑

𝟎

𝒅𝒙 = 𝟔∫

𝟏
𝟐 𝐜𝐨𝐬

𝒙
𝟐 +

𝟏
𝟑𝐜𝐨𝐬

𝒙
𝟑

𝟏 + [𝐬𝐢𝐧
𝒙
𝟐 + 𝐬𝐢𝐧

𝒙
𝟑
]
𝟐

𝟏𝟐𝝅

𝟎

𝒅𝒙 

= 𝟔(𝐭𝐚𝐧−𝟏 [𝐬𝐢𝐧
𝒙

𝟐
+ 𝐬𝐢𝐧

𝒙

𝟑
])]

𝟎

𝟏𝟐𝝅

= 𝟔[𝟎] = 𝟎 

Thus, 𝛀 = 𝟎 

2303. Solve for real numbers: 

𝟗𝛀𝟐(𝒙) + 𝟗𝛀(𝒙) + 𝟐 = 𝟎, 𝛀(𝒙) = ∫ √
𝒕

𝟏 + 𝒕𝟑

𝒙

𝟏

𝒅𝒕 

Proposed by Daniel Sitaru – Romania  
Solution 1 by Bedri Hajrizi-Mitrovica-Kosovo 

𝛀(𝒙) = ∫
𝒕
𝟏
𝟐𝒅𝒕

√𝟏 + (𝒕
𝟑
𝟐)
𝟐

𝒙

𝟏

= |
𝒕
𝟑
𝟐 = 𝒖

𝟐

𝟑
𝒕
𝟏
𝟐𝒅𝒕 = 𝒅𝒖

| =
𝟐

𝟑
∫

𝒅𝒖

√𝟏 + 𝟒𝟐

𝒖𝟐

𝒖𝟏

= 

=
𝟐

𝟑
𝐥𝐧 (𝒕

𝟑
𝟐 + √𝟏 + 𝒕𝟑) |𝟏

𝒙 = 

=
𝟐

𝟑
𝐥𝐧 (𝒙

𝟑
𝟐 + √𝟏 + 𝒙𝟑) −

𝟐

𝟑
𝐥𝐧(𝟏 + √𝟐) =

𝟐

𝟑
𝐥𝐧
𝒙
𝟑
𝟐 + √𝟏 + 𝒙𝟑

𝟏 + √𝟐
 

𝛀(𝒙) =
−𝟗 ± √𝟗

𝟏𝟖
=
−𝟗 ± 𝟑

𝟏𝟖
=
−𝟑 ± 𝟏

𝟔
= ⟨
−
𝟐

𝟑
𝟏

𝟑

 

1) 𝐥𝐧
𝒙√𝒙+√𝟏+𝒙𝟑

𝟏+√𝟐
= −𝟏, 𝒙√𝒙 + √𝟏 + 𝒙𝟑⏟          

≥𝟏

=
(𝟏+√𝟐)

𝒆⏟  
<1

 , no solution! 

2) 𝐥𝐧
𝒙√𝒙+√𝟏+𝒙𝟑

𝟏+√𝟐
=
𝟏

𝟐
 

𝒙√𝒙 + √𝟏 + 𝒙𝟑 = (𝟏 + √𝟐)√𝒆 

Let (𝟏 + √𝟐)√𝒆 = 𝒂, √𝟏 + 𝒙𝟑 = 𝒂 − √𝒙𝟑|𝟐 
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𝟏 + 𝒙𝟑 = 𝒂𝟐 − 𝟐𝒂√𝒙𝟑 + 𝒙𝟑 

𝟐𝒂√𝒙𝟑 = 𝒂𝟐 − 𝟏, 𝒙𝟑 =
𝒂𝟐 − 𝟏

𝟐𝒂
, 𝒙 = √

𝒂𝟐 − 𝟏

𝟐𝒂

𝟑

 

Solution 2 by Amin Hajiyev-Azerbaijan 

𝟗𝛀𝟐(𝒙) + 𝟗𝛀(𝒙) + 𝟐 = 𝟎;𝛀(𝒙) = ∫ √
𝒕

𝟏 + 𝒕𝟑

𝒙

𝟏

𝒅𝒕 

(𝛀(𝒙) +
𝟐

𝟑
) (𝛀(𝒙) +

𝟏

𝟑
) = 𝟎 → 𝛀𝟏(𝒙) = −

𝟐

𝟑
    𝛀𝟐(𝒙) = −

𝟏

𝟑
 

𝛀(𝒙) = ∫
√𝒕

√𝟏 + 𝒕𝟑

𝒙

𝟏

𝒅𝒕 ∴ (𝒕𝟑 = 𝒖 
𝒅𝒖

𝒅𝒕
= 𝟑𝒕𝟐 = 𝟑𝒖

𝟐
𝟑) 

𝛀(𝒙) =
𝟏

𝟑
∫

𝟏

√𝒖 + 𝒖𝟐

𝒙𝟑

𝟏

𝒅𝒖 ∴ (√𝒖 = 𝒗 
𝒅𝒗

𝒅𝒖
=
𝟏

𝟐𝒗
  𝒗 ∈ [𝒙√𝒙; 𝟏]) 

𝛀(𝒙) =
𝟏

𝟑
∫

𝟐𝒗

√𝒗𝟐 + 𝒗𝟒

𝒙√𝒙

𝟏

𝒅𝒗 =
𝟐

𝟑
∫

𝟏

√𝟏 + 𝒗𝟐

𝒙√𝒙

𝟏

𝒅𝒗 = 

=
𝟐

𝟑
|
𝟏

𝒙√𝒙

𝐬𝐢𝐧𝐡−𝟏(𝒗) =
𝟐

𝟑
(𝐬𝐢𝐧𝐡−𝟏(𝒙√𝒙) − 𝐬𝐢𝐧𝐡−𝟏(𝟏)) 

{
−
𝟐

𝟑
=
𝟐

𝟑
(𝐬𝐢𝐧𝐡−𝟏(𝒙√𝒙) − 𝐬𝐢𝐧𝐡−𝟏(𝟏))

−
𝟏

𝟑
=
𝟐

𝟑
(𝐬𝐢𝐧𝐡−𝟏(𝒙√𝒙) − 𝐬𝐢𝐧𝐡−𝟏(𝟏))

   {
𝐬𝐢𝐧𝐡−𝟏(𝒙√𝒙) = 𝐬𝐢𝐧𝐡−𝟏(𝟏) − 𝟏

𝐬𝐢𝐧𝐡−𝟏(𝒙√𝒙) = 𝐬𝐢𝐧𝐡−𝟏(𝟏) −
𝟏

𝟐

 

Answer:  𝒙𝟏 = 𝐬𝐢𝐧𝐡
𝟐

𝟑(𝐬𝐢𝐧𝐡−𝟏(𝟏) − 𝟏) , 𝒙𝟐 = 𝐬𝐢𝐧𝐡
𝟐

𝟑 (𝐬𝐢𝐧𝐡−𝟏(𝟏) −
𝟏

𝟐
) 

Solution 3 by Ravi Prakash-New Delhi-India 

𝛀(𝒙) = ∫ √
𝒕

𝟏 + 𝒕𝟑

𝒙

𝟏

𝒅𝒕 = ∫
𝒕
𝟏
𝟐

√𝟏 + (𝒕
𝟑
𝟐)
𝟐

𝒙

𝟏

𝒅𝒕 

Put 𝒕
𝟑

𝟐 = 𝒖 ⇒
𝟑

𝟐
𝒕
𝟏

𝟐𝒅𝒕 = 𝒅𝒖 

∴ 𝛀(𝒙) =
𝟐

𝟑
∫

𝒅𝒖

√𝟏 + 𝒖𝟐

𝒙
𝟑
𝟐

𝟏

=
𝟐

𝟑
𝐥𝐨𝐠 (𝒖 + √𝟏 + 𝒖𝟐)]

𝟏

𝒙
𝟑
𝟐
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=
𝟐

𝟑
[𝐥𝐨𝐠 (𝒙

𝟑

𝟐 + √𝟏 + 𝒙𝟑) − 𝐥𝐨𝐠(𝟏 + √𝟐)]      (1) 

Now, 𝟗𝛀(𝒙)𝟐 + 𝟗𝛀(𝒙) + 𝟐 = 𝟎 ⇒ (𝟑𝛀(𝒙) + 𝟏)(𝟑𝛀(𝒙) + 𝟐) = 𝟎 

⇒ 𝛀(𝒙) = −
𝟏

𝟑
 or 𝛀(𝒙) = −

𝟐

𝟑
        (2) 

𝟐

𝟑
[𝐥𝐨𝐠 (𝒙

𝟑
𝟐 +√𝟏 + 𝒙𝟑) − 𝐥𝐨𝐠(𝟏 + √𝟐)] = −

𝟏

𝟑
,−
𝟐

𝟑
 

[from (1) and (2)] 

⇒ 𝐥𝐨𝐠 (𝒙
𝟑
𝟐 + √𝟏 + 𝒙𝟑) − 𝐥𝐨𝐠(𝟏 + √𝟐) = −

𝟏

𝟐
, −𝟏 

⇒
𝒙
𝟑
𝟐+√𝟏+𝒙𝟑

𝟏+√𝟐
=

𝟏

√𝒆
,
𝟏

𝒆
⇒ √𝟏 + 𝒙𝟑 + 𝒙

𝟑

𝟐 =
(√𝟐+𝟏)

√𝒆
,
√𝟐+𝟏

𝒆
    (3) 

⇒
(𝟏+𝒙𝟑)−𝒙𝟑

√𝟏+𝒙𝟑−𝒙
𝟑
𝟐

=
√𝟐+𝟏

√𝒆
,
√𝟐+𝟏

𝒆
⇒ √𝟏 + 𝒙𝟑 − 𝒙

𝟑

𝟐 =
√𝒆

√𝟐+𝟏
,
𝒆

√𝟐+𝟏
      (4) 

Subtracting (4) from (3) we get 

𝟐𝒙
𝟑
𝟐 =

√𝟐 + 𝟏

√𝒆
−

√𝒆

√𝟐 + 𝟏
,
√𝟐 + 𝟏

𝒆
−

𝒆

√𝟐 + 𝟏
 

⇒ 𝟐𝒙
𝟑
𝟐 =

(√𝟐 + 𝟏)
𝟐
− 𝒆

√𝒆(√𝟐 + 𝟏)
,
(√𝟐 + 𝟏)

𝟐
− 𝒆𝟐

(√𝟐 + 𝟏)𝒆
 

But 
(√𝟐+𝟏)

𝟐
−𝒆𝟐

(√𝟐+𝟏)𝒆
< 0 

𝒙
𝟑
𝟐 =

(√𝟐 + 𝟏)
𝟐
− 𝒆

√𝒆(𝟐√𝟐 + 𝟐)
⇒ 𝒙 = [

(√𝟐 + 𝟏)
𝟐
− 𝒆

√𝒆(𝟐√𝟐+ 𝟐)
]

𝟐
𝟑

 

2304. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

𝐈 = ∫∫(
𝐱 − 𝐲

𝐱 + 𝐲
)

𝟏

𝐥𝐨𝐠 (
𝐱
𝐲
)

𝟏

𝟎

𝐝𝐱

𝟏

𝟎

𝐝𝐲 = 𝐥𝐨𝐠 (
𝛑

𝟐
) 

Proposed by Ankush Kumar Parcha-India 
Solution by Togrul Ehmedov-Azerbaijan 

𝐈 = ∫ ∫ (

𝐱

𝐲
−𝟏

𝐱

𝐲
+𝟏
)

𝟏

𝐥𝐨𝐠(
𝐱

𝐲
)

𝟏

𝟎
𝐝𝐱

𝟏

𝟎
𝐝𝐲 = ∫ 𝐲 ∫ (

𝐳−𝟏

𝐳+𝟏
)

𝟏

𝐥𝐨𝐠(𝐳)

𝟏

𝐲

𝟎
𝐝𝐳

𝟏

𝟎
𝐝𝐲 𝐈𝐁𝐏

=
[
𝐲𝟐

𝟐
∫ (

𝐳−𝟏

𝐳+𝟏
)

𝟏

𝐥𝐨𝐠(𝐳)

𝟏

𝐲

𝟎
𝐝𝐳]

𝐲=𝟎

𝐲=𝟏

−

𝟏

𝟐
∫ (

𝟏−𝐲

𝟏+𝐲
)

𝟏

𝐥𝐨𝐠(𝐲)

𝟏

𝟎
𝐝𝐲 =

𝟏

𝟐
∫ (

𝐳−𝟏

𝐳+𝟏
)

𝟏

𝐥𝐨𝐠(𝐳)

𝟏

𝟎
𝐝𝐳 −

𝟏

𝟐
∫ (

𝟏−𝐲

𝟏+𝐲
)

𝟏

𝐥𝐨𝐠(𝐲)

𝟏

𝟎
𝐝𝐲 = ∫ (

𝐳−𝟏

𝐳+𝟏
)

𝟏

𝐥𝐨𝐠(𝐳)

𝟏

𝟎
𝐝𝐳 =
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∫ ∫
𝐳𝐦

𝟏+𝐳

𝟏

𝟎
𝐝𝐦

𝟏

𝟎
𝐝𝐳 = ∑ (−𝟏)𝐤∞

𝐤=𝟎 ∫ ∫ 𝐳𝐦+𝐤
𝟏

𝟎
𝐝𝐳

𝟏

𝟎
𝐝𝐦 = ∑ (−𝟏)𝐤∞

𝐤=𝟎 (𝐥𝐨𝐠(𝐤 + 𝟐) −

𝐥𝐨𝐠(𝐤 + 𝟏)) = ∑ (−𝟏)𝐤−𝟏∞
𝐤=𝟏 𝐥𝐨𝐠 (

𝐤+𝟏

𝐤
) = 𝟐𝛈′(𝟎) = 𝐥𝐨𝐠 (

𝛑

𝟐
). 𝑵𝒐𝒕𝒆: 𝛈′(𝟎) =

−
𝟏

𝟐
∑ (−𝟏)𝐤−𝟏∞
𝐤=𝟏 𝐥𝐨𝐠 (

𝐤

𝐤+𝟏
) 

 

2305. 𝒇: ℝ → ℝ, 𝒇(𝒇(𝒙)) + 𝒇(𝒙) = −𝒙, ∀𝒙 ∈ ℝ 

Find: 

𝛀 = ∫ 𝒇(𝒇 (𝒇 (
𝟏

𝟐 + 𝐜𝐨𝐬 𝒙
)))

𝝅

𝟎

𝒅𝒙 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Samed Ahmedov-Azerbaijan 

𝒇(𝒇(𝒙)) + 𝒇(𝒙) = −𝒙, 𝒇 (𝒇(𝒇(𝒙))) + 𝒇(𝒇(𝒙)) = −𝒇(𝒙) 

𝒇 (𝒇(𝒇(𝒙))) + 𝒇(𝒇(𝒙)) + 𝒇(𝒙) = 𝟎, 𝒇 (𝒇(𝒇(𝒙))) − 𝒙 = 𝟎 

𝒇 (𝒇 (𝒇(
𝟏

𝟐 + 𝐜𝐨𝐬 𝒙
)))−

𝟏

𝟐 + 𝐜𝐨𝐬 𝒙
=⇒ 𝒇(𝒇(𝒇(𝒙))) =

𝟏

𝟐 + 𝐜𝐨𝐬 𝒙
 

𝛀 = ∫
𝟏

𝟐 + 𝐜𝐨𝐬 𝒙

𝝅

𝟎

𝒅𝒙, 𝐜𝐨𝐬 𝒙 =
𝟏 − 𝐭𝐚𝐧𝟐

𝒙
𝟐

𝟏 + 𝐭𝐚𝐧𝟐
𝒙
𝟐

 

𝛀 = ∫
𝟏

𝟐 +
𝟏 − 𝐭𝐚𝐧𝟐

𝒙
𝟐

𝟏 + 𝐭𝐚𝐧𝟐
𝒙
𝟐

𝝅

𝟎

𝒅𝒙 = ∫
𝟏

𝟐 + 𝟐 𝐭𝐚𝐧𝟐
𝒙
𝟐 + 𝟏 − 𝐭𝐚𝐧

𝟐 𝒙
𝟐

𝟏 + 𝐭𝐚𝐧𝟐
𝒙
𝟐

𝝅

𝟎

𝒅𝒙 = ∫
𝟏 + 𝐭𝐚𝐧𝟐

𝒙
𝟐

𝟑 + 𝐭𝐚𝐧𝟐
𝒙
𝟐

𝝅

𝟎

𝒅𝒙 

𝟏 + 𝐭𝐚𝐧𝟐
𝒙

𝟐
= 𝐬𝐞𝐜𝟐

𝒙

𝟐
⇒ 𝛀 = ∫

𝐬𝐞𝐜𝟐
𝒙
𝟐

𝟑 + 𝐭𝐚𝐧𝟐
𝒙
𝟐

𝝅

𝟎

𝒅𝒙 

𝐭𝐚𝐧
𝒙

𝟐
= 𝒎  𝒙 = 𝟎,𝒎 = 𝟎. 𝒙 = 𝝅𝒎 = +∞𝒅𝒙 =

𝟐𝒅𝒎

𝐬𝐞𝐜𝟐
𝒙
𝟐

 

𝛀 = ∫
𝐬𝐞𝐜𝟐

𝒙
𝟐

𝟑 +𝒎𝟐

+∞

𝟎

⋅
𝟐

𝐬𝐞𝐜𝟐
𝒙
𝟐

𝒅𝒎 = ∫
𝟐

(√𝟑)
𝟐
+𝒎𝟐

+∞

𝟎

𝒅𝒎 

𝛀 = 𝐥𝐢𝐦
𝜼→+∞

∫
𝟐

(√𝟑)
𝟐
+𝒎𝟐

𝜼

𝟎

𝒅𝒎 = 𝐥𝐢𝐦
𝜼→+∞ 

(
𝟐

√𝟑
𝐚𝐫𝐜𝐭𝐚𝐧

𝒎

√𝟑
)|
𝟎

𝜼

= 𝐥𝐢𝐦
𝜼→+∞

(
𝟐

√𝟑
𝐚𝐫𝐜𝐭𝐚𝐧

𝜼

√𝟑
− 𝟎) = 

=
𝝅√𝟑

𝟑
=
𝝅

√𝟑
, 𝛀 =

𝝅

√𝟑
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Solution 2 by Adrian Popa-Romania 

𝒇(𝒇 (𝒇(
𝟏

𝟐 + 𝐜𝐨𝐬 𝒙
))) = −𝒇 (

𝟏

𝟐 + 𝐜𝐨𝐬 𝒙
) − 𝒇 (𝒇(

𝟏

𝟐 + 𝐜𝐨𝐬 𝒙
)) = 

= −𝒇(
𝟏

𝟐 + 𝐜𝐨𝐬 𝒙
) − (−

𝟏

𝟐 + 𝐜𝐨𝐬 𝒙
− 𝒇(

𝟏

𝟐 + 𝐜𝐨𝐬 𝒙
)) =

𝟏

𝟐 + 𝐜𝐨𝐬 𝒙
 

𝛀 = ∫
𝟏

𝟐 + 𝐜𝐨𝐬 𝒙

𝝅

𝟎

𝒅𝒙 = ∫
𝟏

𝟐 +
𝟏 − 𝐭𝐚𝐧𝟐

𝒙
𝟐

𝟏 + 𝐭𝐚𝐧𝟐
𝒙
𝟐

𝝅

𝟎

𝒅𝒙 = ∫
𝟏 + 𝐭𝐚𝐧𝟐

𝒙
𝟐

𝟑 + 𝐭𝐚𝐧𝟐
𝒙
𝟐

𝝅

𝟎

𝒅𝒙 

𝐭𝐚𝐧
𝒙

𝟐
= 𝒕 ⇒

𝟏

𝟐
(𝟏 + 𝐭𝐚𝐧𝟐

𝒙

𝟐
)𝒅𝒙 = 𝒅𝒕 

(𝟏 + 𝐭𝐚𝐧𝟐
𝒙

𝟐
)𝒅𝒙 = 𝟐𝒅𝒕 

𝒙 = 𝟎 ⇒ 𝒕 = 𝟎 
𝒙 = 𝝅 ⇒ 𝒕 → ∞ 

𝛀 = ∫
𝟐𝒅𝒕

𝟑 + 𝒕𝟐

∞

𝟎

= 𝟐 ⋅
𝟏

√𝟑
𝐚𝐫𝐜𝐭𝐚𝐧

𝒕

√𝟑
|
𝟎

∞

=
𝟐

√𝟑
⋅
𝝅

𝟐
=
𝝅

√𝟑
 

Solution 3 by Ankush Kumar Parcha-India 
We have, 𝒇: ℝ → ℝ, (𝒇 ∘ 𝒇)𝒙 + 𝒇(𝒙) = 𝒙, ∀𝒙 ∈ ℝ 

⟹
𝒙→𝒇(𝒙)

(𝒇 ∘ 𝒇 ∘ 𝒇)𝒙 + (𝒇 ∘ 𝒇)𝒙 = −𝒇(𝒙) ⟹
𝒂𝒃𝒐𝒗𝒆

𝑭𝒓𝒐𝒎
(𝒇 ∘ 𝒇 ∘ 𝒇)(𝒙) = 𝒙      (1) 

⟹
(𝟏)

𝑬𝒒𝒖𝒂𝒕𝒊𝒐𝒏

∫ (𝒇 ∘ 𝒇 ∘ 𝒇)
𝝅

𝟎

(
𝟏

𝟐 + 𝐜𝐨𝐬 𝒙
)𝒅𝒙 = ∫

𝒅𝒙

𝟐 + 𝐜𝐨𝐬(𝒙)

𝝅

𝟎

 

⟹
𝒙→𝝅−𝒙

∫
𝒅𝒙

𝟐 + 𝐜𝐨𝐬(𝝅 − 𝒙)

𝝅

𝟎

= ∫
𝒅𝒙

𝟐 − 𝐜𝐨𝐬(𝒙)

𝝅

𝟎

 

⇒ 𝟐∫
𝒅𝒙

𝟒 − 𝐜𝐨𝐬𝟐(𝒙)

𝝅

𝟎

= 𝟐∫
𝒅𝒙

𝟒 − 𝐜𝐨𝐬𝟐(𝒙)

𝝅
𝟐

𝟎

+ 𝟐∫
𝒅𝒙

𝟒 − 𝐜𝐨𝐬𝟐(𝒙)

𝝅

𝝅
𝟐⏟          

𝒙→
𝝅
𝟐
+𝒙

 

⟹
∵𝐜𝐨𝐬(𝒙+

𝝅
𝟐
)=−𝐬𝐢𝐧(𝒙)

𝟐∫
𝒅𝒙

𝟒 − 𝐜𝐨𝐬𝟐(𝒙)

𝝅
𝟐

𝟎

+ 𝟐∫
𝒅𝒙

𝟒 − 𝐬𝐢𝐧𝟐(𝒙)

𝝅
𝟐

𝟎

 

⟹
∵𝐭𝐚𝐧𝟐(𝒙)+𝟏=𝐬𝐞𝐜𝟐(𝒙)

𝟐∫
𝐬𝐞𝐜𝟐(𝒙)

𝟒 𝐭𝐚𝐧𝟐(𝒙) + 𝟑

𝝅
𝟐

𝟎

𝒅𝒙 + 𝟐∫
𝐬𝐞𝐜𝟐(𝒙)

𝟑 𝐭𝐚𝐧𝟐(𝒙) + 𝟒

𝝅
𝟐

𝟎

𝒅𝒙 

⟹
𝐭𝐚𝐧(𝒙)→𝒙

𝟐∫
𝒅𝒙

𝟒𝒙𝟐 + 𝟑

∞

𝟎

+ 𝟐∫
𝒅𝒙

𝟑𝒙𝟐 + 𝟒

∞

𝟎

=

(

 
 
𝐭𝐚𝐧−𝟏 (

𝟐𝒙

√𝟑
) + 𝐭𝐚𝐧−𝟏 (

𝒙√𝟑
𝟐 )

√𝟑

)

 
 

𝟎

∞

 

=
𝝅

𝟐√𝟑
+
𝝅

𝟐√𝟑
⇒ ∫ (𝒇 ∘ 𝒇 ∘ 𝒇)

𝝅

𝟎

(
𝟏

𝟐 + 𝐜𝐨𝐬 𝒙
)𝒅𝒙 =

𝝅

√𝟑
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Solution 4 by Ravi Prakash-New Delhi-India 

𝒇(𝒇(𝒙)) + 𝒇(𝒙) = −𝒙        (1) 

⇒ 𝒇(𝒇(𝒇(𝒙))) + 𝒇(𝒇(𝒙)) = −𝒇(𝒙) ⇒ 𝒇 (𝒇(𝒇(𝒙))) + 𝒇(𝒇(𝒙)) + 𝒇(𝒙) = 𝟎 

⇒ 𝒇(𝒇(𝒇(𝒙))) − 𝒙 = 𝟎    [using (1)]⇒ 𝒇(𝒇(𝒇(𝒙))) = 𝒙 

∴ 𝛀 = ∫
𝒅𝒙

𝟐 + 𝐜𝐨𝐬 𝒙

∞

𝟎

= ∫
𝒅𝒙

𝟏 + 𝟐 𝐜𝐨𝐬𝟐 (
𝒙
𝟐)

𝝅

𝟎

= ∫
𝐬𝐞𝐜𝟐 (

𝒙
𝟐)𝒅𝒙

𝐭𝐚𝐧𝟐 (
𝒙
𝟐) + 𝟑

𝝅

𝟎

 

=
𝟐

√𝟑
𝐭𝐚𝐧−𝟏 (

𝟏

√𝟑
𝐭𝐚𝐧

𝒙

𝟐
)]
𝟎

𝝅

= (
𝟐

√𝟑
) (
𝝅

𝟐
) =

𝝅

√𝟑
 

2306. Prove that 

∫∫
𝐥𝐨𝐠𝟐(𝐱) 𝐥𝐨𝐠𝟐(𝟏 + 𝐲𝟐)

𝐲(𝟏 + 𝐱𝟐)

∞

𝟎

𝐝𝐱

𝟏

𝟎

𝐝𝐲 =
𝛑𝟑

𝟔𝟒
𝛇(𝟑) 

Proposed by Shirvan Tahirov-Azerbaijan 
Solution by Togrul Ehmedov-Azerbaijan 
 

𝐈 = ∫∫
𝐥𝐨𝐠𝟐(𝐱) 𝐥𝐨𝐠𝟐(𝟏 + 𝐲𝟐)

𝐲(𝟏 + 𝐱𝟐)

∞

𝟎

𝐝𝐱

𝟏

𝟎

𝐝𝐲 = ∫
𝐥𝐨𝐠𝟐(𝐱)

𝟏 + 𝐱𝟐

∞

𝟎

𝐝𝐱∫
𝐥𝐨𝐠𝟐(𝟏 + 𝐲𝟐)

𝐲

𝟏

𝟎

𝐝𝐲 

𝐈𝟏 = ∫
𝐥𝐨𝐠𝟐(𝐱)

𝟏 + 𝐱𝟐

∞

𝟎

𝐝𝐱 = ∫
𝐥𝐨𝐠𝟐(𝐱)

𝟏 + 𝐱𝟐

𝟏

𝟎

𝐝𝐱 + ∫
𝐥𝐨𝐠𝟐(𝐱)

𝟏 + 𝐱𝟐

∞

𝟏

𝐝𝐱 = 𝟐∫
𝐥𝐨𝐠𝟐(𝐱)

𝟏 + 𝐱𝟐

𝟏

𝟎

𝐝𝐱

= 𝟐∑(−𝟏)𝐤∫𝐱𝟐𝐤 𝐥𝐨𝐠𝟐(𝐱)

𝟏

𝟎

𝐝𝐱

∞

𝐤=𝟎

= 𝟒∑
(−𝟏)𝐤

(𝟏 + 𝟐𝐤)𝟑

∞

𝐤=𝟎

=
𝛑𝟑

𝟖
 

𝐈𝟐 = ∫
𝐥𝐨𝐠𝟐(𝟏 + 𝐲𝟐)

𝐲

𝟏

𝟎

𝐝𝐲]

𝐲𝟐=𝐳

=
𝟏

𝟐
∫
𝐥𝐨𝐠𝟐(𝟏 + 𝐳)

𝐳

𝟏

𝟎

𝐝𝐳
𝐈𝐁𝐏

=
−∫

𝐥𝐨𝐠(𝐱) 𝐥𝐨𝐠(𝟏 + 𝐱)

𝟏 + 𝐱

𝟏

𝟎

𝐝𝐱

=
𝟏

𝟖
𝛇(𝟑) 

𝐈 = 𝐈𝟏𝐈𝟐 =
𝛑𝟑

𝟔𝟒
𝛇(𝟑) 

𝐍𝐎𝐓𝐄: 

∫
𝐥𝐨𝐠(𝐱) 𝐥𝐨𝐠(𝟏 + 𝐱)

𝟏 + 𝐱

𝟏

𝟎

𝐝𝐱 = −
𝟏

𝟖
𝛇(𝟑) 𝐚𝐧𝐝 ∑

(−𝟏)𝐤

(𝟏 + 𝟐𝐤)𝟑

∞

𝐤=𝟎

=
𝛑𝟑

𝟑𝟐
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2307. Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

𝟏

√𝒏
∫ √∑𝐜𝐨𝐬𝟐(𝒌𝒙)

𝒏

𝒌=𝟏

𝟐𝝅

𝟎

𝒅𝒙 

Proposed by Daniel Sitaru – Romania  
Solution 1 by Ahmed Salem-Tunisia 

∑𝐜𝐨𝐬𝟐 𝒌𝒙

𝒏

𝒌=𝟏

=
𝟏

𝟐
(∑[𝟐𝐜𝐨𝐬𝟐(𝒌𝒙) − 𝟏 + 𝟏]

𝒏

𝒌=𝟏

) =
𝒏

𝟐
+∑𝐜𝐨𝐬(𝟐𝒌𝒙)

𝒏

𝒌=𝟏

= 

=
𝒏

𝟐
(𝟏 +

𝟐

𝒏
∑𝐜𝐨𝐬(𝟐𝒌𝒙)

𝒏

𝒌=𝟏

) 

For 𝜶 ≥ 𝟎, 𝟏 +
𝟏

𝟐
𝜶 −

𝟏

𝟖
𝜶𝟐 ≤ √𝟏 + 𝜶 ≤ 𝟏 +

𝟏

𝟐
𝜶 

𝐥𝐢𝐦
𝒏→∞

𝟏

√𝟐
∫ [𝟏 +

𝟏

𝒏
∑𝐜𝐨𝐬(𝟐𝒌𝒙)

𝒏

𝒌=𝟏

−
𝟏

𝟐𝒏𝟐
(∑𝐜𝐨𝐬𝟐(𝟐𝒌𝒙)

𝒏

𝒌=𝟏

)]
𝟐𝝅

𝟎

𝒅𝒙 ≤ 𝛀 ≤ 

≤ 𝐥𝐢𝐦
𝒏→∞

𝟏

√𝟐
∫ (𝟏+

𝟏

𝒏
)

𝟐𝝅

𝟎

∑𝐜𝐨𝐬(𝟐𝒌𝒙)

𝒏

𝒌=𝟏

𝒅𝒙 

∫ 𝐜𝐨𝐬(𝟐𝒌𝒙)
𝟐𝝅

𝟎

𝒅𝒙 = 𝟎 ∀𝒌 ∈ ℤ≥𝟏 

∫ 𝐜𝐨𝐬(𝟐𝒌𝒙)
𝟐𝝅

𝟎

𝐜𝐨𝐬(𝟐𝒎𝒙)𝒅𝒙 = {
𝝅    𝒊𝒇 𝒌 = 𝒎
𝟎   𝒊𝒇 𝒌 ≠ 𝒎

 

√𝟐𝝅 −
𝟏

𝟐√𝟐
𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏𝟐
𝒏𝝅 ≤ 𝛀 ≤ √𝟐𝝅 ⇒ 𝛀 = √𝟐𝝅 

Solution 2 by Samir HajAli-Syria 

∑𝐜𝐨𝐬𝟐(𝒌𝒙)

𝒏

𝒌=𝟏

= ∑
𝟏+ 𝐜𝐨𝐬(𝒌(𝟐𝒙))

𝟐

𝒏

𝒌=𝟏

= 

∑
𝟏

𝟐

𝒏

𝒌=𝟏

+
𝟏

𝟐
∑𝐜𝐨𝐬(𝒌(𝟐𝒙))

𝒏

𝒌=𝟏

=
𝟏

𝟐
𝒏 +

𝟏

𝟐
⋅
𝐬𝐢𝐧 (

𝒏
𝟐 𝟐𝒙) ⋅ 𝐜𝐨𝐬 (

𝒏 + 𝟏
𝟐 𝟐𝒙)

𝐬𝐢𝐧 (
𝟐𝒙
𝟐 )

= 

𝟏

𝟐
𝒏 +

𝟏

𝟐
⋅
𝐬𝐢𝐧(𝒏𝒙) ⋅ 𝐜𝐨𝐬(𝒏𝒙 + 𝒌)

𝐬𝐢𝐧 𝒙
=
𝟏

𝟐
𝒏 +

𝟏

𝟐𝐬𝐢𝐧𝒙
×
𝟏

𝟐
[𝐬𝐢𝐧(𝟐𝒏𝒙 + 𝒙) + 𝐬𝐢𝐧(−𝒙)] = 
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𝟏

𝟐
𝒏 +

𝟏

𝟒 𝐬𝐢𝐧𝒙
[𝐬𝐢𝐧((𝟐𝒏 + 𝟏)𝒙) − 𝐬𝐢𝐧𝒙] 

⇒
∑ 𝐜𝐨𝐬𝟐(𝒌𝒙)𝒏
𝒌=𝟏

𝒏
=
𝟏

𝟐
+

𝟏

𝟒 𝐬𝐢𝐧𝒙
[
𝐬𝐢𝐧((𝟐𝒏 + 𝟏)𝒙)

𝒏
−
𝐬𝐢𝐧𝒙

𝒏
] 

Let put: 𝒇(𝒏, 𝒙) ≔
∑ 𝐜𝐨𝐬𝟐(𝒌𝒙)𝒏
𝒌=𝟏

𝒏
 

Then: 

𝛀 = 𝐥𝐢𝐦
𝒏→+∞

𝟏

√𝒏
∫ √∑𝐜𝐨𝐬𝟐(𝒌𝒙)

𝒏

𝒌=𝟏

𝟐𝝅

𝟎

 

𝐥𝐢𝐦
𝒏→+∞

∫ √
∑ 𝐜𝐨𝐬𝟐(𝒌𝒙)𝒏
𝒌=𝟏

𝒏

𝟐𝝅

𝟎

= ∫ √ 𝐥𝐢𝐦
𝒏→+∞

𝒇(𝒏, 𝒙)
𝟐𝝅

𝟎

𝒅𝒙 = ∫ √
𝟏

𝟐

𝟐𝝅

𝟎

𝒅𝒙 =
𝟐𝝅

√𝟐
= 𝝅√𝟐 

where: 𝐥𝐢𝐦
𝒏→+∞

𝐬𝐢𝐧 𝒙

𝒏
= 𝟎 and 

𝐥𝐢𝐦
𝒏→+∞

−
𝟏

𝒏
≤ 𝐥𝐢𝐦

𝐬𝐢𝐧((𝟐𝒏 + 𝟏)𝒙)

𝒏
≤ 𝐥𝐢𝐦
𝒏→+∞

𝟏

𝒏
⇒ 𝐥𝐢𝐦

𝒏→+∞

𝐬𝐢𝐧((𝟐𝒏 + 𝟏)𝒙)

𝒏
= 𝟎 

So, 𝐥𝐢𝐦
𝒏→+∞

𝒇(𝒏, 𝒙) =
𝟏

𝟐
+

𝟏

𝟒 𝐬𝐢𝐧𝒙
(𝟎 − 𝟎) =

𝟏

𝟐
 

Solution 3 by Khaled Abd Imouti-Syria 

∑𝐜𝐨𝐬𝟐(𝒌𝒙)

𝒏

𝒌=𝟎

=
𝟏

𝟒
(𝟑+ 𝟐𝒏 +

𝐬𝐢𝐧𝒙 (𝟏 + 𝟐𝒏)

𝐬𝐢𝐧𝒙
) 

∑ 𝐜𝐨𝐬𝟐(𝒌𝒙)𝒏
𝒌=𝟎

𝒏
=

𝟑
𝟒 +

𝟏
𝟐𝒏 +

𝟏
𝟒
𝐬𝐢𝐧(𝒙(𝟏 + 𝟐𝒏))

𝐬𝐢𝐧 𝒙
𝒏

 

𝟏 + ∑ 𝐜𝐨𝐬𝟐(𝒌𝒙)𝒏
𝒌=𝟏

𝒏
=
𝟑

𝟒𝒏
+
𝟏

𝟐
+
𝟏

𝟒𝒏
⋅
𝐬𝐢𝐧(𝒙(𝟏 + 𝟐𝒏))

𝐬𝐢𝐧 𝒙
 

∑ 𝐜𝐨𝐬𝟐(𝒌𝒙)𝒏
𝒌=𝟏

𝒏
= −

𝟏

𝟒𝒏
+
𝟏

𝟐
+
𝟏

𝟒𝒏
⋅
𝐬𝐢𝐧(𝒙(𝟏 + 𝟐𝒏))

𝐬𝐢𝐧 𝒙
 

𝐥𝐢𝐦
𝒏→+∞

(
∑ 𝐜𝐨𝐬𝟐(𝒌𝒙)𝒏
𝒌=𝟏

𝒏
) =

𝟏

𝟐
, 𝛀 = ∫

𝟏

√𝟐

𝟐𝝅

𝟎

𝒅𝒙 =
𝟏

√𝟐
⋅ 𝟐𝝅 = √𝟐𝝅 

Solution 4 by Amin Hajiyev-Azerbaijan 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

𝟏

√𝒏
∫ √∑𝐜𝐨𝐬𝟐(𝒌𝒙)

𝒏

𝒌=𝟏

𝟐𝝅

𝟎

= 𝐥𝐢𝐦
𝒏→∞

𝟏

√𝒏
∫ 𝒇𝒏

𝟏
𝟐

𝟐𝝅

𝟎

(𝒙) 𝒅𝒙 

𝒇𝒏(𝒙) = ∑𝐜𝐨𝐬𝟐(𝒌𝒙)

𝒏

𝒌=𝟏

=
𝟏

𝟐
∑(𝟏+ 𝐜𝐨𝐬(𝟐𝒌𝒙))

𝒏

𝒌=𝟏

=
𝒏

𝟐
+
𝟏

𝟐
𝓡∑𝒆𝟐𝒊𝒌𝒙

𝒏

𝒌=𝟏

= 

=
𝒏

𝟐
+
𝟏

𝟐
𝓡{
𝒆𝟐𝒊𝒙(𝒆𝟐𝒊𝒏𝒙 − 𝟏)

𝒆𝟐𝒊𝒙 − 𝟏
} =

𝒏

𝟐
+
𝟏

𝟐
𝓡{
𝒆𝟐𝒊𝒙 × 𝒆𝒊𝒌𝒙(𝒆𝒊𝒏𝒙 − 𝒆−𝒊𝒏𝒙)

𝒆𝒊𝒙(𝒆𝒊𝒙 − 𝒆−𝒊𝒙)
} = 
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=
𝒏

𝟐
+
𝟏

𝟐
𝓡{𝒆𝒊𝒙(𝒏+𝟏)

𝐬𝐢𝐧(𝒏𝒙)

𝐬𝐢𝐧(𝒙)
} =

𝒏

𝟐
+
𝟏

𝟐
𝓡{(𝐜𝐨𝐬(𝒙(𝒏 + 𝟏)) + 𝒊 𝐬𝐢𝐧(𝒙(𝒏 + 𝟏)))

𝐬𝐢𝐧(𝒏𝒙)

𝐬𝐢𝐧(𝒙)
} = 

=
𝒏

𝟐
+
𝟏

𝟐
𝐜𝐨𝐬(𝒙(𝒏 + 𝟏))

𝐬𝐢𝐧(𝒏𝒙)

𝐬𝐢𝐧(𝒙)
=
𝒏

𝟐
+
𝐜𝐨𝐬(𝒙𝒏) 𝐬𝐢𝐧(𝒙𝒏) 𝐜𝐨𝐬(𝒙)

𝟐 𝐬𝐢𝐧(𝒙)
−
𝐬𝐢𝐧𝟐(𝒙𝒏)

𝟐
 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

∫ √
𝒇𝒏(𝒙)

𝒏

𝟐𝝅

𝟎

𝒅𝒙 = 𝐥𝐢𝐦
𝒏→∞

∫ √
𝟏

𝟐
+
𝐬𝐢𝐧(𝟐𝒏𝒙)

𝟒𝒏
𝐭𝐚𝐧(𝒙) −

𝐬𝐢𝐧𝟐(𝒏𝒙)

𝟐𝒏

𝟐𝝅

𝟎

𝒅𝒙 = 

= ∫ √𝐥𝐢𝐦
𝒏→∞

(
𝟏

𝟐
) +

𝟏

𝟒
𝐥𝐢𝐦
𝒏→∞

𝐬𝐢𝐧(𝟐𝒏𝒙)

𝒏
𝐜𝐨𝐭(𝒙) −

𝟏

𝟐
𝐥𝐢𝐦
𝒏→∞

𝐬𝐢𝐧𝟐(𝒏𝒙)

𝒏
𝒅𝒙

𝟐𝝅

𝟎

; 

𝟎 < 𝑥 < 2𝝅 {𝒏 =
𝟏

𝒕
; 𝒕 → 𝟎} 

𝛀 = ∫ √
𝟏

𝟐
+
𝟏

𝟒
𝐥𝐢𝐦
𝒕→𝟎

𝒕 𝐬𝐢𝐧 (
𝟐𝒙

𝒕
) 𝐜𝐨𝐭(𝒙) −

𝟏

𝟐
𝐥𝐢𝐦
𝒕→𝟎
𝒕 𝐬𝐢𝐧𝟐 (

𝒙

𝒕
)

𝟐𝝅

𝟎

𝒅𝒙 = ∫ √
𝟏

𝟐

𝟐𝝅

𝟎

𝒅𝒙 = 𝝅√𝟐 

Answer: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

𝟏

√𝒏
∫ √∑𝐜𝐨𝐬𝟐(𝒌𝒙)

𝒏

𝒌=𝟏

𝟐𝝅

𝟎

𝒅𝒙 = 𝝅√𝟐 

Solution 5 by Adrian Popa-Romania 

∑𝐜𝐨𝐬𝟐 𝒌𝒙

𝒏

𝒌=𝟏

=∑
𝟏+ 𝐜𝐨𝐬𝟐𝒌𝒙

𝟐

𝒏

𝒌=𝟏

= ∑
𝟏

𝟐

𝒏

𝒌=𝟏

+∑
𝐜𝐨𝐬𝟐𝒌𝒙

𝟐

𝒏

𝒌=𝟏

= 

=
𝒏

𝟐
+
𝟏

𝟐
⋅
𝐬𝐢𝐧𝒏𝒙 ⋅ 𝐜𝐨𝐬(𝒏 + 𝟏) 𝒙

𝐬𝐢𝐧 𝒙
 

𝐥𝐢𝐦
𝒏→∞

𝟏

√𝒏
∫ √∑𝐜𝐨𝐬𝟐(𝒌𝒙)

𝒏

𝒌=𝟏

𝟐𝝅

𝟎

𝒅𝒙 = 𝐥𝐢𝐦
𝒏→∞

∫ √
𝒏

𝟐𝒏
+
𝟏

𝟐
⋅
𝐬𝐢𝐧𝒏𝒙 ⋅ 𝐜𝐨𝐬(𝒏 + 𝟏)𝒙

𝒏 𝐬𝐢𝐧𝒙

𝟐𝝅

𝟎

𝒅𝒙 

= 𝐥𝐢𝐦
𝒏→∞

∫ √
𝟏

𝟐
(𝟏+

𝐬𝐢𝐧𝒏𝒙 ⋅ 𝐜𝐨𝐬(𝒏 + 𝟏)𝒙

𝒏 𝐬𝐢𝐧𝒙
)

𝟐𝝅

𝟎

= 𝐥𝐢𝐦
𝒏→∞

∫ √
𝟏

𝟐
(𝟏+

𝐬𝐢𝐧(𝟐𝒏 + 𝟏)𝒙 − 𝐬𝐢𝐧 𝒙

𝟐𝒏𝐬𝐢𝐧 𝒙
)

𝟐𝝅

𝟎

𝒅𝒙 

=
𝟏

√𝟐
𝐥𝐢𝐦
𝒏→∞

∫ √𝟏 +
𝐬𝐢𝐧(𝟐𝒏 + 𝟏)𝒙

𝒏 𝐬𝐢𝐧𝒙⏟        
→𝟎

−
𝟏

𝟐𝒏⏟
→𝟎

𝟐𝝅

𝟎

𝒅𝒙 =
𝟏

√𝟐
∫ 𝒅𝒙
𝟐𝝅

𝟎

=
𝟐𝝅

√𝟐
= √𝟐𝝅 
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2308. 𝐈𝐟 𝐈 = ∫ ∫ ∫ ∑ 𝐥𝐨𝐠(𝐱)𝐱,𝐲,𝐳 𝐭𝐚𝐧−𝟏(𝐱𝐲𝐳)
𝟏

𝟎
𝐝𝐱

𝟏

𝟎
𝐝𝐲

𝟏

𝟎
𝐝𝐳 𝐭hen, show that: 

 

𝐈 =
𝟗

𝟑𝟐
𝛇(𝟑) +

𝟕𝛑𝟒

𝟑𝟖𝟒𝟎
+
𝛑𝟐

𝟏𝟔
−
𝟑𝛑

𝟒
+
𝟑

𝟐
𝐥𝐨𝐠(𝟐) 

where, 𝛇(𝟑) is an Apery’s constant. 
Proposed by Ankush Kumar Parcha-India 

Solution 1 by Togrul Ehmedov-Azerbaijan 

𝐈 = ∫∫∫∑ 𝐥𝐨𝐠(𝐱)

𝐱,𝐲,𝐳

𝐭𝐚𝐧−𝟏(𝐱𝐲𝐳)

𝟏

𝟎

𝐝𝐱

𝟏

𝟎

𝐝𝐲

𝟏

𝟎

𝐝𝐳 = ∫∫∫ 𝐥𝐨𝐠(𝐱𝐲𝐳) 𝐭𝐚𝐧−𝟏(𝐱𝐲𝐳)

𝟏

𝟎

𝐝𝐱

𝟏

𝟎

𝐝𝐲

𝟏

𝟎

𝐝𝐳

= ∫
𝟏

𝐱
∫
𝟏

𝐲
∫ 𝐥𝐨𝐠(𝐦) 𝐭𝐚𝐧−𝟏(𝐦)

𝐱𝐲

𝟎

𝐝𝐦

𝟏

𝟎

𝐝𝐲

𝟏

𝟎

𝐝𝐱
𝐈𝐁𝐏

=

−∫ 𝐥𝐨𝐠(𝐲)∫ 𝐥𝐨𝐠(𝐱𝐲) 𝐭𝐚𝐧−𝟏(𝐱𝐲)

𝟏

𝟎

𝐝𝐱

𝟏

𝟎

𝐝𝐲

= −∫
𝐥𝐨𝐠(𝐲)

𝐲
∫ 𝐥𝐨𝐠(𝐩) 𝐭𝐚𝐧−𝟏(𝐩)

𝐲

𝟎

𝐝𝐩

𝟏

𝟎

𝐝𝐲
𝐈𝐁𝐏

=

𝟏

𝟐
∫ 𝐥𝐨𝐠𝟑(𝐲) 𝐭𝐚𝐧−𝟏(𝐲)

𝟏

𝟎

𝐝𝐲
𝐈𝐁𝐏

=
−
𝟑𝛑

𝟒

−
𝟏

𝟐
{∫
𝐲𝐥𝐨𝐠𝟑(𝐲)

𝟏 + 𝐲𝟐

𝟏

𝟎

𝐝𝐲 − 𝟑∫
𝐲𝐥𝐨𝐠𝟐(𝐲)

𝟏 + 𝐲𝟐

𝟏

𝟎

𝐝𝐲 + 𝟔∫
𝐲𝐥𝐨𝐠(𝐲)

𝟏 + 𝐲𝟐

𝟏

𝟎

𝐝𝐲 − 𝟔∫
𝐲

𝟏 + 𝐲𝟐

𝟏

𝟎

𝐝𝐲}

= −
𝟑𝛑

𝟒
−
𝟏

𝟐
{
𝟏

𝟏𝟔
∫
𝐥𝐨𝐠𝟑(𝐟)

𝟏 + 𝐟

𝟏

𝟎

𝐝𝐟 −
𝟑

𝟖
∫
𝐥𝐨𝐠𝟐(𝐟)

𝟏 + 𝐟

𝟏

𝟎

𝐝𝐟 +
𝟑

𝟐
∫
𝐟𝐥𝐨𝐠(𝐟)

𝟏 + 𝐟

𝟏

𝟎

𝐝𝐟 − 𝟑 𝐥𝐨𝐠(𝟐)}

= −
𝟑𝛑

𝟒

−
𝟏

𝟐
{
𝟏

𝟏𝟔
∑(−𝟏)𝐤
∞

𝐤=𝟎

∫𝐟𝐤 𝐥𝐨𝐠𝟑(𝐟)

𝟏

𝟎

𝐝𝐟 −
𝟑

𝟖
∑(−𝟏)𝐤
∞

𝐤=𝟎

∫𝐟𝐤 𝐥𝐨𝐠𝟐(𝐟)

𝟏

𝟎

𝐝𝐟

+
𝟑

𝟐
∑(−𝟏)𝐤
∞

𝐤=𝟎

∫𝐟𝐤 𝐥𝐨𝐠(𝐟)

𝟏

𝟎

𝐝𝐟 − 𝟑 𝐥𝐨𝐠(𝟐)}

= −
𝟑𝛑

𝟒
−
𝟏

𝟐
{−
𝟑

𝟖
∑

(−𝟏)𝐤

(𝐤 + 𝟏)𝟒

∞

𝐤=𝟎

−
𝟑

𝟒
∑

(−𝟏)𝐤

(𝐤 + 𝟏)𝟑

∞

𝐤=𝟎

−
𝟑

𝟐
∑

(−𝟏)𝐤

(𝐤 + 𝟏)𝟐

∞

𝐤=𝟎

− 𝟑 𝐥𝐨𝐠(𝟐)}

= −
𝟑𝛑

𝟒
−
𝟏

𝟐
{−
𝟑

𝟖
𝛈(𝟒) −

𝟑

𝟒
𝛈(𝟑) −

𝟑

𝟐
𝛈(𝟐) − 𝟑 𝐥𝐨𝐠(𝟐)}

= −
𝟑𝛑

𝟒
−
𝟏

𝟐
{−
𝟐𝟏

𝟔𝟒
𝛇(𝟒) −

𝟗

𝟏𝟔
𝛇(𝟑) −

𝟑

𝟒
𝛇(𝟐) − 𝟑 𝐥𝐨𝐠(𝟐)}

=
𝟗

𝟑𝟐
𝛇(𝟑) +

𝟕𝛑𝟒

𝟑𝟖𝟒𝟎
+
𝛑𝟐

𝟏𝟔
−
𝟑𝛑

𝟒
+
𝟑

𝟐
𝐥𝐨𝐠(𝟐) 
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Solution 2 by Togrul Ehmedov-Azerbaijan 
 

𝐈 = ∫∫∫∑ 𝐥𝐨𝐠(𝐱)

𝐱,𝐲,𝐳

𝐭𝐚𝐧−𝟏(𝐱𝐲𝐳)

𝟏

𝟎

𝐝𝐱

𝟏

𝟎

𝐝𝐲

𝟏

𝟎

𝐝𝐳 = 𝟑∫∫∫𝐥𝐨𝐠(𝐱) 𝐭𝐚𝐧−𝟏(𝐱𝐲𝐳)

𝟏

𝟎

𝐝𝐱

𝟏

𝟎

𝐝𝐲

𝟏

𝟎

𝐝𝐳 

𝐈

𝟑
= ∫∫∫ 𝐥𝐨𝐠(𝐱) 𝐭𝐚𝐧−𝟏(𝐱𝐲𝐳)

𝟏

𝟎

𝐝𝐱

𝟏

𝟎

𝐝𝐲

𝟏

𝟎

𝐝𝐳 = ∫𝐥𝐨𝐠(𝐱)∫ {𝐭𝐚𝐧−𝟏(𝐱𝐲) −
𝐥𝐨𝐠(𝟏 + 𝐱𝟐𝐲𝟐)

𝟐𝐱𝐲
}

𝟏

𝟎

𝐝𝐲

𝟏

𝟎

𝐝𝐱

= ∫∫ 𝐥𝐨𝐠(𝐱) 𝐭𝐚𝐧−𝟏(𝐱𝐲)

𝟏

𝟎

𝐝𝐲

𝟏

𝟎

𝐝𝐱 −
𝟏

𝟐
∫∫

𝐥𝐨𝐠(𝐱) 𝐥𝐨𝐠(𝟏 + 𝐱𝟐𝐲𝟐)

𝐱𝐲

𝟏

𝟎

𝐝𝐲

𝟏

𝟎

𝐝𝐱

= ∫𝐥𝐨𝐠(𝐱) 𝐭𝐚𝐧−𝟏(𝐱)

𝟏

𝟎

𝐝𝐱 −
𝟏

𝟐
∫
𝐥𝐨𝐠(𝐱) 𝐥𝐨𝐠(𝟏 + 𝐱𝟐)

𝐱

𝟏

𝟎

𝐝𝐱

−
𝟏

𝟐
∫∫

𝐥𝐨𝐠(𝐱) 𝐥𝐨𝐠(𝟏 + 𝐱𝟐𝐲𝟐)

𝐱𝐲

𝟏

𝟎

𝐝𝐲

𝟏

𝟎

𝐝𝐱 = 𝐈𝟏 −
𝟏

𝟐
𝐈𝟐 −

𝟏

𝟐
𝐈𝟑 

∫ 𝐥𝐨𝐠(𝐱) 𝐭𝐚𝐧−𝟏(𝐱)

𝟏

𝟎

𝐝𝐱 = −
𝛑

𝟒
+
𝟏

𝟐
𝐥𝐨𝐠(𝟐) +

𝛑𝟐

𝟒𝟖
 

∫
𝐥𝐨𝐠(𝐱) 𝐥𝐨𝐠(𝟏 + 𝐱𝟐)

𝐱

𝟏

𝟎

𝐝𝐱 =
𝟏

𝟒
∫
𝐥𝐨𝐠(𝐱) 𝐥𝐨𝐠(𝟏 + 𝐱)

𝐱

𝟏

𝟎

𝐝𝐱 = −
𝟑

𝟏𝟔
𝛇(𝟑) 

∫∫
𝐥𝐨𝐠(𝐱) 𝐥𝐨𝐠(𝟏 + 𝐱𝟐𝐲𝟐)

𝐱𝐲

𝟏

𝟎

𝐝𝐲

𝟏

𝟎

𝐝𝐱 = −
𝟏

𝟐
∫
𝐥𝐨𝐠𝟐(𝐱) 𝐥𝐨𝐠(𝟏 + 𝐱𝟐)

𝐱

𝟏

𝟎

𝐝𝐱

= −
𝟏

𝟏𝟔
∫
𝐥𝐨𝐠𝟐(𝐱) 𝐥𝐨𝐠(𝟏 + 𝐱)

𝐱

𝟏

𝟎

𝐝𝐱 = −
𝟕𝛑𝟒

𝟓𝟕𝟔𝟎
 

𝐈

𝟑
= 𝐈𝟏 −

𝟏

𝟐
𝐈𝟐 −

𝟏

𝟐
𝐈𝟑 = −

𝛑

𝟒
+
𝟏

𝟐
𝐥𝐨𝐠(𝟐) +

𝛑𝟐

𝟒𝟖
+
𝟑

𝟑𝟐
𝛇(𝟑) +

𝟕𝛑𝟒

𝟏𝟏𝟓𝟐𝟎
 

𝐈 =
𝟗

𝟑𝟐
𝛇(𝟑) +

𝟕𝛑𝟒

𝟑𝟖𝟒𝟎
+
𝛑𝟐

𝟏𝟔
−
𝟑𝛑

𝟒
+
𝟑

𝟐
𝐥𝐨𝐠(𝟐) 

 

 

2309. Prove that 

𝐈 = ∫
𝐱𝐥𝐨𝐠𝟐(𝟏 + 𝐱)

(𝟏 + 𝐱)(𝟐 + 𝐱)𝟑

∞

𝟎

𝐝𝐱 =
𝟏

𝟔
(𝟐𝛑𝟐 − 𝟗𝜻(𝟑) − 𝟔𝐥𝐨𝐠(𝟒)) 

Proposed by Shirvan Tahirov-Azerbaijan 
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Solution by Togrul Ehmedov-Azerbaijan 
Let x+1=y 

𝐈 = ∫
(𝐲 − 𝟏)𝐥𝐨𝐠𝟐(𝐲)

𝐲(𝟏 + 𝐲)𝟑

∞

𝟏

𝐝𝐲]
𝟏
𝐲
=𝐳

= ∫
𝐳(𝟏 − 𝐳)𝐥𝐨𝐠𝟐(𝐳)

(𝟏 + 𝐳)𝟑

𝟏

𝟎

𝐝𝐳

= ∫
𝟑(𝟏 + 𝐳) − (𝟏 + 𝐳)𝟐 − 𝟐

(𝟏 + 𝐳)𝟑
𝐥𝐨𝐠𝟐(𝐳)

𝟏

𝟎

𝐝𝐳

= 𝟑∫
𝟏

(𝟏 + 𝐳)𝟐
𝐥𝐨𝐠𝟐(𝐳)

𝟏

𝟎

𝐝𝐳 −∫
𝟏

𝟏 + 𝐳
𝐥𝐨𝐠𝟐(𝐳)

𝟏

𝟎

𝐝𝐳 − 𝟐∫
𝟏

(𝟏 + 𝐳)𝟑
𝐥𝐨𝐠𝟐(𝐳)

𝟏

𝟎

𝐝𝐳

= 𝟑∫ {−∑(−𝟏)𝐤𝐤𝐳𝐤−𝟏
∞

𝐤=𝟎

} 𝐥𝐨𝐠𝟐(𝐳)

𝟏

𝟎

𝐝𝐳 −∫ {∑(−𝟏)𝐤𝐳𝐤
∞

𝐤=𝟎

} 𝐥𝐨𝐠𝟐(𝐳)

𝟏

𝟎

𝐝𝐳

− 𝟐∫{
𝟏

𝟐
∑(−𝟏)𝐤𝐤(𝐤 − 𝟏)𝐳𝐤−𝟐

∞

𝐤=𝟎

} 𝐥𝐨𝐠𝟐(𝐳)

𝟏

𝟎

𝐝𝐳 

= −𝟑∫ {∑(−𝟏)𝐤𝐤𝐳𝐤−𝟏
∞

𝐤=𝟏

} 𝐥𝐨𝐠𝟐(𝐳)

𝟏

𝟎

𝐝𝐳 −∫ {∑(−𝟏)𝐤𝐳𝐤
∞

𝐤=𝟎

} 𝐥𝐨𝐠𝟐(𝐳)

𝟏

𝟎

𝐝𝐳

−∫ {∑(−𝟏)𝐤𝐤(𝐤 − 𝟏)𝐳𝐤−𝟐
∞

𝐤=𝟐

} 𝐥𝐨𝐠𝟐(𝐳)

𝟏

𝟎

𝐝𝐳 = 

= −𝟑∑(−𝟏)𝐤𝐤∫𝐳𝐤−𝟏 𝐥𝐨𝐠𝟐(𝐳)

𝟏

𝟎

𝐝𝐳

∞

𝐤=𝟏

−∑(−𝟏)𝐤∫𝐳𝐤 𝐥𝐨𝐠𝟐(𝐳)

𝟏

𝟎

𝐝𝐳

∞

𝐤=𝟎

−∑(−𝟏)𝐤𝐤(𝐤 − 𝟏)∫𝐳𝐤−𝟐 𝐥𝐨𝐠𝟐(𝐳)

𝟏

𝟎

𝐝𝐳

∞

𝐤=𝟐

= −𝟔∑
(−𝟏)𝐤

𝐤𝟐

∞

𝐤=𝟏

− 𝟐∑
(−𝟏)𝐤

(𝐤 + 𝟏)𝟑

∞

𝐤=𝟎

− 𝟐∑
(−𝟏)𝐤𝐤

(𝐤 − 𝟏)𝟐

∞

𝐤=𝟐

= −𝟔∑
(−𝟏)𝐤

𝐤𝟐

∞

𝐤=𝟏

− 𝟐∑
(−𝟏)𝐤

(𝐤 + 𝟏)𝟑

∞

𝐤=𝟎

− 𝟐∑
(−𝟏)𝐤

𝐤 − 𝟏

∞

𝐤=𝟐

− 𝟐∑
(−𝟏)𝐤

(𝐤 − 𝟏)𝟐

∞

𝐤=𝟐

= 𝟔𝛈(𝟐) − 𝟐𝛈(𝟑) − 𝟐 𝐥𝐨𝐠(𝟐) − 𝟐𝛈(𝟐) = 𝟒𝛈(𝟐) − 𝟐𝛈(𝟑) − 𝟐 𝐥𝐨𝐠(𝟐)

= 𝟐𝛇(𝟐) −
𝟑

𝟐
𝛇(𝟑) − 𝟐 𝐥𝐨𝐠(𝟐) =

𝟏

𝟔
(𝟐𝛑𝟐 − 𝟗𝛇(𝟑) − 𝟔𝐥𝐨𝐠(𝟒)) 
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2310. If 𝒂, 𝒃 ∈ (𝟎, 𝟏), 𝒏 ∈ ℕ∗ then: 

(𝒃 − 𝒂)𝟐

𝟐
+
(𝒃 − 𝒂)𝟑

𝟑
+⋯+

(𝒃 − 𝒂)𝒏

𝒏
+∫

𝒙𝒏+𝟏

𝟏 − 𝒙

𝒃

𝒂

𝒅𝒙 ≤
𝒃(𝒃 − 𝒂)

𝟏 − 𝒃
 

Proposed by Daniel Sitaru – Romania  
Solution by Rajarshi Chakraborty-India 

Let 

𝒇(𝒙) =
(𝒃 − 𝒙)𝟐

𝟐
+
(𝒃 − 𝒙)𝟑

𝟑
…
(𝒃 − 𝒙)𝒏

𝒏
+∫

𝒚𝒏+𝟏

𝟏 − 𝒚

𝒃

𝒙

𝒅𝒚 −
𝒃(𝒃 − 𝒙)

𝟏 − 𝒃
 

⇒ 𝒇(𝒃) = 𝟎 

𝒇(𝒙) is clearly continuous in (𝟎, 𝟏) 

𝒇′(𝒙) = −(𝒃 − 𝒙) − (𝒃 − 𝒙)𝟐…− (𝒃 − 𝒙)𝒏−𝟏 −
𝒙𝒏+𝟏

𝟏 − 𝒙
+

𝒃

𝟏 − 𝒃
, 𝒙 ∈ (𝟎, 𝒃] 

𝒇′(𝒃) = −
𝒃𝒏+𝟏

𝟏−𝒃
+

𝒃

𝟏−𝒃
> 0 for 𝟎 < 𝑏 < 1 

𝒇′(𝟎) = −𝒃 − 𝒃𝟐 − 𝒃𝟑…− 𝒃𝒏−𝟏 +
𝒃

𝟏 − 𝒃
> −

𝒃

𝟏 − 𝒃
+

𝒃

𝟏 − 𝒃
= 𝟎 

Thus both 𝒇′(𝒃) and 𝒇′(𝟎) are positive 

Now 𝒇′′(𝒙) = 𝟏 + 𝟐(𝒃 − 𝒙) + 𝟑(𝒃 − 𝒙)𝟐 +⋯(𝒏 − 𝟏)(𝒃 − 𝒙)𝒏−𝟐 

−{(𝒏 + 𝟏)𝒙𝒏 + (𝒏 + 𝟐)𝒙𝒏+𝟏…∞} 

And 𝒇′′′(𝒙) = −𝟐𝒙 − 𝟔(𝒃 − 𝒙)…− (𝒏 − 𝟏)(𝒏 − 𝟐)(𝒃 − 𝒙)𝒏−𝟑 − 

{(𝒏 + 𝟏)𝒏𝒙𝒏−𝟏 + (𝒏 + 𝟐)(𝒏 + 𝟏)𝒙𝒏…∞} < 0 

⇒ 𝒇′′(𝒙) is a strictly decreasing function 

𝒇′′(𝟎) = 𝟏 + 𝟐𝒃 + 𝟑𝒃𝟐 +⋯(𝒏 − 𝟏)𝒃𝒏−𝟐 > 0 

𝒇′′(𝒃) = 𝟏 − {(𝒏 + 𝟏)𝒃𝒏 + (𝒏 + 𝟐)𝒃𝒏+𝟏…∞} 

Case 1: If 𝒃 is large enough then 𝒇′′(𝒃) < 0 

So ∃𝒄 ∈ (𝟎, 𝒃) s.t. 𝒇′′(𝒄) = 𝟎 

Since 𝒇′′(𝒙) is continuous, 𝒇′′(𝒙) > 0 for 𝒙 ∈ (𝟎, 𝒄) 

and 𝒇′′(𝒙) < 0 for 𝒙 ∈ (𝒄, 𝒃) which means  

𝒇′(𝒙) is increasing for 𝒙 ∈ (𝟎, 𝒄) 

and 𝒇′(𝒙) is decreasing for 𝒙 ∈ (𝒄, 𝒃) 
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Now 𝒇′(𝟎) > 0 . It monotonically increases to a bigger positive value up to 𝒙 = 𝒄 

Then starts decreasing monotonically to a smaller positive value 𝒇′(𝒃) > 0 at 𝒙 = 𝒃 

Thus 𝒇′(𝒙) > 0 for 𝒙 ∈ (𝟎, 𝒃) 

So 𝒇(𝒙) is an increasing function for 𝒙 ∈ (𝟎, 𝒃) 

Case 2: if 𝒃 is small enough 𝒇′′(𝒃) > 0 

Thus 𝒇′(𝒙) is increasing for 𝒙 ∈ (𝟎, 𝒃) 

And since 𝒇′(𝟎) > 0 it follows that 𝒇′(𝒙) > 0 

Thus 𝒇(𝒙) is an increasing function for 𝒙 ∈ (𝟎, 𝒃) 

So for 𝟎 < 𝑎 ≤ 𝑏 < 1 

𝒇(𝒂) ≤ 𝒇(𝒃) 

⇒
(𝒃 − 𝒂)𝟐

𝟐
+
(𝒃 − 𝒂)𝟑

𝟑
…
(𝒃 − 𝒂)𝒏

𝒏
+∫

𝒚𝒏+𝟏

𝟏 − 𝒚

𝒃

𝒂

𝒅𝒚 −
𝒃(𝒃 − 𝒂)

𝟏 − 𝒃
≤ 𝟎 

⇒
(𝒃 − 𝒂)𝟐

𝟐
+
(𝒃 − 𝒂)𝟑

𝟑
…
(𝒃 − 𝒂)𝒏

𝒏
+∫

𝒚𝒏+𝟏

𝟏 − 𝒚

𝒃

𝒂

𝒅𝒚 ≤
𝒃(𝒃 − 𝒂)

𝟏 − 𝒃
 

2311. Prove that 

𝐈 = ∫ ∫
𝐥𝐨𝐠(𝟏 + 𝐲) 𝐥𝐨𝐠𝟐(𝟏 + 𝐱𝟐)

𝐱(𝟏 + 𝐲𝟐)

𝟏

𝟎

𝐝𝐱

∞

𝟎

𝐝𝐲 =
𝐆𝛇(𝟑)

𝟖
+
𝛑

𝟑𝟐
𝐥𝐨𝐠(𝟐) 

where, 𝛇(𝟑) is the Apery’s constant. 
 

Proposed by Shirvan Tahirov-Azerbaijan 
Solution by Togrul Ehmedov-Azerbaijan 
 

𝐈 = ∫ ∫
𝐥𝐨𝐠(𝟏 + 𝐲) 𝐥𝐨𝐠𝟐(𝟏 + 𝐱𝟐)

𝐱(𝟏 + 𝐲𝟐)

𝟏

𝟎

𝐝𝐱

∞

𝟎

𝐝𝐲 = ∫
𝐥𝐨𝐠𝟐(𝟏 + 𝐱𝟐)

𝐱

𝟏

𝟎

𝐝𝐱 ∗ ∫
𝐥𝐨𝐠(𝟏 + 𝐲)

𝟏 + 𝐲𝟐

∞

𝟎

𝐝𝐲 = 𝐈𝟏 ∗ 𝐈𝟐 

𝐈𝟏 = ∫
𝐥𝐨𝐠𝟐(𝟏 + 𝐱𝟐)

𝐱

𝟏

𝟎

𝐝𝐱]

𝐱𝟐=𝐦

=
𝟏

𝟐
∫
𝐥𝐨𝐠𝟐(𝟏 + 𝐦)

𝐦

𝟏

𝟎

𝐝𝐦 =
𝟏

𝟖
𝛇(𝟑) 
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𝐈𝟐 = ∫
𝐥𝐨𝐠(𝟏 + 𝐲)

𝟏 + 𝐲𝟐

∞

𝟎

𝐝𝐲 = ∫
𝐥𝐨𝐠(𝟏 + 𝐲)

𝟏 + 𝐲𝟐

𝟏

𝟎

𝐝𝐲 + ∫
𝐥𝐨𝐠(𝟏 + 𝐲)

𝟏 + 𝐲𝟐

∞

𝟏

𝐝𝐲

= ∫
𝐥𝐨𝐠(𝟏 + 𝐲)

𝟏 + 𝐲𝟐

𝟏

𝟎

𝐝𝐲 + {∫
𝐥𝐨𝐠(𝟏 + 𝐲)

𝟏 + 𝐲𝟐

𝟏

𝟎

𝐝𝐲 −∫
𝐥𝐨𝐠(𝐲)

𝟏 + 𝐲𝟐

𝟏

𝟎

𝐝𝐲}

= 𝟐∫
𝐥𝐨𝐠(𝟏 + 𝐲)

𝟏 + 𝐲𝟐

𝟏

𝟎

𝐝𝐲 −∫
𝐥𝐨𝐠(𝐲)

𝟏 + 𝐲𝟐

𝟏

𝟎

𝐝𝐲 =
𝛑

𝟒
𝐥𝐨𝐠(𝟐) + 𝐆 

𝐈 = 𝐈𝟏 ∗ 𝐈𝟐 =
𝟏

𝟖
𝛇(𝟑) {

𝛑

𝟒
𝐥𝐨𝐠(𝟐) + 𝐆} =

𝐆𝛇(𝟑)

𝟖
+
𝛑

𝟑𝟐
𝛇(𝟑) 𝐥𝐨𝐠(𝟐) 

𝑵𝒐𝒕𝒆:∫
𝐥𝐨𝐠𝟐(𝟏 + 𝐦)

𝐦

𝟏

𝟎

𝐝𝐦 =
𝟏

𝟒
𝛇(𝟑) 𝐚𝐧𝐝∫

𝐥𝐨𝐠(𝟏 + 𝐲)

𝟏 + 𝐲𝟐

𝟏

𝟎

𝐝𝐲 =
𝛑

𝟖
𝐥𝐨𝐠(𝟐) 

2312. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭: 

∫
𝐱𝟐 𝐥𝐨𝐠(𝐱)

𝐱𝟐 + 𝐱 + 𝟏

𝟏

𝟎

𝐝𝐱 = −
𝛑𝟐

𝟓𝟒
− 𝟏 +

𝟏

𝟗
𝛗(𝟏) (

𝟏

𝟑
) 

Proposed by Vasile Mircea Popa-Romania 
Solution by Togrul Ehmedov-Azerbaijan 
 

𝐈 = ∫
𝐱𝟐 𝐥𝐨𝐠(𝐱)

𝐱𝟐 + 𝐱 + 𝟏

𝟏

𝟎

𝐝𝐱 = ∫
(𝐱𝟐 − 𝐱𝟑) 𝐥𝐨𝐠(𝐱)

𝟏 − 𝐱𝟑

𝟏

𝟎

𝐝𝐱 = ∫
𝐱𝟐 𝐥𝐨𝐠(𝐱)

𝟏 − 𝐱𝟑

𝟏

𝟎

𝐝𝐱 −∫
𝐱𝟑 𝐥𝐨𝐠(𝐱)

𝟏 − 𝐱𝟑

𝟏

𝟎

𝐝𝐱

= ∫
𝐱𝟐 𝐥𝐨𝐠(𝐱)

𝟏 − 𝐱𝟑

𝟏

𝟎

𝐝𝐱 + ∫𝐥𝐨𝐠(𝐱)

𝟏

𝟎

𝐝𝐱 −∫
𝐥𝐨𝐠(𝐱)

𝟏 − 𝐱𝟑

𝟏

𝟎

𝐝𝐱

=
𝟏

𝟗
∫
𝐥𝐨𝐠(𝐲)

𝟏 − 𝐲

𝟏

𝟎

𝐝𝐲 − 𝟏 −
𝟏

𝟗
∫
𝐲−
𝟐
𝟑 𝐥𝐨𝐠(𝐲)

𝟏 − 𝐲

𝟏

𝟎

𝐝𝐲 = −
𝛑𝟐

𝟓𝟒
− 𝟏 +

𝟏

𝟗
𝛗(𝟏) (

𝟏

𝟑
) 

𝑵𝑶𝑻𝑬: ∫
𝐱𝐧−𝟏

𝟏 − 𝐱
𝐥𝐨𝐠𝐦(𝐱)

𝟏

𝟎

𝐝𝐱 = −𝛗(𝐦)(𝐧) 

2313. Prove that 

∫
𝐭𝐚𝐧−𝟏(𝐱)

𝐱(𝟏 + 𝐱)𝟐

∞

𝟎

𝐝𝐱 = 𝐆 +
𝛑

𝟒
𝐥𝐨𝐠(𝟐) −

𝛑

𝟒
 

where G denotes Catalan’s constant 
 

Proposed by Vasile Mircea Popa-Romania 
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Solution by Togrul Ehmedov-Azerbaijan 

∫
𝐭𝐚𝐧−𝟏(𝐱)

𝐱(𝟏 + 𝐱)𝟐

∞

𝟎

𝐝𝐱 = ∫
𝐭𝐚𝐧−𝟏(𝐱)

𝐱(𝟏 + 𝐱)𝟐

𝟏

𝟎

𝐝𝐱 +∫
𝐭𝐚𝐧−𝟏(𝐱)

𝐱(𝟏 + 𝐱)𝟐

∞

𝟏

𝐝𝐱

= ∫
𝐭𝐚𝐧−𝟏(𝐱)

𝐱(𝟏 + 𝐱)𝟐

𝟏

𝟎

𝐝𝐱 +∫
𝐱𝐭𝐚𝐧−𝟏 (

𝟏
𝐱)

(𝟏 + 𝐱)𝟐

𝟏

𝟎

𝐝𝐱

= ∫
𝐭𝐚𝐧−𝟏(𝐱)

𝐱(𝟏 + 𝐱)𝟐

𝟏

𝟎

𝐝𝐱 +∫
𝐱 (
𝛑
𝟐 − 𝐭𝐚𝐧

−𝟏(𝐱))

(𝟏 + 𝐱)𝟐

𝟏

𝟎

𝐝𝐱

= ∫
𝐭𝐚𝐧−𝟏(𝐱) +

𝛑
𝟐 𝐱

𝟐 − 𝐱𝟐𝐭𝐚𝐧−𝟏(𝐱)

𝐱(𝟏 + 𝐱)𝟐

𝟏

𝟎

𝐝𝐱

= ∫
(𝟏 − 𝐱𝟐) 𝐭𝐚𝐧−𝟏(𝐱)

𝐱(𝟏 + 𝐱)𝟐

𝟏

𝟎

𝐝𝐱 +
𝛑

𝟐
∫

𝐱

(𝟏 + 𝐱)𝟐

𝟏

𝟎

𝐝𝐱

= ∫
(𝟏 − 𝐱) 𝐭𝐚𝐧−𝟏(𝐱)

𝐱(𝟏 + 𝐱)

𝟏

𝟎

𝐝𝐱 +
𝛑

𝟐
∫

𝐱

(𝟏 + 𝐱)𝟐

𝟏

𝟎

𝐝𝐱

= ∫
𝐭𝐚𝐧−𝟏(𝐱)

𝐱

𝟏

𝟎

𝐝𝐱 − 𝟐∫
𝐭𝐚𝐧−𝟏(𝐱)

𝟏 + 𝐱

𝟏

𝟎

𝐝𝐱 +
𝛑

𝟐
∫

𝐱

(𝟏 + 𝐱)𝟐

𝟏

𝟎

𝐝𝐱

= 𝐆 −
𝛑

𝟒
𝐥𝐨𝐠(𝟐) +

𝛑

𝟐
(𝐥𝐨𝐠(𝟐) −

𝟏

𝟐
) = 𝐆 +

𝛑

𝟒
𝐥𝐨𝐠(𝟐) −

𝛑

𝟒
 

𝐍𝐨𝐭𝐞:∫
𝐭𝐚𝐧−𝟏(𝐱)

𝐱

𝟏

𝟎

𝐝𝐱 = 𝐆 𝐚𝐧𝐝 ∫
𝐭𝐚𝐧−𝟏(𝐱)

𝟏 + 𝐱

𝟏

𝟎

𝐝𝐱 =
𝛑

𝟖
𝐥𝐨𝐠(𝟐) 

2314. If 𝒙 ∈ (𝟎,
𝝅

𝟐
) then: 

(∫ (𝟏 − 𝒕
𝟏

𝐬𝐢𝐧𝟐 𝒙)
𝟏

𝟎

𝒅𝒕) (∫ (𝟏 − 𝒕
𝟏

𝐜𝐨𝐬𝟐 𝒙)
𝟏

𝟎

𝒅𝒕) ≤ ∫ (𝟏 − 𝒕)
𝟏

𝟎

𝒅𝒕 

Proposed by Daniel Sitaru – Romania  
Solution by Samir HajAli-Damascus-Syria 

First, let’s consider a function 𝒇 defined on (𝟎,
𝝅

𝟐
) 

𝒇: 𝒙 → 𝒇(𝒙) =
𝟏

𝟏 + 𝐜𝐨𝐬𝟐 𝒙
⋅

𝟏

𝟏 + 𝐬𝐢𝐧𝟐 𝒙
 

𝒇′(𝒙) =
+𝟐𝐜𝐨𝐬 𝒙 𝐬𝐢𝐧 𝒙

(𝟏 + 𝐜𝐨𝐬𝟐 𝒙)𝟐
⋅

𝟏

𝟏 + 𝐬𝐢𝐧𝟐 𝒙
+
−𝟐𝐬𝐢𝐧 𝒙 ⋅ 𝐜𝐨𝐬 𝒙

(𝟏 + 𝐬𝐢𝐧𝟐 𝒙)𝟐
⋅

𝟏

𝟏 + 𝐜𝐨𝐬𝟐 𝒙
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=
𝐬𝐢𝐧𝟐𝒙

(𝟏 + 𝐜𝐨𝐬𝟐 𝒙)(𝟏 + 𝐬𝐢𝐧𝟐 𝒙)
(

𝟏

𝟏 + 𝐜𝐨𝐬𝟐 𝒙
−

𝟏

𝟏 + 𝐬𝐢𝐧𝟐 𝒙
) 

=
𝐬𝐢𝐧𝟐𝒙

(𝟏 + 𝐜𝐨𝐬𝟐 𝒙)(𝟏 + 𝐬𝐢𝐧𝟐 𝒙)
(

𝐬𝐢𝐧𝟐 𝒙 − 𝐜𝐨𝐬𝟐 𝒙

(𝟏 + 𝐜𝐨𝐬𝟐 𝒙)(𝟏 + 𝐬𝐢𝐧𝟐 𝒙)
) 

Now: 

𝒇′(𝒙) = 𝟎 ⇒ 𝐜𝐨𝐬𝟐 𝒙 − 𝐬𝐢𝐧𝟐 𝒙 = 𝟎 

⇒ 𝐜𝐨𝐬(𝟐𝒙) = 𝟎 ⇒ 𝟐𝒙 =
𝝅

𝟐
+ 𝝅𝒌, 𝒌 ∈ ℤ ⇒ 𝒙 =

𝝅

𝟒
+
𝝅𝒌

𝟐
 

For 𝒌 = 𝟎 ⇒ 𝒙 =
𝝅

𝟒
⇒ 𝒇(

𝝅

𝟒
) =

𝟏

𝟏+
𝟏

𝟐

⋅
𝟏

𝟏+
𝟏

𝟐

=
𝟒

𝟓
 

𝒙 𝟎                        
𝝅

𝟒
                                 

𝝅

𝟐
 

𝒇′(𝒙) −− −− 𝟎 ++ ++ ++ 

𝒇(𝒙) 𝟏

𝟐
                         

𝟒

𝟗
                                 

𝟏

𝟐
 

 

⇒ For 𝒙 ∈ (𝟎,
𝝅

𝟐
) , 𝒇(𝒙) <

𝟏

𝟐
 

(∫ (𝟏− 𝒕
𝟏

𝐬𝐢𝐧𝟐 𝒙)
𝟏

𝟎

𝒅𝒕)(∫ (𝟏 − 𝒕
𝟏

𝐜𝐨𝐬𝟐 𝒙)
𝟏

𝟎

𝒅𝒕) ≤ ∫ (𝟏 − 𝒕)
𝟏

𝟎

𝒅𝒕 

(𝟏 −
𝒕

𝟏

𝐬𝐢𝐧𝟐 𝒙
+𝟏

𝒕
𝐬𝐢𝐧𝟐 𝒙

+ 𝟏
|

𝟎

𝟏

)(𝟏 −
𝒕

𝟏

𝐜𝐨𝐬𝟐 𝒙
+𝟏

𝟏
𝐜𝐨𝐬𝟐 𝒙

+ 𝟏
|

𝟎

𝟏

) ≤ 𝟏 −
𝒕𝟐

𝟐
|
𝟎

𝟏

 

⇔ (𝟏 −
𝟏

𝟏
𝐬𝐢𝐧𝟐 𝒙

+ 𝟏
)(𝟏 −

𝟏

𝟏
𝐜𝐨𝐬𝟐 𝒙

+ 𝟏
) ≤ 𝟏 −

𝟏

𝟐
 

⇔ (𝟏 −
𝐬𝐢𝐧𝟐 𝒙

𝟏 + 𝐬𝐢𝐧𝟐 𝒙
)(𝟏 −

𝐜𝐨𝐬𝟐 𝒙

𝟏 + 𝐜𝐨𝐬𝟐 𝒙
) ≤

𝟏

𝟐
⇔ (

𝟏

𝟏 + 𝐬𝐢𝐧𝟐 𝒙
) (

𝟏

𝟏 + 𝐜𝐨𝐬𝟐 𝒙
) ≤

𝟏

𝟐
 

⇔ 𝒇(𝒙) ≤
𝟏

𝟐
⇔ 𝒙 ∈ (𝟎,

𝝅

𝟐
) 
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2315. Prove the below closed form 

𝐈 = ∫
𝐉𝟏/𝟐(𝐱)𝐉−𝟏/𝟐(𝐱)

𝟏 + 𝐱𝟐

∞

𝟎

𝐝𝐱 =
𝐞𝟐 − 𝟏

𝟐𝐞𝟐
 

Where, 𝑱𝒏(𝒙) is the Bessel function of the first kind. 
Proposed by Ankush Kumar Parcha-India 

Solution by Togrul Ehmedov-Azerbaijan 

𝐈 = ∫
𝐉𝟏/𝟐(𝐱)𝐉−𝟏/𝟐(𝐱)

𝟏 + 𝐱𝟐

∞

𝟎

𝐝𝐱 = ∫
√ 𝟐
𝛑𝐱
𝐬𝐢𝐧(𝐱)√

𝟐
𝛑𝐱
𝐜𝐨𝐬(𝐱)

𝟏 + 𝐱𝟐

∞

𝟎

𝐝𝐱 =
𝟏

𝛑
∫
𝐬𝐢𝐧(𝟐𝐱)

𝐱(𝟏 + 𝐱𝟐)

∞

𝟎

𝐝𝐱

=
𝟏

𝛑
∫
𝐬𝐢𝐧(𝟐𝐱)

𝐱

∞

𝟎

𝐝𝐱 −
𝟏

𝛑
∫
𝐱 𝐬𝐢𝐧(𝟐𝐱)

𝟏 + 𝐱𝟐

∞

𝟎

𝐝𝐱 =
𝟏

𝟐
−
𝟏

𝛑
∫
𝐱𝐬𝐢𝐧(𝟐𝐱)

𝟏 + 𝐱𝟐

∞

𝟎

𝐝𝐱 

{
  
 

  
 
𝐟(𝐳) =

𝟐

𝛑
∫ (∫ 𝐟(𝐭)𝐜𝐨𝐬(𝐱𝐭)𝐝𝐭

∞

𝟎

)

∞

𝟎

𝐜𝐨𝐬(𝐳𝐱)𝐝𝐱

𝐟(𝐳) =
𝟐

𝛑
∫ (∫ 𝐟(𝐭)𝐬𝐢𝐧(𝐱𝐭)𝐝𝐭

∞

𝟎

)

∞

𝟎

𝐬𝐢𝐧(𝐳𝐱)𝐝𝐱

 , 𝐩𝐮𝐭 𝐟(𝐳) = 𝐞−𝐳  

⇒

{
  
 

  
 
𝐞−𝐳 =

𝟐

𝛑
∫ (∫ 𝐞−𝐭𝐜𝐨𝐬(𝐱𝐭)𝐝𝐭

∞

𝟎

)

∞

𝟎

𝐜𝐨𝐬(𝐳𝐱) 𝐝𝐱   

𝐞−𝐳 =
𝟐

𝛑
∫ (∫ 𝐞−𝐭𝐬𝐢𝐧(𝐱𝐭)𝐝𝐭

∞

𝟎

)

∞

𝟎

𝐬𝐢𝐧(𝐳𝐱) 𝐝𝐱

⇒

{
 
 

 
 𝐞−𝐳 =

𝟐

𝛑
∫
𝐜𝐨𝐬(𝐳𝐱)

𝟏 + 𝐱𝟐

∞

𝟎

𝐝𝐱   

𝐞−𝐳 =
𝟐

𝛑
∫
𝐱𝐬𝐢𝐧(𝐳𝐱)

𝟏 + 𝐱𝟐

∞

𝟎

𝐝𝐱

⇒

{
 
 

 
 𝛑

𝟐
𝐞−𝐳 = ∫

𝐜𝐨𝐬(𝐳𝐱)

𝟏 + 𝐱𝟐

∞

𝟎

𝐝𝐱   

𝛑

𝟐
𝐞−𝐳 = ∫

𝐱𝐬𝐢𝐧(𝐳𝐱)

𝟏 + 𝐱𝟐

∞

𝟎

𝐝𝐱

⇒ ∫
𝐱𝐬𝐢𝐧(𝟐𝐱)

𝟏 + 𝐱𝟐

∞

𝟎

𝐝𝐱

=
𝛑

𝟐
𝐞−𝟐 

𝐈 =
𝟏

𝟐
−
𝟏

𝛑
(
𝛑

𝟐
𝐞−𝟐) =

𝟏

𝟐
−
𝟏

𝟐𝐞𝟐
=
𝐞𝟐 − 𝟏

𝟐𝐞𝟐
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2316. Prove the below closed form 

𝐈 = ∫∫∫∑(
√𝐱𝐲 + √𝐲𝐳

√𝐲𝐳 + √𝐳𝐱
)

𝐱,𝐲,𝐳

𝟏

𝟎

𝐝𝐱

𝟏

𝟎

𝐝𝐲

𝟏

𝟎

𝐝𝐳 =
𝟒𝟖

𝟓
𝐥𝐨𝐠(𝟐) −

𝟑𝟑

𝟏𝟎
 

Proposed by Ankush Kumar Parcha-India 
Solution by Togrul Ehmedov-Azerbaijan 
 

𝐈 = ∫∫∫∑(
√𝐱𝐲 + √𝐲𝐳

√𝐲𝐳 + √𝐳𝐱
)

𝐱,𝐲,𝐳

𝟏

𝟎

𝐝𝐱

𝟏

𝟎

𝐝𝐲

𝟏

𝟎

𝐝𝐳 = 𝟑∫∫∫
√𝐲(√𝐱 + √𝐳)

√𝐳(√𝐱 + √𝐲)

𝟏

𝟎

𝐝𝐱

𝟏

𝟎

𝐝𝐲

𝟏

𝟎

𝐝𝐳 

Let √𝐱 → 𝐦, √𝐲 → 𝐧, √𝐳 → 𝐩 

𝐈 = 𝟐𝟒∫∫∫
𝐦𝐧𝟐(𝐦 + 𝐩)

𝐦+ 𝐧

𝟏

𝟎

𝐝𝐩

𝟏

𝟎

𝐝𝐧

𝟏

𝟎

𝐝𝐦 = 𝟐𝟒∫∫
𝐦(𝐦+

𝟏
𝟐)𝐧

𝟐

𝐦+𝐧

𝟏

𝟎

𝐝𝐧

𝟏

𝟎

𝐝𝐦

= 𝟐𝟒∫𝐦𝟑 (𝐦+
𝟏

𝟐
) 𝐥𝐨𝐠(𝟏 +𝐦)

𝟏

𝟎

𝐝𝐦+ 𝟏𝟐∫𝐦(𝐦+
𝟏

𝟐
)

𝟏

𝟎

𝐝𝐦

− 𝟐𝟒∫𝐦𝟐 (𝐦+
𝟏

𝟐
)

𝟏

𝟎

𝐝𝐦− 𝟐𝟒∫𝐦𝟑 (𝐦+
𝟏

𝟐
) 𝐥𝐨𝐠(𝐦)

𝟏

𝟎

𝐝𝐦

= 𝟐𝟒 (
𝟑𝟐𝟎 𝐥𝐨𝐠(𝟐) − 𝟔𝟕

𝟖𝟎𝟎
) + 𝟏𝟐(

𝟕

𝟏𝟐
) − 𝟐𝟒(

𝟓

𝟏𝟐
) − 𝟐𝟒(−

𝟓𝟕

𝟖𝟎𝟎
)

=
𝟒𝟖

𝟓
𝐥𝐨𝐠(𝟐) −

𝟑𝟑

𝟏𝟎
 

 

2317. 𝐈𝐟 𝛂, 𝛃, 𝛄 ≥ 𝟎 , 𝐭𝐡𝐞𝐧 ∶ 

𝟑 +
(𝛂 + 𝛃 + 𝛄)𝟒

𝟏𝟑𝟓
≤ 𝐥𝐢𝐦
𝐧→∞

𝟏

𝐧
∑(∑ √𝐞(𝐤𝛂)

𝟐𝐧𝟐

𝐜𝐲𝐜
𝛂,𝛃,𝛄

)

𝐧

𝐤=𝟏

 

 
  Proposed by Pavlos Trifon-Greece 

Solution by Soumava Chakraborty-Kolkata-India 

𝐋𝐞𝐭 𝐟(𝐦) = 𝐞𝐦 − 𝟏 −𝐦−
𝐦𝟐

𝟐
 ∀ 𝐦 ≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐟 ′(𝐦) = 𝐞𝐦 − 𝟏 −𝐦 ≥ 𝟎 

⇒ 𝐟(𝐦) 𝐢𝐬 ↑ 𝐨𝐧 [𝟎,∞) ⇒ 𝐟(𝐦) ≥ 𝐟(𝟎) = 𝟏 − 𝟏 ∴ 𝐞𝐦 ≥ 𝟏+𝐦+
𝐦𝟐

𝟐
 ∀ 𝐦 ≥ 𝟎 → (𝟏) 

𝐍𝐨𝐰, 𝐧𝟓 − (𝐧 − 𝟏)𝟓 = 𝟓𝐧𝟒 − 𝟏𝟎𝐧𝟑 + 𝟏𝟎𝐧𝟐 − 𝟓𝐧+ 𝟏 𝒂𝐧𝐝 𝐩𝐮𝐭𝐭𝐢𝐧𝐠  
𝐧 = 𝟏, 𝟐,𝟑… , (𝐧 − 𝟏), 𝐧 𝐬𝐮𝐜𝐜𝐞𝐬𝐬𝐢𝐯𝐞𝐥𝐲,𝐰𝐞 𝒂𝐫𝐫𝐢𝐯𝐞 𝒂𝐭 ∶ 

𝟏𝟓 − 𝟎𝟓 = 𝟓.𝟏𝟒 − 𝟏𝟎.𝟏𝟑 + 𝟏𝟎.𝟏𝟐 − 𝟓.𝟏 + 𝟏 
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𝟐𝟓 − 𝟏𝟓 = 𝟓.𝟐𝟒 − 𝟏𝟎.𝟐𝟑 + 𝟏𝟎.𝟐𝟐 − 𝟓.𝟐 + 𝟏 
…… 

(𝐧 − 𝟏)𝟓 − (𝐧 − 𝟐)𝟓 = 𝟓. (𝐧 − 𝟏)𝟒 − 𝟏𝟎. (𝐧 − 𝟏)𝟑 + 𝟏𝟎. (𝐧 − 𝟏)𝟐 − 𝟓. (𝐧 − 𝟏) + 𝟏 
𝐧𝟓 − (𝐧 − 𝟏)𝟓 = 𝟓.𝐧𝟒 − 𝟏𝟎.𝐧𝟑 + 𝟏𝟎.𝐧𝟐 − 𝟓. 𝐧 + 𝟏;  𝒂𝐧𝐝 𝐬𝐮𝐦𝐦𝐢𝐧𝐠 𝐮𝐩,𝐰𝐞 𝒂𝐫𝐫𝐢𝐯𝐞 𝒂𝐭 ∶ 

𝐧𝟓 = 𝟓∑𝐤𝟒
𝐧

𝐤=𝟏

− 𝟏𝟎∑𝐤𝟑
𝐧

𝐤=𝟏

+ 𝟏𝟎∑ 𝐤𝟐
𝐧

𝐤=𝟏

− 𝟓∑𝐤

𝐧

𝐤=𝟏

+ 𝐧 

= 𝟓∑𝐤𝟒
𝐧

𝐤=𝟏

− 𝟏𝟎.
𝐧𝟐(𝐧 + 𝟏)𝟐

𝟒
+ 𝟏𝟎.

𝐧(𝐧 + 𝟏)(𝟐𝐧 + 𝟏)

𝟔
− 𝟓.

𝐧(𝐧 + 𝟏)

𝟐
+ 𝐧 

⇒∑𝐤𝟒
𝐧

𝐤=𝟏

=
𝟔𝐧𝟓 + 𝟏𝟓𝐧𝟒 + 𝟏𝟎𝐧𝟑 − 𝐧

𝟑𝟎
→ (𝟐) 

∑

(

 ∑ √𝐞(𝐤𝛂)
𝟐𝐧𝟐

𝐜𝐲𝐜
𝛂,𝛃,𝛄 )

 

𝐧

𝐤=𝟏

=∑

(

 ∑ 𝐞
𝐤𝟐𝛂𝟐

𝐧𝟐

𝐜𝐲𝐜
𝛂,𝛃,𝛄 )

 

𝐧

𝐤=𝟏

≥
𝐯𝐢𝒂 (𝟏)

∑

(

 ∑ (𝟏 +
𝐤𝟐𝛂𝟐

𝐧𝟐
+
𝐤𝟒𝛂𝟒

𝐧𝟒
)

𝐜𝐲𝐜
𝛂,𝛃,𝛄 )

 

𝐧

𝐤=𝟏

 

=∑(𝟑+
𝐤𝟐

𝐧𝟐
(∑𝛂𝟐

𝐜𝐲𝐜

) +
𝐤𝟒

𝐧𝟒
(∑𝛂𝟒

𝐜𝐲𝐜

))

𝐧

𝐤=𝟏

= 𝟑𝐧 +
∑ 𝛂𝟐𝐜𝐲𝐜

𝐧𝟐
.∑ 𝐤𝟐
𝐧

𝐤=𝟏

+
∑ 𝛂𝟒𝐜𝐲𝐜

𝐧𝟒
.∑ 𝐤𝟒
𝐧

𝐤=𝟏

 

=
𝐯𝐢𝒂 (𝟐)

𝟑𝐧 +
∑ 𝛂𝟐𝐜𝐲𝐜

𝐧𝟐
.
𝐧(𝐧 + 𝟏)(𝟐𝐧+ 𝟏)

𝟔
+
∑ 𝛂𝟒𝐜𝐲𝐜

𝐧𝟒
.
𝟔𝐧𝟓 + 𝟏𝟓𝐧𝟒 + 𝟏𝟎𝐧𝟑 − 𝐧

𝟑𝟎
 

⇒ 𝐥𝐢𝐦
𝐧→∞

𝟏

𝐧
∑

(

 ∑ √𝐞(𝐤𝛂)
𝟐𝐧𝟐

𝐜𝐲𝐜
𝛂,𝛃,𝛄 )

 

𝐧

𝐤=𝟏

 

= 𝐥𝐢𝐦
𝐧→∞

(𝟑 +
∑ 𝛂𝟐𝐜𝐲𝐜

𝟔
. (𝟏 +

𝟏

𝐧
) (𝟐 +

𝟏

𝐧
) +

∑ 𝛂𝟒𝐜𝐲𝐜

𝟑𝟎
. (𝟔 +

𝟏𝟓

𝐧
+
𝟏𝟎

𝐧𝟐
−
𝟏

𝐧𝟒
)) 

= 𝟑 +
∑ 𝛂𝟐𝐜𝐲𝐜

𝟑
+
∑ 𝛂𝟒𝐜𝐲𝐜

𝟓
≥

𝐇𝐨𝐥𝐝𝐞𝐫
𝟑 +

∑ 𝛂𝟐𝐜𝐲𝐜

𝟑
+
(𝛂 + 𝛃 + 𝛄)𝟒

𝟓.𝟐𝟕
≥

𝛂,𝛃,𝛄 ≥ 𝟎 

𝟑 +
(𝛂 + 𝛃 + 𝛄)𝟒

𝟏𝟑𝟓
 

∴ 𝟑 +
(𝛂 + 𝛃 + 𝛄)𝟒

𝟏𝟑𝟓
≤ 𝐥𝐢𝐦
𝐧→∞

𝟏

𝐧
∑

(

 ∑ √𝐞(𝐤𝛂)
𝟐𝐧𝟐

𝐜𝐲𝐜
𝛂,𝛃,𝛄 )

 

𝐧

𝐤=𝟏

 ∀ 𝛂, 𝛃, 𝛄 ≥ 𝟎 (𝐐𝐄𝐃) 

2318. Prove the below closed form 

𝐈 = ∫∫∫
𝒍𝒏(𝒙 + 𝒚 + 𝒛)

𝒙 + 𝒚 + 𝒛

𝟏

𝟎

𝐝𝐱

𝟏

𝟎

𝐝𝐲

𝟏

𝟎

𝐝𝐳 = 𝟗 𝐥𝐧(𝟐) −
𝟐𝟕

𝟒
𝐥𝐧(𝟑) − 𝟑 𝐥𝐧𝟐(𝟐) +

𝟗

𝟒
𝐥𝐧𝟐(𝟑) 

Proposed by Ankush Kumar Parcha-India 

Solution by Togrul Ehmedov-Azerbaijan 

Let 𝐱 + 𝐲 + 𝐳 → 𝐦 
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𝐈 = ∫∫ ∫
𝐥𝐧(𝐦)

𝐦

𝐱+𝐲+𝟏

𝐱+𝐲

𝐝𝐦

𝟏

𝟎

𝐝𝐲

𝟏

𝟎

𝐝𝐱
𝐈𝐁𝐏

=
∫ ∫

𝐥𝐧(𝐦)

𝐦

𝐱+𝟐

𝐱+𝟏

𝐝𝐦

𝟏

𝟎

𝐝𝐱 − ∫∫
𝐲𝐥𝐧(𝐱 + 𝐲+ 𝟏)

𝐱 + 𝐲 + 𝟏

𝟏

𝟎

𝐝𝐲

𝟏

𝟎

𝐝𝐱]

𝐱+𝐲+𝟏=𝐦

+∫∫
𝐲𝐥𝐧(𝐱 + 𝐲)

𝐱 + 𝐲

𝟏

𝟎

𝐝𝐲

𝟏

𝟎

𝐝𝐱]

𝐱+𝐲=𝐦

= ∫ ∫
𝐥𝐧(𝐦)

𝐦

𝐱+𝟐

𝐱+𝟏

𝐝𝐦

𝟏

𝟎

𝐝𝐱 −∫ ∫
(𝐦 − 𝟏 − 𝐱)𝐥𝐧(𝐦)

𝐦

𝐱+𝟐

𝐱+𝟏

𝐝𝐦

𝟏

𝟎

𝐝𝐱

+ ∫ ∫
(𝐦− 𝐱)𝐥𝐧(𝐦)

𝐦

𝐱+𝟏

𝐱

𝐝𝐦

𝟏

𝟎

𝐝𝐱 

= ∫ ∫
𝐥𝐧(𝐦)

𝐦

𝐱+𝟐

𝐱+𝟏

𝐝𝐦

𝟏

𝟎

𝐝𝐱 −∫ ∫ 𝐥𝐧(𝐦)

𝐱+𝟐

𝐱+𝟏

𝐝𝐦

𝟏

𝟎

𝐝𝐱 +∫ ∫
𝐥𝐧(𝐦)

𝐦

𝐱+𝟐

𝐱+𝟏

𝐝𝐦

𝟏

𝟎

𝐝𝐱 +∫𝐱 ∫
𝐥𝐧(𝐦)

𝐦

𝐱+𝟐

𝐱+𝟏

𝐝𝐦

𝟏

𝟎

𝐝𝐱

+ ∫ ∫ 𝐥𝐧(𝐦)

𝐱+𝟏

𝐱

𝐝𝐦

𝟏

𝟎

𝐝𝐱 − ∫𝐱 ∫
𝐥𝐧(𝐦)

𝐦

𝐱+𝟏

𝐱

𝐝𝐦

𝟏

𝟎

𝐝𝐱 

= 𝟐∫ ∫
𝐥𝐧(𝐦)

𝐦

𝐱+𝟐

𝐱+𝟏

𝐝𝐦

𝟏

𝟎

𝐝𝐱 −∫ ∫ 𝐥𝐧(𝐦)

𝐱+𝟐

𝐱+𝟏

𝐝𝐦

𝟏

𝟎

𝐝𝐱 +∫𝐱 ∫
𝐥𝐧(𝐦)

𝐦

𝐱+𝟐

𝐱+𝟏

𝐝𝐦

𝟏

𝟎

𝐝𝐱 +∫ ∫ 𝐥𝐧(𝐦)

𝐱+𝟏

𝐱

𝐝𝐦

𝟏

𝟎

𝐝𝐱

− ∫𝐱 ∫
𝐥𝐧(𝐦)

𝐦

𝐱+𝟏

𝐱

𝐝𝐦

𝟏

𝟎

𝐝𝐱 

𝐈𝟏 = ∫ ∫
𝐥𝐧(𝐦)

𝐦

𝐱+𝟐

𝐱+𝟏

𝐝𝐦

𝟏

𝟎

𝐝𝐱
𝐈𝐁𝐏

=
∫
𝐥𝐧(𝐦)

𝐦

𝟑

𝟐

𝐝𝐦−∫
𝐱𝐥𝐧(𝐱 + 𝟐)

𝐱 + 𝟐

𝟏

𝟎

𝐝𝐱 +∫
𝐱𝐥𝐧(𝐱 + 𝟏)

𝐱 + 𝟏

𝟏

𝟎

𝐝𝐱

=
𝟑

𝟐
𝐥𝐧𝟐(𝟑) − 𝟐 𝐥𝐧𝟐(𝟐) − 𝟑 𝐥𝐧(𝟑) + 𝟒 𝐥𝐧(𝟐) 

𝐈𝟐 = ∫ ∫ 𝐥𝐧(𝐦)

𝐱+𝟐

𝐱+𝟏

𝐝𝐦

𝟏

𝟎

𝐝𝐱
𝐈𝐁𝐏

=
∫𝐥𝐧(𝐦)

𝟑

𝟐

𝐝𝐦−∫𝐱𝐥𝐧(𝐱 + 𝟐)

𝟏

𝟎

𝐝𝐱 +∫𝐱𝐥𝐧(𝐱 + 𝟏)

𝟏

𝟎

𝐝𝐱

=
𝟗

𝟐
𝐥𝐧(𝟑) − 𝟒 𝐥𝐧(𝟐) −

𝟑

𝟐
 

𝐈𝟑 = ∫𝐱 ∫
𝐥𝐧(𝐦)

𝐦

𝐱+𝟐

𝐱+𝟏

𝐝𝐦

𝟏

𝟎

𝐝𝐱
𝐈𝐁𝐏

=

𝟏

𝟐
∫
𝐥𝐧(𝐦)

𝐦

𝟑

𝟐

𝐝𝐦−
𝟏

𝟐
∫
𝐱𝟐 𝐥𝐧(𝐱 + 𝟐)

𝐱 + 𝟐

𝟏

𝟎

𝐝𝐱 +
𝟏

𝟐
∫
𝐱𝟐 𝐥𝐧(𝐱 + 𝟏)

𝐱 + 𝟏

𝟏

𝟎

𝐝𝐱

= −
𝟑

𝟒
𝐥𝐧𝟐(𝟑) + 𝐥𝐧𝟐(𝟐) +

𝟏𝟓

𝟒
𝐥𝐧(𝟑) − 𝟒 𝐥𝐧(𝟐) −

𝟑

𝟒
 

𝐈𝟒 = ∫∫ 𝐥𝐧(𝐦)

𝐱+𝟏

𝐱

𝐝𝐦

𝟏

𝟎

𝐝𝐱
𝐈𝐁𝐏

=
∫𝐥𝐧(𝐦)

𝟐

𝟏

𝐝𝐦−∫𝐱𝐥𝐧(𝐱 + 𝟏)

𝟏

𝟎

𝐝𝐱 +∫𝐱𝐥𝐧(𝐱)

𝟏

𝟎

𝐝𝐱 = 𝟐 𝐥𝐧(𝟐) −
𝟑

𝟐
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𝐈𝟓 = ∫𝐱 ∫
𝐥𝐧(𝐦)

𝐦

𝐱+𝟏

𝐱

𝐝𝐦

𝟏

𝟎

𝐝𝐱
𝐈𝐁𝐏

=

𝟏

𝟐
∫
𝐥𝐧(𝐦)

𝐦

𝟐

𝟏

𝐝𝐦−
𝟏

𝟐
∫
𝐱𝟐 𝐥𝐧(𝐱 + 𝟏)

𝐱 + 𝟏

𝟏

𝟎

𝐝𝐱 +
𝟏

𝟐
∫
𝐱𝟐 𝐥𝐧(𝐱)

𝐱

𝟏

𝟎

𝐝𝐱

= 𝐥𝐧(𝟐) −
𝟑

𝟒
 

𝐈 = 𝟐𝐈𝟏 − 𝐈𝟐 + 𝐈𝟑 + 𝐈𝟒 − 𝐈𝟓 = 𝟗 𝐥𝐧(𝟐) −
𝟐𝟕

𝟒
𝐥𝐧(𝟑) − 𝟑 𝐥𝐧𝟐(𝟐) +

𝟗

𝟒
𝐥𝐧𝟐(𝟑) 

 

2319. Prove the below closed form 

𝐈 = ∫∫∫
𝟏

(𝟏 + 𝐱)(𝟏 + 𝐲𝐱)(𝟏 + 𝐱𝐲𝐳)

𝟏

𝟎

𝐝𝐱

𝟏

𝟎

𝐝𝐲

𝟏

𝟎

𝐝𝐳 =
𝟕

𝟖
Ϛ(𝟑) −

𝛑𝟐

𝟏𝟐
𝐥𝐨𝐠(𝟐) +

𝟏

𝟔
𝐥𝐨𝐠𝟑(𝟐) 

Proposed by Ankush Kumar Parcha-India 
Solution by Togrul Ehmedov-Azerbaijan 
 

𝐈 = ∫∫∫
𝟏

(𝟏 + 𝐱)(𝟏 + 𝐲𝐱)(𝟏 + 𝐱𝐲𝐳)

𝟏

𝟎

𝐝𝐳

𝟏

𝟎

𝐝𝐲

𝟏

𝟎

𝐝𝐱 = ∫∫
𝐥𝐨𝐠 (𝟏 + 𝐱𝐲)

𝐱𝐲(𝟏 + 𝐱)(𝟏 + 𝐲𝐱)
𝐝𝐲

𝟏

𝟎

𝐝𝐱

𝟏

𝟎

 

Let 𝐱𝐲𝐳 → 𝐦 

𝐈 = ∫
𝟏

𝐱(𝟏 + 𝐱)
∫
𝐥𝐨𝐠(𝟏 +𝐦)

𝐦(𝟏 +𝐦)
𝐝𝐦

𝐱

𝟎

𝐝𝐱

𝟏

𝟎

𝐈𝐁𝐏

=
[(𝐥𝐨𝐠(𝐱) − 𝐥𝐨𝐠(𝟏 + 𝐱))∫

𝐥𝐨𝐠(𝟏 +𝐦)

𝐦(𝟏 +𝐦)
𝐝𝐦

𝐱

𝟎

]

𝟎

𝟏

−∫
𝐥𝐨𝐠(𝐱) 𝐥𝐨𝐠(𝟏 + 𝐱) − 𝐥𝐨𝐠𝟐(𝟏 + 𝐱)

𝐱(𝟏 + 𝐱)

𝟏

𝟎

𝐝𝐱

= − 𝐥𝐨𝐠(𝟐)∫
𝐥𝐨𝐠(𝟏 +𝐦)

𝐦(𝟏 +𝐦)
𝐝𝐦

𝟏

𝟎

−∫
𝐥𝐨𝐠(𝐱) 𝐥𝐨𝐠(𝟏 + 𝐱)

𝐱(𝟏 + 𝐱)

𝟏

𝟎

𝐝𝐱 +∫
𝐥𝐨𝐠𝟐(𝟏 + 𝐱)

𝐱(𝟏 + 𝐱)

𝟏

𝟎

𝐝𝐱 

𝐈𝟏 = ∫
𝐥𝐨𝐠(𝟏 +𝐦)

𝐦(𝟏 +𝐦)
𝐝𝐦

𝟏

𝟎

= ∫
𝐥𝐨𝐠(𝟏 +𝐦)

𝐦
𝐝𝐦

𝟏

𝟎

−∫
𝐥𝐨𝐠(𝟏 +𝐦)

𝟏 +𝐦
𝐝𝐦

𝟏

𝟎

=
𝛑𝟐

𝟏𝟐
−
𝟏

𝟐
𝐥𝐨𝐠𝟐(𝟐) 

𝐈𝟐 = ∫
𝐥𝐨𝐠(𝐱) 𝐥𝐨𝐠(𝟏 + 𝐱)

𝐱(𝟏 + 𝐱)

𝟏

𝟎

𝐝𝐱 = ∫
𝐥𝐨𝐠(𝐱) 𝐥𝐨𝐠(𝟏 + 𝐱)

𝐱

𝟏

𝟎

𝐝𝐱 −∫
𝐥𝐨𝐠(𝐱) 𝐥𝐨𝐠(𝟏 + 𝐱)

𝟏 + 𝐱

𝟏

𝟎

𝐝𝐱

= −
𝟑

𝟒
Ϛ(𝟑) +

𝟏

𝟖
Ϛ(𝟑) = −

𝟓

𝟖
Ϛ(𝟑) 

𝐈𝟑 = ∫
𝐥𝐨𝐠𝟐(𝟏 + 𝐱)

𝐱(𝟏 + 𝐱)

𝟏

𝟎

𝐝𝐱 = ∫
𝐥𝐨𝐠𝟐(𝟏 + 𝐱)

𝐱

𝟏

𝟎

𝐝𝐱 −∫
𝐥𝐨𝐠𝟐(𝟏 + 𝐱)

𝟏 + 𝐱

𝟏

𝟎

𝐝𝐱 =
𝟏

𝟒
Ϛ(𝟑) −

𝟏

𝟑
𝐥𝐨𝐠𝟑(𝟐) 

𝐈 = − 𝐥𝐨𝐠(𝟐) 𝐈𝟏 − 𝐈𝟐 + 𝐈𝟑 =
𝟕

𝟖
Ϛ(𝟑) −

𝛑𝟐

𝟏𝟐
𝐥𝐨𝐠(𝟐) +

𝟏

𝟔
𝐥𝐨𝐠𝟑(𝟐) 
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2320. Prove that 

𝐈 = ∫ (|𝐬𝐢𝐧𝐱| + |𝐜𝐨𝐬𝐱| + |𝐬𝐢𝐧 (
𝐱

𝟐
)| + |𝐜𝐨𝐬 (

𝐱

𝟐
)|)

𝟐𝛑

𝟎

𝐝𝐱 = 𝟏𝟔 

Proposed by Nguyen Van Canh-Vietnam 
Solution by Togrul Ehmedov-Azerbaijan 

 

𝐈𝟏 = ∫ |𝐬𝐢𝐧𝐱|

𝟐𝛑

𝟎

𝐝𝐱 = 𝟐∫𝐬𝐢𝐧𝐱

𝛑

𝟎

𝐝𝐱 = 𝟒 

𝐈𝟐 = ∫ |𝐜𝐨𝐬𝐱|

𝟐𝛑

𝟎

𝐝𝐱 = 𝟒∫𝐜𝐨𝐬𝐱

𝛑
𝟐

𝟎

𝐝𝐱 = 𝟒 

𝐈𝟑 = ∫ |𝐬𝐢𝐧 (
𝐱

𝟐
)|

𝟐𝛑

𝟎

𝐝𝐱 = ∫ 𝐬𝐢𝐧 (
𝐱

𝟐
)

𝟐𝛑

𝟎

𝐝𝐱 = 𝟒 

𝐈𝟒 = ∫ |𝐜𝐨𝐬 (
𝐱

𝟐
)|

𝟐𝛑

𝟎

𝐝𝐱 = 𝟐∫ 𝐜𝐨𝐬 (
𝐱

𝟐
)

𝛑

𝟎

𝐝𝐱 = 𝟒 

𝐈 = 𝐈𝟏 + 𝐈𝟐 + 𝐈𝟑 + 𝐈𝟒 = 𝟏𝟔 

 
 
2321. 

𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

𝐈 = ∫
𝐥𝐨𝐠𝟐(𝐱)

(𝐱 + 𝟏)(𝐱 + 𝟐)

∞

𝟏

𝐝𝐱 =
𝟏

𝟏𝟐
(−𝟔𝐋𝐢𝟑 (

𝟏

𝟒
) + 𝟑Ϛ(𝟑) + 𝟖 𝐥𝐨𝐠𝟑(𝟐) + 𝛑𝟐 𝐥𝐨𝐠(𝟒)) 

 
Proposed by Shirvan Tahirov-Azerbaijan 
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Solution by Togrul Ehmedov-Azerbaijan 
 

𝐈 = ∫
𝐥𝐨𝐠𝟐(𝐱)

(𝐱 + 𝟏)(𝐱 + 𝟐)

∞

𝟏

𝐝𝐱 = ∫
𝐥𝐨𝐠𝟐(𝐱)

(𝐱 + 𝟏)(𝟐𝐱 + 𝟏)

𝟏

𝟎

𝐝𝐱 = 𝟐∫
𝐥𝐨𝐠𝟐(𝐱)

𝟏 + 𝟐𝐱

𝟏

𝟎

𝐝𝐱 −∫
𝐥𝐨𝐠𝟐(𝐱)

𝟏 + 𝐱

𝟏

𝟎

𝐝𝐱

= 𝟐∑(−𝟏)𝐤
∞

𝐤=𝟎

𝟐𝐤∫𝐱𝐤 𝐥𝐨𝐠𝟐(𝐱)

𝟏

𝟎

𝐝𝐱 −∑(−𝟏)𝐤
∞

𝐤=𝟎

∫𝐱𝐤 𝐥𝐨𝐠𝟐(𝐱)

𝟏

𝟎

𝐝𝐱

= −𝟐∑
(−𝟐)𝐤+𝟏

(𝐤 + 𝟏)𝟑

∞

𝐤=𝟎

− 𝟐∑
(−𝟏)𝐤

(𝐤 + 𝟏)𝟑

∞

𝐤=𝟎

= 𝟐𝐋𝐢𝟑(−𝟐) − 𝟐𝛈(𝟑)

= −𝟐{−
𝟏

𝟑
𝐥𝐨𝐠𝟑(𝟐) −

𝛑𝟐

𝟏𝟐
𝐥𝐨𝐠(𝟐) +

𝟏

𝟒
𝐋𝐢𝟑 (

𝟏

𝟒
) −

𝟕

𝟖
Ϛ(𝟑)} −

𝟑

𝟐
Ϛ(𝟑)

= −
𝟏

𝟐
𝐋𝐢𝟑 (

𝟏

𝟒
) +

𝛑𝟐

𝟔
𝐥𝐨𝐠(𝟐) +

𝟐

𝟑
𝐥𝐨𝐠𝟑(𝟐) +

𝟏

𝟒
Ϛ(𝟑)

=
𝟏

𝟏𝟐
(−𝟔𝐋𝐢𝟑 (

𝟏

𝟒
) + 𝟑Ϛ(𝟑) + 𝟖 𝐥𝐨𝐠𝟑(𝟐) + 𝛑𝟐 𝐥𝐨𝐠(𝟒)) 

𝑵𝑶𝑻𝑬: 

{
 

 𝐋𝐢𝟑(𝐳) + 𝐋𝐢𝟑(−𝐳) =
𝟏

𝟒
𝐋𝐢𝟑(𝐳

𝟐)

𝐋𝐢𝟑(−𝐳) − 𝐋𝐢𝟑 (−
𝟏

𝐳
) = −

𝟏

𝟔
𝐥𝐨𝐠𝟑(𝐳) −

𝛑𝟐

𝟔
𝐥𝐨𝐠(𝐳)

 

𝐋𝐢𝟑(−𝟐) = −
𝟏

𝟑
𝐥𝐨𝐠𝟑(𝟐) −

𝛑𝟐

𝟏𝟐
𝐥𝐨𝐠(𝟐) +

𝟏

𝟒
𝐋𝐢𝟑 (

𝟏

𝟒
) −

𝟕

𝟖
Ϛ(𝟑) 

 

2322. Prove that 

𝐈 = ∫𝐱(𝐥𝐨𝐠(𝐥𝐨𝐠𝐱) + 𝐚𝐫𝐜𝐭𝐚𝐧(𝐱 − 𝟏))

𝟏

𝟎

𝐝𝐱 =
𝟏

𝟐
(𝐢𝛑 − 𝛄 − 𝟏) 

𝛄 is the Euler-Mascheroni constant. 
 

Proposed by Shirvan Tahirov-Azerbaijan 
Solution by Togrul Ehmedov-Azerbaijan 

𝐈 = ∫𝐱(𝐥𝐨𝐠(𝐥𝐨𝐠𝐱) + 𝐚𝐫𝐜𝐭𝐚𝐧(𝐱 − 𝟏))

𝟏

𝟎

𝐝𝐱 = ∫𝐱𝐥𝐨𝐠(𝐥𝐨𝐠(𝐱))

𝟏

𝟎

𝐝𝐱 +∫𝐱𝐚𝐫𝐜𝐭𝐚𝐧(𝐱 − 𝟏)

𝟏

𝟎

𝐝𝐱 
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𝐈𝟏 = ∫𝐱𝐥𝐨𝐠(𝐥𝐨𝐠(𝐱))

𝟏

𝟎

𝐝𝐱]

𝐥𝐨𝐠(𝐱)=−𝐲

= ∫ 𝐞−𝟐𝐲 𝐥𝐨𝐠(−𝐲)

∞

𝟎

𝐝𝐲

= 𝐥𝐨𝐠(−𝟏)∫ 𝐞−𝟐𝐲

∞

𝟎

𝐝𝐲 + ∫ 𝐞−𝟐𝐲 𝐥𝐨𝐠(𝐲)

∞

𝟎

𝐝𝐲]

𝟐𝐲=𝐳

=
𝐢𝛑

𝟐
+
𝟏

𝟐
∫ 𝐞−𝐳 𝐥𝐨𝐠(𝐳)

∞

𝟎

𝐝𝐳 −
𝐥𝐨𝐠(𝟐)

𝟐
∫ 𝐞−𝐳

∞

𝟎

𝐝𝐳 =
𝐢𝛑

𝟐
−
𝟏

𝟐
𝛄 −

𝐥𝐨𝐠(𝟐)

𝟐

=
𝟏

𝟐
(𝐢𝛑 − 𝛄 − 𝐥𝐨𝐠(𝟐)) 

𝐈𝟐 = ∫𝐱𝐚𝐫𝐜𝐭𝐚𝐧(𝐱 − 𝟏)

𝟏

𝟎

𝐝𝐱 = −∫(𝟏 − 𝐱)𝐚𝐫𝐜𝐭𝐚𝐧(𝐱)

𝟏

𝟎

𝐝𝐱 =
𝟏

𝟐
(𝐥𝐨𝐠(𝟐) − 𝟏) 

𝐈 = 𝐈𝟏 + 𝐈𝟐 =
𝟏

𝟐
(𝐢𝛑 − 𝛄 − 𝟏), 𝐍𝐨𝐭𝐞:∫ 𝐞−𝐳 𝐥𝐨𝐠(𝐳)

∞

𝟎

𝐝𝐳 = −𝛄 

2323. Find a closed form: 

𝐈 = ∫
𝐥𝐨𝐠(𝒙)

(𝟏 + 𝒙)(𝟏 + 𝐱𝟐)

∞

𝟎

𝐝𝐱 

Proposed by Vasile Mircea Popa-Romania 
Solution by Togrul Ehmedov-Azerbaijan 

𝐈 = ∫
𝐥𝐨𝐠(𝒙)

(𝟏 + 𝒙)(𝟏 + 𝐱𝟐)

∞

𝟎

𝐝𝐱 = ∫
𝐥𝐨𝐠(𝒙)

(𝟏 + 𝒙)(𝟏 + 𝐱𝟐)

𝟏

𝟎

𝐝𝐱 + ∫
𝐥𝐨𝐠(𝒙)

(𝟏 + 𝒙)(𝟏 + 𝐱𝟐)

∞

𝟏

𝐝𝐱]

𝒙→
𝟏
𝒙

= ∫
𝐥𝐨𝐠(𝒙)

(𝟏 + 𝒙)(𝟏 + 𝐱𝟐)

𝟏

𝟎

𝐝𝐱 −∫
𝒙 𝐥𝐨𝐠(𝒙)

(𝟏 + 𝒙)(𝟏 + 𝐱𝟐)

𝟏

𝟎

𝐝𝐱

= 𝟐∫
𝐥𝐨𝐠(𝒙)

(𝟏 + 𝒙)(𝟏 + 𝐱𝟐)

𝟏

𝟎

𝐝𝐱 −∫
𝐥𝐨𝐠(𝒙)

𝟏 + 𝒙𝟐

𝟏

𝟎

𝐝𝐱

= ∫
𝐥𝐨𝐠(𝒙)

𝟏 + 𝒙

𝟏

𝟎

𝐝𝐱 −∫
𝒙 𝐥𝐨𝐠(𝒙)

𝟏 + 𝒙𝟐

𝟏

𝟎

𝐝𝐱]

𝒙→
𝟏
𝒙

= ∫
𝐥𝐨𝐠(𝒙)

𝟏 + 𝒙

𝟏

𝟎

𝐝𝐱 −
𝟏

𝟒
∫
𝐥𝐨𝐠(𝒙)

𝟏 + 𝒙

𝟏

𝟎

𝐝𝐱

=
𝟑

𝟒
∫
𝐥𝐨𝐠(𝒙)

𝟏 + 𝒙

𝟏

𝟎

𝐝𝐱 =
𝟑

𝟒
∑(−𝟏)𝒌
∞

𝒌=𝟎

∫𝒙𝒌 𝐥𝐨𝐠(𝒙)

𝟏

𝟎

𝒅𝒙 = −
𝟑

𝟒
∑

(−𝟏)𝒌

(𝒌 + 𝟏)𝟐

∞

𝒌=𝟎

= −
𝟑

𝟒
𝜼(𝟐) = −

𝟑

𝟖
Ϛ(𝟐) = −

𝝅𝟐

𝟏𝟔
 



 
www.ssmrmh.ro 

29 RMM-CALCULUS MARATHON 2301-2400 

 

2324. Find: 

𝐈 = ∫(
𝐜𝐨𝐬 (

𝛑
𝟑
− 𝐱) 𝐬𝐢𝐧(𝟑𝐱) 𝐜𝐨𝐬 (

𝛑
𝟑
+ 𝐱)

𝐬𝐢𝐧 (
𝛑
𝟑
− 𝐱) 𝐜𝐨𝐬(𝟑𝐱) 𝐬𝐢𝐧 (

𝛑
𝟑
+ 𝐱)

)

𝟐

𝐝𝐱 

Proposed by Daniel Sitaru-Romania 
Solution by Togrul Ehmedov-Azerbaijan 
 

𝐈 = ∫(
𝐜𝐨𝐬 (

𝛑
𝟑 − 𝐱) 𝐬𝐢𝐧

(𝟑𝐱) 𝐜𝐨𝐬 (
𝛑
𝟑 + 𝐱)

𝐬𝐢𝐧 (
𝛑
𝟑 − 𝐱) 𝐜𝐨𝐬

(𝟑𝐱) 𝐬𝐢𝐧 (
𝛑
𝟑 + 𝐱)

)

𝟐

𝐝𝐱

= ∫(
𝐜𝐨𝐬 (

𝛑
𝟑 − 𝐱) 𝐜𝐨𝐬

(𝐱) 𝐜𝐨𝐬 (
𝛑
𝟑 + 𝐱) 𝐬𝐢𝐧

(𝟑𝐱)

𝐬𝐢𝐧 (
𝛑
𝟑 − 𝐱) 𝐬𝐢𝐧

(𝐱) 𝐬𝐢𝐧 (
𝛑
𝟑 + 𝐱) 𝐜𝐨𝐬

(𝟑𝐱)
)

𝟐

(
𝐬𝐢𝐧(𝐱)

𝐜𝐨𝐬(𝐱)
)

𝟐

𝐝𝐱

= ∫(
𝐭𝐚𝐧(𝟑𝐱)

𝐭𝐚𝐧 (
𝛑
𝟑 − 𝐱) 𝐭𝐚𝐧

(𝐱) 𝐭𝐚𝐧 (
𝛑
𝟑 + 𝐱)

)

𝟐

(𝐭𝐚𝐧(𝐱))𝟐 𝐝𝐱 

We know that  𝐭𝐚𝐧 (
𝛑

𝟑
− 𝐱) 𝐭𝐚𝐧(𝐱) 𝐭𝐚𝐧 (

𝛑

𝟑
+ 𝐱) = 𝐭𝐚𝐧(𝟑𝐱) 

Then we can write 

𝐈 = ∫(
𝐭𝐚𝐧(𝟑𝐱)

𝐭𝐚𝐧(𝟑𝐱)
)

𝟐

(𝐭𝐚𝐧(𝐱))𝟐 𝐝𝐱 = ∫(𝐭𝐚𝐧(𝐱))𝟐 𝐝𝐱 = 𝐭𝐚𝐧(𝐱) − 𝐱 + 𝐂 

 

2325. Find: 

𝛀 = ∫𝒙𝒍𝒐𝒈𝟐𝒙 ∙ (𝟏 + 𝟐𝒍𝒐𝒈𝟐𝒙) 𝒅𝒙 

Proposed by Daniel Sitaru-Romania 
Solution by Igor Soposki-Skopje-Macedonia 
 

𝒖 = 𝒙𝒍𝒐𝒈𝟐𝒙+𝟏, 𝒍𝒐𝒈𝟐𝒖 = 𝒍𝒐𝒈𝟐𝒙
𝒍𝒐𝒈𝟐𝒙+𝟏 

 
𝒍𝒐𝒈𝟐𝒖 = (𝒍𝒐𝒈𝟐𝒙 + 𝟏)𝒍𝒐𝒈𝟐𝒙, 𝒍𝒐𝒈𝟐𝒖 = (𝒍𝒐𝒈𝟐𝒙)

𝟐 + 𝒍𝒐𝒈𝟐𝒙 
 

𝒅𝒖

𝒖𝒍𝒏𝟐
= (𝟐𝒍𝒐𝒈𝟐𝒙 ∙

𝟏

𝒙𝒍𝒏𝟐
+

𝟏

𝒙𝒍𝒏𝟐
)𝒅𝒙,

𝒅𝒖

𝒖
= (𝟐𝒍𝒐𝒈𝟐𝒙 ∙

𝟏

𝒙
+
𝟏

𝒙
)𝒅𝒙 

 

𝒅𝒖 =
𝒖(𝟏 + 𝟐𝒍𝒐𝒈𝟐𝒙)

𝒙
𝒅𝒙, 𝒅𝒖 =

𝒙𝒍𝒐𝒈𝟐𝒙+𝟏(𝟏 + 𝟐𝒍𝒐𝒈𝟐𝒙)

𝒙
𝒅𝒙 

 

𝒅𝒖 = 𝒙𝒍𝒐𝒈𝟐𝒙 ∙ (𝟏 + 𝟐𝒍𝒐𝒈𝟐𝒙)𝒅𝒙 



 
www.ssmrmh.ro 

30 RMM-CALCULUS MARATHON 2301-2400 

 

 

𝛀 = ∫𝒙𝒍𝒐𝒈𝟐𝒙 ∙ (𝟏 + 𝟐𝒍𝒐𝒈𝟐𝒙)𝒅𝒙 = ∫𝒅𝒖 = 𝒖 + ∁=𝒙
𝒍𝒐𝒈𝟐𝒙+𝟏 + ∁ 

2326. Prove that 

∫
𝐝𝐱

𝐱𝟒 + 𝐱𝟐 + 𝟏

∞

𝟎

=
𝛑

𝟐√𝟑
 

Proposed by Nguyen Van Canh-Vietnam 
Solution by Togrul Ehmedov-Azerbaijan 

𝐈 = ∫
𝐝𝐱

𝐱𝟒 + 𝟐𝐱𝟐 𝐜𝐨𝐬(𝟐𝐚) + 𝟏

∞

𝟎

]

𝐚=
𝛑
𝟔
 𝐚𝐧𝐝 𝐱=

𝟏
𝐭

= ∫
𝐭𝟐𝐝𝐭

𝐭𝟒 + 𝟐𝐭𝟐 𝐜𝐨𝐬(𝟐𝐚) + 𝟏

∞

𝟎

 

𝟐𝐈 = ∫
𝐝𝐱

𝐱𝟒 + 𝟐𝐱𝟐 𝐜𝐨𝐬(𝟐𝐚) + 𝟏

∞

𝟎

+∫
𝐱𝟐𝐝𝐱

𝐱𝟒 + 𝟐𝐱𝟐 𝐜𝐨𝐬(𝟐𝐚) + 𝟏

∞

𝟎

= ∫
(𝐱𝟐 + 𝟏)𝐝𝐱

𝐱𝟒 + 𝟐𝐱𝟐 𝐜𝐨𝐬(𝟐𝐚) + 𝟏

∞

𝟎

=
𝟏

𝟐
∫

(𝐱𝟐 + 𝟏)𝐝𝐱

𝐱𝟒 + 𝟐𝐱𝟐 𝐜𝐨𝐬(𝟐𝐚) + 𝟏

∞

−∞

 

𝐈 =
𝟏

𝟒
∫

(𝐱𝟐 + 𝟏)𝐝𝐱

𝐱𝟒 + 𝟐𝐱𝟐 𝐜𝐨𝐬(𝟐𝐚) + 𝟏

∞

−∞

=
𝟏

𝟒
∫

(𝐱𝟐 + 𝟏)𝐝𝐱

𝐱𝟒 + 𝟐𝐱𝟐(𝟏 − 𝟐𝐬𝐢𝐧𝟐(𝐚) ) + 𝟏

∞

−∞

=
𝟏

𝟒
∫

(𝐱𝟐 + 𝟏)𝐝𝐱

𝐱𝟒 + 𝟐𝐱𝟐 + 𝟏− 𝟒𝐱𝟐𝐬𝐢𝐧𝟐(𝐚)

∞

−∞

=
𝟏

𝟒
∫

(𝐱𝟐 + 𝟏)𝐝𝐱

(𝐱𝟐 + 𝟏)𝟐 − 𝟒𝐱𝟐𝐬𝐢𝐧𝟐(𝐚)

∞

−∞

=
𝟏

𝟒
∫

(𝐱𝟐 + 𝟏)𝐝𝐱

(𝐱𝟐 + 𝟏− 𝟐𝐱𝐬𝐢𝐧(𝐚))(𝐱𝟐 + 𝟏 + 𝟐𝐱𝐬𝐢𝐧(𝐚))

∞

−∞

 

𝐖𝐞 𝐤𝐧𝐨𝐰 𝐭𝐡𝐚𝐭 𝐀 =
𝟏

𝟒
∫

−𝟐𝐱𝐬𝐢𝐧(𝐚)𝐝𝐱

(𝐱𝟐 + 𝟏 − 𝟐𝐱𝐬𝐢𝐧(𝐚))(𝐱𝟐 + 𝟏 + 𝟐𝐱𝐬𝐢𝐧(𝐚))

∞

−∞

= 𝟎 

Then let's clarify the sum of A+I 

𝐀 + 𝐈 = 𝐈 =
𝟏

𝟒
∫

(𝐱𝟐 + 𝟏)𝐝𝐱

(𝐱𝟐 + 𝟏− 𝟐𝐱𝐬𝐢𝐧(𝐚))(𝐱𝟐 + 𝟏+ 𝟐𝐱𝐬𝐢𝐧(𝐚))

∞

−∞

+
𝟏

𝟒
∫

−𝟐𝐱𝐬𝐢𝐧(𝐚)𝐝𝐱

(𝐱𝟐 + 𝟏 − 𝟐𝐱𝐬𝐢𝐧(𝐚))(𝐱𝟐 + 𝟏+ 𝟐𝐱𝐬𝐢𝐧(𝐚))

∞

−∞

=
𝟏

𝟒
∫

(𝐱𝟐 − 𝟐𝐱𝐬𝐢𝐧(𝐚) + 𝟏)𝐝𝐱

(𝐱𝟐 + 𝟏 − 𝟐𝐱𝐬𝐢𝐧(𝐚))(𝐱𝟐 + 𝟏 + 𝟐𝐱𝐬𝐢𝐧(𝐚))

∞

−∞

=
𝟏

𝟒
∫

𝐝𝐱

𝐱𝟐 + 𝟏+ 𝟐𝐱𝐬𝐢𝐧(𝐚)

∞

−∞

 

𝐈 =
𝟏

𝟒
∫

𝐝𝐱

𝐱𝟐 + 𝐬𝐢𝐧𝟐(𝐚) + 𝐜𝐨𝐬𝟐(𝐚) + 𝟐𝐱𝐬𝐢𝐧(𝐚)

∞

−∞

=
𝟏

𝟒
∫

𝐝𝐱

(𝐱 + 𝐬𝐢𝐧(𝐚))𝟐 + 𝐜𝐨𝐬𝟐(𝐚)

∞

−∞

=
𝟏

𝟒𝐜𝐨𝐬(𝐚)
𝐚𝐫𝐜𝐭𝐠 (

𝐱 + 𝐬𝐢𝐧(𝐚)

𝐜𝐨𝐬(𝐚)
)]
−∞

∞

=
𝛑

𝟒𝐜𝐨𝐬(𝐚)
]
𝐚=
𝛑
𝟔

=
𝛑

𝟐√𝟑
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2327. Prove the below closed form 

𝐈 = ∫
𝐱𝐥𝐨𝐠(𝐱)

(𝐱 + 𝟏)(𝐱𝟐 + 𝟏)

𝟏

𝟎

𝐝𝐱 =
𝟏

𝟑𝟐
(𝛑𝟐 − 𝟏𝟔𝐆) 

Where, G is Catalan’s constant 
 

Proposed by Shirvan Tahirov-Azerbaijan 
Solution by Togrul Ehmedov-Azerbaijan 
 

𝐮 = 𝐥𝐨𝐠(𝐱) → 𝐝𝐮 = 𝐝𝐱/𝐱 

𝐝𝐯 =
𝐱𝐥𝐨𝐠(𝐱)

(𝐱 + 𝟏)(𝐱𝟐 + 𝟏)
𝐝𝐱 → 𝐯 =

𝐭𝐚𝐧−𝟏(𝐱)

𝟐
−
𝐥𝐨𝐠(𝐱 + 𝟏)

𝟐
+
𝐥𝐨𝐠(𝐱𝟐 + 𝟏)

𝟒
 

𝐈
𝐈𝐁𝐏

=
−
𝟏

𝟐
∫
𝐭𝐚𝐧−𝟏(𝐱)

𝐱

𝟏

𝟎

𝐝𝐱 +
𝟏

𝟐
∫
𝐥𝐨𝐠(𝐱 + 𝟏)

𝐱

𝟏

𝟎

𝐝𝐱 −
𝟏

𝟒
∫
𝐥𝐨𝐠(𝐱𝟐 + 𝟏)

𝐱

𝟏

𝟎

𝐝𝐱]

𝐱𝟐→𝐱

= −
𝟏

𝟐
∫
𝐭𝐚𝐧−𝟏(𝐱)

𝐱

𝟏

𝟎

𝐝𝐱 +
𝟏

𝟐
∫
𝐥𝐨𝐠(𝐱 + 𝟏)

𝐱

𝟏

𝟎

𝐝𝐱 −
𝟏

𝟖
∫
𝐥𝐨𝐠(𝐱 + 𝟏)

𝐱

𝟏

𝟎

𝐝𝐱 =

= −
𝟏

𝟐
∫
𝐭𝐚𝐧−𝟏(𝐱)

𝐱

𝟏

𝟎

𝐝𝐱 +
𝟑

𝟖
∫
𝐥𝐨𝐠(𝐱 + 𝟏)

𝐱

𝟏

𝟎

𝐝𝐱

= −
𝟏

𝟐
𝐆 +

𝟑

𝟖
∑
(−𝟏)𝐤−𝟏

𝐤

∞

𝐤=𝟏

∫𝐱𝐤−𝟏

𝟏

𝟎

𝐝𝐱 = −
𝟏

𝟐
𝐆 +

𝟑

𝟖
∑
(−𝟏)𝐤−𝟏

𝐤𝟐

∞

𝐤=𝟏

= −
𝟏

𝟐
𝐆 +

𝟑

𝟖
𝛈(𝟐) = −

𝟏

𝟐
𝐆 +

𝟑

𝟏𝟔
Ϛ(𝟐) = −

𝟏

𝟐
𝐆 +

𝛑𝟐

𝟑𝟐
 

2328. Find: 

∫ ∫ (𝒙 𝐥𝐨𝐠(𝒂𝒓𝒄𝒄𝒐𝒔(𝟏 − 𝒚)) + 𝒂𝒓𝒄𝒕𝒂𝒏𝟐(𝟏 − 𝒚))
𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚 

Proposed by Shirvan Tahirov-Azerbaijan 
Solution by Amin Hajiyev-Azerbaijan 
 

𝛀 = ∫ ∫ 𝒙 𝐥𝐨𝐠(𝐜𝐨𝐬−𝟏(𝟏 − 𝒚))
𝟏

𝟎

𝟏

𝟎
𝒅𝒙𝒅𝒚 + ∫ ∫ 𝒂𝒓𝒄𝒕𝒂𝒏𝟐(𝟏 − 𝒚)

𝟏

𝟎

𝟏

𝟎
𝒅𝒙𝒅𝒚 =

 
𝟏

𝟐
∫ 𝐥𝐨𝐠(𝐜𝐨𝐬−𝟏(𝒚))
𝟏

𝟎
𝒅𝒚 

Sub... {𝐚𝐫𝐜𝐜𝐨𝐬(𝒚) = 𝒕 ;  
𝒅𝒕

𝒅𝒚
= −

𝟏

𝐬𝐢𝐧(𝒕)
 ;   𝒕 [𝟎;

𝝅

𝟐
]} 

𝛀𝟏 =
𝟏

𝟐
∫ 𝐬𝐢𝐧 (𝒕) 𝐥𝐨𝐠(𝒕) =

𝟏

𝟐
∫

𝐜𝐨𝐬 (𝒕)

𝒕
𝒅𝒕 +

𝝅

𝟐
𝟎

𝝅

𝟐
𝟎

 
𝟏

𝟐
𝐥𝐨𝐠(𝟎) =

𝟏

𝟐
∫

𝐜𝐨𝐬(𝒕)−𝟏

𝒕
𝒅𝒕

𝝅

𝟐
𝟎

+
𝟏

𝟐
𝐥𝐧 (

𝝅

𝟐
) 
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{𝑾𝒆 𝒌𝒏𝒐𝒘 𝒄𝒐𝒔𝒊𝒏𝒆 𝒊𝒏𝒕𝒆𝒈𝒓𝒂𝒍 𝑪𝒊(𝒛) = 𝜸 + 𝐥𝐧(𝒛) +∫
𝐜𝐨𝐬(𝒕) − 𝟏

𝒕
𝒅𝒛 = −∫

𝐜𝐨𝐬(𝒕)

𝒕
𝒅𝒕

∞

𝟎

𝒛

𝟎

} 

𝛀𝟏 =
𝟏

𝟐

(

 ∫
𝐜𝐨𝐬(𝒕) − 𝟏

𝒕
𝒅𝒕

𝝅
𝟐

𝟎

+ 𝐥𝐧 (
𝝅

𝟐
)

)

 =
𝟏

𝟐
𝑪𝒊 (

𝝅

𝟐
) −

𝜸

𝟐
 

𝛀𝟐 = ∫ ∫ 𝒂𝒓𝒄𝒕𝒂𝒏𝟐(𝟏 − 𝒚)
𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚 = ∫𝒂𝒓𝒄𝒕𝒂𝒏𝟐(𝒚)

𝟏

𝟎

𝒅𝒚 = |
𝟏
𝟎
 𝒚𝒂𝒓𝒄𝒕𝒂𝒏𝟐(𝒚) − 

−𝟐∫
𝒚𝒂𝒓𝒄𝒕𝒏(𝒚)

𝟏+𝒚𝟐

𝟏

𝟎
𝒅𝒚 = |𝐚𝐫𝐜𝐭𝐚𝐧(𝒚) = 𝒕| =

𝝅𝟐

𝟏𝟔
− -2∫ 𝒕. 𝒕𝒂𝒏(𝒕)𝒅𝒕 =

𝝅

𝟒
𝟎

 

=
𝝅𝟐

𝟏𝟔
+ 𝟐 |

𝝅

𝟒

𝟎
 t𝐥𝐨𝐠(𝐜𝐨𝐬(𝒕)) −𝟐 ∫ 𝐥𝐨𝐠(𝐜𝐨𝐬(𝒕))𝒅𝒕 =

𝝅

𝟒
𝟎

 𝑪 

{𝑾𝒆 𝒌𝒏𝒐𝒘 𝑭𝒐𝒖𝒓𝒊𝒆𝒓 𝒔𝒆𝒓𝒊𝒆𝒔 𝒐𝒇.  𝐥𝐧(𝐜𝐨𝐬(𝒛))

= − 𝐥𝐧(𝟐) −∑
(−𝟏)𝒏 𝐜𝐨𝐬(𝟐𝒏𝒛)

𝒏

∞

𝒏=𝟏

  𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏} 

𝛀𝟐 =
𝝅𝟐

𝟏𝟔
−
𝝅

𝟒
𝐥𝐧(𝟐) + 𝐥𝐧(𝟐)∫ 𝒅𝒕

𝝅
𝟒

𝟎

+ 𝟐∑
(−𝟏)𝒏

𝒏

∞

𝒏=𝟏

∫ 𝐜𝐨𝐬(𝟐𝒏𝒕)𝒅𝒕

𝝅
𝟒

𝟎

=
𝝅𝟐

𝟏𝟔
+
𝝅

𝟒
𝐥𝐧(𝟐) + +∑

(−𝟏)𝒏 𝐬𝐢𝐧 (
𝝅𝒏
𝟐 )

𝒆𝟐
=

∞

𝒏=𝟏

 
𝝅𝟐

𝟏𝟔
+
𝝅

𝟒
𝐥𝐧(𝟐)

+∑
(−𝟏)𝒏

(𝟐𝒏 − 𝟏)𝟐
=

∞

𝒏=𝟏

𝝅𝟐

𝟏𝟔
+
𝝅

𝟒
𝐥𝐧(𝟐) − 𝑮 

2329. Find: 

𝛀 = ∫𝐲 𝐥𝐨𝐠(𝐬𝐢𝐧(𝐲) + 𝐜𝐨𝐬(𝐲))𝐝𝐲

𝛑
𝟐

𝛑
𝟒

 

Proposed by Shirvan Tahirov-Azerbaijan 
Solution by Amin Hajiyev-Azerbaijan 

𝛀 = ∫𝐲 𝐥𝐨𝐠(𝐬𝐢𝐧(𝐲) + 𝐜𝐨𝐬(𝐲))𝐝𝐲

𝛑
𝟐

𝛑
𝟒

    ⬌𝐬𝐢𝐧(𝐲) + 𝐜𝐨𝐬(𝐲) = √𝟐𝐬𝐢𝐧(𝐲 +
𝛑

𝟒
) 
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𝛀 = ∫ 𝐲 𝐥𝐧 (√𝟐 𝐬𝐢𝐧(𝐲 +
𝛑

𝟒
))𝐝𝐲 =

𝟏

𝟐
𝐥𝐧(𝟐)∫ 𝐲𝐝𝐲 +

𝛑

𝟐
𝛑

𝟒

𝛑

𝟐
𝛑

𝟒

 ∫ 𝐲𝐥𝐧 (𝐬𝐢𝐧 (𝐱 +
𝛑

𝟒
))

𝛑

𝟐
𝛑

𝟒

𝐝𝐲 

𝛀𝟏 =
𝐥𝐧(𝟐)

𝟐
∫ 𝐲𝐝𝐲 =

𝐥𝐧(𝟐)

𝟐
 
𝐲𝟐

𝟐
|

𝛑

𝟐
𝛑

𝟒

𝛑
𝟐

𝛑
𝟒

=
𝟑𝛑𝟐

𝟔𝟒
𝐥𝐧(𝟐) 

𝛀𝟐 =
𝐥𝐧(𝟐)

𝟐
∫ 𝐲𝐥𝐧 (𝐬𝐢𝐧 (𝐱 +

𝛑

𝟒
))𝐝𝐲 = |𝐲 +

𝛑

𝟒
= 𝐱| = ∫ (𝐱 −

𝛑

𝟒
) 𝐥𝐧(𝐱)𝐝𝐱 = 𝐈𝟏 − 𝐈𝟐

𝟑𝛑
𝟒

𝛑
𝟐

𝛑
𝟐

𝛑
𝟒

 

𝐈𝟏 = ∫ 𝐱 𝐥𝐧(𝐬𝐢𝐧 𝐱)𝐝𝐱 = −

𝟑𝛑
𝟒

𝛑
𝟐

𝐥𝐧(𝟐)∫ 𝐝𝐱 −∑
𝟏

𝐧

∞

𝐧=𝟏

𝟑𝛑
𝟒

𝛑
𝟐

∫ 𝐱 𝐜𝐨𝐬(𝟐𝐧𝐱)𝐝𝐱 =

𝟑𝛑
𝟒

𝛑
𝟐

 

= −
𝟓𝛑𝟐 𝐥𝐧(𝟐)

𝟑𝟐
− ∑

𝟏

𝐧

∞
𝐧=𝟏 [

𝐜𝐨𝐬(𝟐𝐧𝐱)

𝟒𝐧𝟐
−
𝐱 𝐬𝐢𝐧(𝟐𝐧𝐱)

𝟐𝐧
]

𝟑𝛑

𝟒
𝛑

𝟐

= −
𝟓𝛑𝟐 𝐥𝐧(𝟐)

𝟑𝟐
−∑

𝟏

𝐧

∞
𝐧=𝟏 [

𝟑𝛑 𝐬𝐢𝐧(
𝟑𝛑𝐧

𝟐
)

𝟖𝐧𝟐
−
𝐱 𝐬𝐢𝐧(𝛑𝐧)

𝟒𝐧𝟐
−

−
𝐜𝐨𝐬(𝛑𝐧)

𝟒𝐧𝟑
+
𝐜𝐨𝐬 (

𝟑𝛑𝐧

𝟐
)

𝟒𝐧𝟑
] = −

𝟓𝛑𝟐 𝐥𝐧(𝟐)

𝟑𝟐
+
𝟑𝛑

𝟖
(𝟏 −

𝟏

𝟑𝟐
+

𝟏

𝟓𝟐
−

𝟏

𝟕𝟐
+⋯)+

𝟏

𝟒
∑

(−𝟏)𝐧

𝐧𝟑
∞
𝐧=𝟏 −

𝟏

𝟒
∑

𝐜𝐨𝐬 (
𝟑𝛑𝐧

𝟐
)

𝐧𝟑
∞
𝐧=𝟏 = 

= −
𝟓𝛑𝟐 𝐥𝐧(𝟐)

𝟑𝟐
+
𝟑𝛑

𝟖
∑

(−𝟏)𝐧

(𝟐𝐧 + 𝟏)𝟑

∞

𝐧=𝟎
−
𝟏

𝟒
(𝟏 − 𝟐𝟏−𝟑)𝛇(𝟑)

+
𝟏

𝟒
(−

𝟏

𝟐𝟑
+
𝟏

𝟒𝟑
−
𝟏

𝟔𝟑
+
𝟏

𝟖𝟑
−⋯) = 

= −
𝟓𝛑𝟐 𝐥𝐧(𝟐)

𝟑𝟐
+
𝟑𝛑

𝟖
𝐆 −

𝟑

𝟒
𝛇(𝟑) −

𝟏

𝟒
×
𝟏

𝟐𝟑
(𝟏 −

𝟏

𝟐𝟑
+
𝟏

𝟑𝟑
−
𝟏

𝟒𝟑
+⋯) =

= −
𝟓𝛑𝟐 𝐥𝐧(𝟐)

𝟑𝟐
+
𝟑𝛑

𝟖
𝐆 −

𝟑

𝟏𝟔
𝛇(𝟑) +

𝟏

𝟑𝟐
(𝟏 − 𝟐𝟏−𝟑)𝛇(𝟑)

= −
𝟓𝛑𝟐 𝐥𝐧(𝟐)

𝟑𝟐
+
𝟑𝛑

𝟖
𝐆 −

𝟐𝟏

𝟏𝟐𝟖
𝛇(𝟑) 

𝐈𝟐 =
𝛑

𝟒
∫ 𝐥𝐧(𝐬𝐢𝐧𝐱)𝐝𝐱 = −

𝟑𝛑
𝟒

𝛑
𝟐

𝛑

𝟒
𝐥𝐧(𝟐)∫ 𝐝𝐱 −

𝟑𝛑
𝟒

𝛑
𝟐

𝛑

𝟒
∑

𝟏

𝐧
∫ 𝐜𝐨𝐬(𝟐𝐧𝐱)𝐝𝐱 =

𝟑𝛑
𝟒

𝛑
𝟐

∞

𝐧=𝟏
−
𝛑𝟐𝐥𝐧(𝟐)

𝟏𝟔

− −
𝛑

𝟒
∑

𝟏

𝐧
[
𝐬𝐢𝐧 (

𝟑𝛑𝐧
𝟐
) − 𝐬𝐢𝐧(𝛑𝐧)

𝟐𝐧
]

∞

𝐧=𝟏

= −
𝛑𝟐𝐥𝐧(𝟐)

𝟏𝟔
−
𝛑

𝟖
∑

𝐬𝐢𝐧 (
𝟑𝛑𝐧
𝟐
)

𝐧𝟐
+
𝛑

𝟖
∑

𝐬𝐢𝐧(𝛑𝐧)

𝐧𝟐
=
𝛑

𝟖
𝐆 −

𝛑𝟐𝐥𝐧(𝟐)

𝟏𝟔

∞

𝐧=

∞

𝐧=
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𝛀𝟐 = 𝐈𝟏 − 𝐈𝟐 =
𝛑

𝟒
𝐆 −

𝟑𝛑𝟐𝐥𝐧(𝟐)

𝟑𝟐
−

𝟐𝟏

𝟏𝟐𝟖
𝛇(𝟑)      𝛀 = 𝛀𝟏 + 𝛀𝟐 =

𝛑

𝟒
𝐆 −

𝟑𝛑𝟐𝐥𝐧(𝟐)

𝟔𝟒
−

𝟐𝟏

𝟏𝟐𝟖
𝛇(𝟑) 

 

2330. Prove that: 

𝛀 = ∫
𝐱𝐥𝐧𝟐(𝟏+𝐱)

(𝟏+𝐱)(𝟐+𝐱)(𝟑+𝐱)
𝐝𝐱 = |𝟏 + 𝐱 = 𝐭| = 

∞

𝟎
 ∫

(𝐭−𝟏)𝐥𝐧𝟐(𝐭)

𝐭(𝐭+𝟏)(𝐭+𝟐)
𝐝𝐭

∞

𝟏
 

Proposed by Shirvan Tahirov-Azerbaijan 
Solution by Amin Hajiyev-Azerbaijan 
 

Replace  {
𝟏

𝐭
= 𝐮   

𝐝𝐮

𝐝𝐭
= −𝐮𝟐  𝐮[𝟎;𝟏]} 

𝛀 = ∫
(
𝟏

𝐮
−𝟏)𝐥𝐧𝟐(𝐮)

𝟏

𝐮
(
𝟏

𝐮
+𝟏)(

𝟏

𝐮
+𝟐)
 
𝐝𝐮

𝐮𝟐

𝟏

𝟎
= ∫

(𝟏−𝐮)𝐥𝐧𝟐(𝐮)

(𝟏+𝐮)(𝟏+𝟐𝐮)
𝐝𝐮 = 

𝟏

𝟎
𝟐 ∫

(𝟏−𝐮)𝐥𝐧𝟐(𝐮)

(𝟏+𝟐𝐮)
𝐝𝐮 − ∫

(𝟏−𝐮)𝐥𝐧𝟐(𝐮)

(𝟏+𝐮)
𝐝𝐮 = 

𝟏

𝟎

𝟏

𝟎
 

= 𝟐𝛀𝟏 − 𝛀𝟐 

𝛀𝟏 = ∫
𝐥𝐧𝟐(𝐮)

(𝟏+𝟐𝐮)
𝐝𝐮 − ∫

𝐮𝐥𝐧𝟐(𝐮)

(𝟏+𝟐𝐮)
𝐝𝐮 = 

𝟏

𝟎
 

𝟏

𝟎
 
𝟏

𝟐
 (∫

𝐥𝐧𝟐(𝐮)

(𝐮+
𝟏

𝟐
)
𝐝𝐮 

𝟏

𝟎
− ∫

𝐮𝐥𝐧𝟐(𝐮)

(𝐮+
𝟏

𝟐
)
𝐝𝐮 

𝟏

𝟎
) 

General solution: 𝐈(𝐚) = ∫
𝐥𝐧𝟐(𝐱)

𝐱+𝐚
𝐝𝐱        Replace: {𝐱 = 𝐚𝐭   

𝐝𝐱

𝐝𝐭
= 𝐚} 

⍟𝐈(𝐚) = ∫
𝐥𝐧𝟐(𝐚𝐭)

𝟏 + 𝐭
𝐝𝐭 =  𝐥𝐧𝟐(𝐚𝐭) 𝐥𝐧(𝟏 + 𝐭) − 𝟐 ∫

𝐥𝐧(𝐚𝐭) 𝐥𝐧(𝟏 + 𝐭)

𝐭
𝐝𝐭 =  𝐥𝐧𝟐(𝐚𝐭) 𝐥𝐧(𝟏 + 𝐭) +             

+𝟐∑
(−𝟏)𝐧

𝐧

∞
𝐧=𝟏  ∫ 𝐭𝐧−𝟏(𝐥𝐧(𝐚) + 𝐥𝐧(𝐭))𝐝𝐭 =  𝐥𝐧𝟐(𝐚𝐭) 𝐥𝐧(𝟏 + 𝐭) + 𝟐𝐋𝐢𝟐(−𝐭) 𝐥𝐧(𝐚𝐭) −

−𝟐𝐋𝐢𝟑(−𝐭)    + 𝐜  = 𝐥𝐧
𝟐(𝐱) 𝐥𝐧 (𝟏 +

𝐱

𝐚
) +  𝟐𝐋𝐢𝟐 (−

𝐱

𝐚
) 𝐥𝐧(𝐱) −   𝟐𝐋𝐢𝟑 (−

𝐱

𝐚
) + 𝐜 

⍟𝐉(𝐚) = 𝐚∫
𝐥𝐧𝟐(𝐚𝐭)

𝟏 + 𝐭
𝐝𝐭 = 𝐚𝐭𝐥𝐧𝟐(𝐚𝐭) − 𝐚 𝐥𝐧(𝟏 + 𝐭)𝐥𝐧𝟐(𝐚𝐭) −𝟐𝐚∫

𝐥𝐧(𝐚𝐭)(𝐭 − 𝐥𝐧(𝟏 + 𝐭))

𝐭
𝐝𝐭 = 

= 𝐚𝐭𝐥𝐧𝟐(𝐚𝐭) − 𝐚 𝐥𝐧(𝟏 + 𝐭)𝐥𝐧𝟐(𝐚𝐭) − 𝟐𝐚( 𝐥𝐧(𝐚𝐭) − 𝟏)

− 𝟐𝐚∑
(−𝟏)𝐧

𝐧

∞

𝐧=𝟏
∫𝐭𝐧−𝟏(𝐥𝐧(𝐚) + 𝐥𝐧(𝐭))𝐝𝐭 

= 𝐚𝐭𝐥𝐧𝟐(𝐚𝐭) − 𝐚 𝐥𝐧(𝟏 + 𝐭)𝐥𝐧𝟐(𝐚𝐭) + 𝟐𝐚𝐭 − 𝟐𝐚𝐭𝐥𝐧(𝐚𝐭) +𝟐𝐋𝐢𝟑(−𝐭) − 𝟐𝐚𝐋𝐢𝟐(−𝐭)𝐥𝐧
𝟐(𝐚𝐭) + 𝐜 =

=  𝟐𝐚𝐋𝐢𝟑 (−
𝐱

𝐚
) − 𝟐𝐚𝐋𝐢𝟐 (−

𝐱

𝐚
) 𝐥𝐧(𝐱) − 𝐚𝐥𝐧𝟐(𝐱) 𝐥𝐧 (𝟏 +

𝐱

𝐚
) +  𝟐𝐱 + 𝐱𝐥𝐧𝟐(𝐱)

− 𝟐𝐱𝐥𝐧(𝐱) + 𝐜   

♦𝛀𝟏 =
𝟏

𝟐
(|
𝟏
𝟎
𝐈 (
𝟏

𝟐
) − 𝐉 (

𝟏

𝟐
)) =

𝟏

𝟐
(−𝟐𝐋𝐢𝟑(−𝟐) − 𝐋𝐢𝟑(−𝟐) − 𝟐) = −

𝟑

𝟐
𝐋𝐢𝟑(−𝟐) − 𝟏 
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♦𝛀𝟐 = ∫
(𝟏 − 𝐮)𝐥𝐧𝟐(𝐮)

(𝟏 + 𝐮)
𝐝𝐮 = 

𝟏

𝟎

∫
𝐥𝐧𝟐(𝐮)

𝟏 + 𝐮
𝐝𝐮 −∫

𝐮𝐥𝐧𝟐(𝐮)

𝟏 + 𝐮
𝐝𝐮 = 

𝟏

𝟎

 

𝟏

𝟎

 

=∑ (−𝟏)𝐧∫ 𝐮𝟐𝐥𝐧𝟐(𝐮)𝐝𝐮
𝟏

𝟎

∞

𝐧=𝟏

−∫ 𝐮𝐧+𝟏𝐥𝐧𝟐(𝐮)𝐝𝐮 =∑ (−𝟏)𝐧 (
𝟐

(𝐧 + 𝟏)𝟑
−

𝟐

(𝐧 + 𝟐)𝟑
) =

∞

𝐧=𝟏

𝟏

𝟎

 

= 𝟐∑
(−𝟏)𝐧

(𝐧+𝟏)𝟑
− 𝟐∑

(−𝟏)𝐧

𝐧𝟑
=
𝟑

𝟐

∞
𝐧=𝟏

∞
𝐧=𝟏 𝛇(𝟑) − 𝟐 +

𝟑

𝟐
 𝛇(𝟑) = 𝟑𝛇(𝟑) − 𝟐 

𝛀 = ∫
𝐱𝐥𝐧𝟐(𝟏 + 𝐱)

(𝟏 + 𝐱)(𝟐 + 𝐱)(𝟑 + 𝐱)
𝐝𝐱 = 𝟐𝛀𝟏 −𝛀𝟐 = −𝟑𝐋𝐢𝟑(−𝟐) − 𝟑𝛇(𝟑) 

∞

𝟎

 

Note; 𝛇(𝟑) − 𝐀𝐩𝐞𝐫𝐲′𝐬 𝐜𝐨𝐧𝐬𝐭𝐚𝐧𝐭 

2331. Find: 

𝛀 = ∫∫
𝒙𝟐 𝐥𝐧(𝒚) 𝐥𝐧(𝒙) 𝐥𝐧 (𝟏 + 𝒙𝟐)

(𝟏 + 𝒚)𝟐
𝒅𝒙𝒅𝒚

𝟏

𝟎

𝟏

𝟎

 

Proposed by Shirvan Tahirov-Azerbaijan 
Solution by Amin Hajiyev-Azerbaijan 
 

𝛀 = ∫∫
𝒙𝟐 𝐥𝐧(𝒚) 𝐥𝐧(𝒙) 𝐥𝐧 (𝟏 + 𝒙𝟐)

(𝟏 + 𝒚)𝟐
𝒅𝒙𝒅𝒚

𝟏

𝟎

𝟏

𝟎

= ∫
𝐥𝐧 (𝒚)

(𝟏 + 𝒚)𝟐
𝒅𝒚 ×∫ 𝒙𝟐 𝐥𝐧(𝒙) 𝐥𝐧(𝟏 + 𝒙𝟐)𝒅𝒙 = 𝑲 ×𝑴

𝟏

𝟎

𝟏

𝟎

 

𝑲 = ∫
𝐥𝐧 (𝒚)

(𝟏 + 𝒚)𝟐
𝒅𝒚

𝟏

𝟎

 

{∑(−𝟏)𝒏𝒙𝒏 =
𝟏

𝟏+ 𝒙
; 
𝝏

𝝏𝒙
∑(−𝟏)𝒏𝒙𝒏 = −

𝟏

(𝟏 + 𝒙)𝟐
 

∞

𝒏=𝟎

 ;  −∑(−𝟏)𝒏𝒙𝒏−𝟏 =

∞

𝒏=𝟎

𝟏

(𝟏 + 𝒙)𝟐
 

∞

𝒏=𝟎

} 

𝑲 = −∑(−𝟏)𝒏𝒏∫𝒚𝒏−𝟏 𝐥𝐧(𝒚)𝒅𝒚 =∑
(−𝟏)𝒏

𝒏𝟐
=∑

(−𝟏)𝒏

𝒏
=

∞

𝒏=𝟏

∞

𝒏=𝟏

𝟏

𝟎

∞

𝒏=𝟏

−−𝐥𝐧 (𝟐) 

𝑴 = ∫𝒙𝟐 𝐥𝐧(𝒙) 𝐥𝐧(𝟏 + 𝒙𝟐)𝒅𝒙 = −∑
(−𝟏)𝒏

𝒏
∫𝒙𝟐𝒏+𝟐 𝐥𝐧(𝒙)𝒅𝒙 =

𝟏

𝟎

∞

𝒏=𝟏

𝟏

𝟎

 

=∑
(−𝟏)𝒏

𝒏(𝟐𝒏+ 𝟑)𝟐
=
𝟏

𝟗
∑

(−𝟏)𝒏

𝒏
−
𝟐

𝟗
∑

(−𝟏)𝒏

𝟐𝒏+ 𝟑
−
𝟐

𝟑
∑

(−𝟏)𝒏

(𝟐𝒏 + 𝟑)𝟐
=

∞

𝒏=𝟏

∞

𝒏=𝟏

∞

𝒏=𝟏

∞

𝒏=𝟏
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=
𝐥𝐧 (𝟐)

𝟗
+
𝟐

𝟗
∑

(−𝟏)𝒏

𝟐𝒏 + 𝟓
−
𝟏𝟔

𝟐𝟕
+
𝟐

𝟑
∑

(−𝟏)𝒏

(𝟐𝒏 − 𝟏)𝟐

∞

𝒏=𝟏

∞

𝒏=𝟏
 

{∑
(−𝟏)𝒏

(𝟐𝒏 − 𝟏)𝟐

∞

𝒏=𝟏
= ∑(−𝟏)𝒏∫𝒙𝟐𝒏+𝟒𝐝𝐱 = ∫

𝒙𝟒

𝟏 + 𝒙𝟐

𝟏

𝟎

𝟏

𝟎

∞

𝒏=𝟏

𝒅𝒙 =       } 

{= ∫(𝒙𝟐 − 𝟏)𝐝𝐱 +∫
𝟏

𝟏 + 𝒙𝟐

𝟏

𝟎

𝟏

𝟎

𝒅𝒙 =
𝟏

𝟑
− 𝟏+

𝝅

𝟒
=
𝝅

𝟒
−
𝟐

𝟑
 } 

𝐌 = −
𝐥𝐧(𝟐)

𝟗
+
𝛑

𝟏𝟖
−
𝟒

𝟐𝟕
−
𝟏𝟔

𝟐𝟕
+
𝐆

𝟑
= −

𝐥𝐧(𝟐)

𝟗
+
𝛑

𝟏𝟖
−
𝟐𝟎

𝟐𝟕
+
𝟐𝐆

𝟑
 

answer: 𝛀 = 𝑲×𝑴 =
𝒍𝒏𝟐(𝟐)

𝟗
−
𝛑 𝐥𝐧(𝟐)

𝟏𝟖
+
𝟐𝟎𝐥𝐧(𝟐)

𝟐𝟕
−
𝟐𝐥𝐧(𝟐)

𝟑
𝑮 

Note: G - Catalan's constant 

2332. Prove that: 
 

∫
𝐥𝐧𝟐(𝒙)

(𝟏 + 𝒙 + 𝒙𝟐)𝟐
𝒅𝒙

∞

𝟏

  =  
𝟏𝟔√𝟑

𝟕𝟐𝟗
𝝅𝟑 −

𝟕

𝟖𝟏
𝝅𝟐 −

𝟐

𝟐𝟕
𝝍(𝟏) (

𝟏

𝟑
) +

𝟒

𝟐𝟕
𝝍(𝟏) (

𝟐

𝟑
) 

 
Proposed by Shirvan Tahirov-Azerbaijan 

Solution by Ankush Kumar Parcha-India 
 

∫
𝐥𝐧𝟐(𝒙)

(𝟏 + 𝒙 + 𝒙𝟐)𝟐
𝒅𝒙

∞

𝟏

= ∫
(𝒙 − 𝟏)𝟐

(𝒙𝟑 − 𝟏)𝟐

∞

𝟏

𝐥𝐧𝟐(𝒙)  𝒅𝒙 

⟹ (𝒙 → 𝟏/𝒙) ∫
(𝒙 − 𝒙 𝟐)𝟐

(𝟏 − 𝒙𝟑)𝟐

𝟏

𝟎

𝐥𝐧𝟐(𝒙)  𝒅𝒙 

⟹  (𝒙𝟑 → 𝒙) 
𝟏

𝟐𝟕
∫
(𝟏 − √𝒙

𝟑
)
𝟐

(𝟏 − 𝒙)𝟐

𝟏

𝟎

𝐥𝐧𝟐(𝒙)  𝒅𝒙  ⟹ 

 
𝟏

𝟐𝟕
∑ 𝒏 
𝒏𝝐ℕ   ∫ (𝒙𝒏−𝟏 + 𝒙𝒏−

𝟏

𝟑 − 𝟐𝒙𝒏−
𝟐

𝟑)
𝟏

𝟎
  𝐥𝐧𝟐(𝒙)  𝒅𝒙 ⟹ 

𝟐

𝟐𝟕
∑𝒏

 

𝒏𝝐ℕ

  (
𝟏

𝒏𝟑
+

𝟐𝟕

(𝟑𝒏 + 𝟐)𝟑
−

𝟓𝟒

(𝟑𝒏 + 𝟏)𝟑
) = 

=
𝟐

𝟐𝟕
𝜻(𝟐) +

𝟐

𝟐𝟕
𝜻(𝟐,

𝟐

𝟑
) −

𝟒

𝟖𝟏
𝜻(𝟑,  

𝟐

𝟑
) −

𝟒

𝟐𝟕
𝜻 (𝟐,  

𝟏

𝟑
) +

𝟒

𝟖𝟏
𝜻(𝟑,  

𝟏

𝟑
)   ⟹ 

 

 
𝝅𝟐

𝟖𝟏
−
𝟐

𝟐𝟕
𝝍(𝟏) (

𝟏

𝟑
) +

𝟒

𝟐𝟕
𝝍(𝟏) (

𝟐

𝟑
) −

𝟐

𝟐𝟕
[𝝍(𝟏) (

𝟏

𝟑
) +𝝍(𝟏) (

𝟐

𝟑
)] +

𝟐

𝟖𝟏
[𝝍(𝟐) (

𝟐

𝟑
) −𝝍(𝟐) (

𝟏

𝟑
)] 

 

⟹  
𝝅𝟐

𝟖𝟏
−
𝟐

𝟐𝟕
𝝍(𝟏) (

𝟏

𝟑
) +

𝟒

𝟐𝟕
𝝍(𝟏) (

𝟐

𝟑
) −

𝟐

𝟐𝟕
 

𝝅𝟐

𝐬𝐢𝐧𝟐(𝝅/𝟑)
+
𝟒𝝅𝟑

𝟖𝟏
 
𝐜𝐨𝐭(𝝅/𝟑)

𝐬𝐢𝐧𝟐(𝝅/𝟑)
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⟹  ∫
𝐥𝐧𝟐(𝒙)

(𝟏 + 𝒙 + 𝒙𝟐)𝟐

∞

𝟏

 𝒅𝒙  =
𝟏𝟔√𝟑

𝟕𝟐𝟗
𝝅𝟑 −

𝟕

𝟖𝟏
𝝅𝟐 −

𝟐

𝟐𝟕
𝝍(𝟏) (

𝟏

𝟑
) +

𝟒

𝟐𝟕
𝝍(𝟏) (

𝟐

𝟑
) 

 

2333. Find: 

∫ ∫ 𝒙𝟑 𝐚𝐫𝐜𝐭𝐚𝐧𝟑(𝟏 − 𝒙𝟐) 𝐥𝐧(𝐥𝐧𝟒(𝒚)) 𝒅𝒙𝒅𝒚
𝟏

𝟎

𝟏

𝟎

 

Proposed by Shirvan Tahirov-Azerbaijan 
Solution by Bui Hong Suc-Vietnam 

∴  𝜸 = −∫ 𝒆−𝒙 𝐥𝐧 𝒙
∞

𝟎

𝒅𝒙 = −∫ 𝐥𝐧(− 𝐥𝐧 𝒙)𝒅𝒙
𝟏

𝟎

 

∴  ∫ 𝐥𝐧 𝐜𝐨𝐬 𝒙

𝝅
𝟒

𝟎

𝒅𝒙 = −
𝝅

𝟒
𝐥𝐧 𝟐 +

𝑮

𝟐
 

∴   𝐥𝐧 𝐜𝐨𝐬 𝒙 = − 𝐥𝐧 𝟐 −∑
(−𝟏)𝒏

𝒏

∞

𝒏=𝟏

𝐜𝐨𝐬 𝟐𝒏𝒙 

∴  ∫ 𝒙

𝝅
𝟒

𝟎

𝐥𝐧 𝐜𝐨𝐬 𝒙𝒅𝒙 = ∫ 𝒙(− 𝐥𝐧𝟐 −∑
(−𝟏)𝒏

𝒏

∞

𝒏=𝟏

𝐜𝐨𝐬 𝟐𝒏𝒙)𝒅𝒙

𝝅
𝟒

𝟎

= −
𝒙𝟐

𝟐
𝐥𝐧 𝟐 ↿

𝟎

𝝅
𝟒−∑

(−𝟏)𝒏

𝒏
∫ 𝒙

𝝅
𝟒

𝟎

𝐜𝐨𝐬 𝟐

∞

𝒏=𝟏

𝒏𝒙𝒅𝒙 

= −
𝝅𝟐 𝐥𝐧 𝟐

𝟑𝟐
−∑

(−𝟏)𝒏

𝒏

∞
𝒏=𝟏  

𝝅𝒏 𝐬𝐢𝐧
𝒏𝝅

𝟐
+𝟐 𝐜𝐨𝐬

𝒏𝝅

𝟐
−𝟐

𝟖𝒏𝟐
= −

𝝅𝟐 𝐥𝐧 𝟐

𝟑𝟐
+
𝟏

𝟒
∑

(−𝟏)𝒏

𝒏𝟑
∞
𝒏=𝟏 −

𝝅

𝟖
∑

(−𝟏)𝒏 𝐬𝐢𝐧
𝒏𝝅

𝟐

𝒏𝟐
∞
𝒏=𝟏 −

𝟏

𝟒
∑

(−𝟏)𝒏 𝐜𝐨𝐬
𝒏𝝅

𝟐

𝒏𝟑
∞
𝒏=𝟏 = −

𝝅𝟐 𝐥𝐧 𝟐

𝟑𝟐
+
𝟏

𝟒
⋅
−𝟑

𝟒
𝜻(𝟑) −

𝝅

𝟖
⋅ (−𝑮) −

𝟏

𝟒
⋅
𝟏

𝟖
⋅
−𝟑

𝟒
𝜻(𝟑) =

𝟏𝟔𝝅𝑮−𝟐𝟏𝜻(𝟑)−𝟒𝝅𝟐 𝐥𝐧 𝟐

𝟏𝟐𝟖
---

---------------------------------------------------------------------------------------------------------------------------

---------------------------- 𝛀 = ∫ ∫ 𝒙𝟑 𝐚𝐫𝐜𝐭𝐚𝐧𝟑(𝟏 − 𝒙𝟐) 𝐥𝐧(𝐥𝐧𝟒(𝒚))𝒅𝒙𝒅𝒚
𝟏

𝟎

𝟏

𝟎
=

∫ 𝒙𝟑 𝐚𝐫𝐜𝐭𝐚𝐧𝟑(𝟏 − 𝒙𝟐) 𝒅𝒙∫ 𝐥𝐧(− 𝐥𝐧(𝒚))𝟒
𝟏

𝟎

𝟏

𝟎
𝒅𝒚 

= 𝟒∫ 𝒙𝟐
𝟏

𝟎

𝒙 𝐚𝐫𝐜𝐭𝐚𝐧𝟑(𝟏 − 𝒙𝟐) 𝒅𝒙∫ 𝐥𝐧(− 𝐥𝐧(𝒚)) 𝒅𝒚
𝟏

𝟎

= 𝟒𝑨. (−𝒚) = −𝟒𝒚𝑨 

∴ 𝑨 = ∫ 𝒙𝟐
𝟏

𝟎

𝒙𝐚𝐫𝐜𝐭𝐚𝐧𝟑(𝟏 − 𝒙𝟐) 𝒅𝒙 =
𝟏

𝟐
∫ (𝟏 − 𝒗) 𝐚𝐫𝐜𝐭𝐚𝐧𝟑 𝐯
𝟏

𝟎

𝒅𝒗

=
𝟏

𝟐
∫
(𝟏 − 𝐭𝐚𝐧𝒙)

𝐜𝐨𝐬𝟐 𝐱
𝒙𝟑

𝝅
𝟒

𝟎

𝒅𝒙 =
𝟏

𝟐
(∫ 𝒙𝟑

𝝅
𝟒

𝟎

𝒅 𝐭𝐚𝐧 𝒙 −
𝟏

𝟐
∫ 𝒙𝟑
𝝅
𝟒

𝟎

𝒅 𝐭𝐚𝐧𝟐 𝐱) 

∗)𝑱 = ∫ 𝒙𝟑
𝝅

𝟒
𝟎

𝒅 𝐭𝐚𝐧𝒙 = 𝒙𝟑 𝐭𝐚𝐧𝒙 ↿
𝟎

𝝅

𝟒+ 𝟑∫ 𝒙𝟐
𝝅

𝟒
𝟎

𝒅 𝐥𝐧 𝐜𝐨𝐬 𝒙 = 

=
𝝅𝟑

𝟔𝟒
+ 𝟑𝒙𝟐 𝐥𝐧 𝐜𝐨𝐬 𝒙 ↿

𝟎

𝝅
𝟒− 𝟔∫ 𝒙

𝝅
𝟒

𝟎

𝐥𝐧 𝐜𝐨𝐬 𝒙𝒅𝒙 
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=
𝝅𝟑

𝟔𝟒
−
𝟑𝝅𝟐

𝟑𝟐
𝐥𝐧 𝟐 − 𝟔∫ 𝒙

𝝅
𝟒

𝟎

𝐥𝐧 𝐜𝐨𝐬 𝒙𝒅𝒙 =
𝝅𝟑

𝟔𝟒
−
𝟑𝝅𝟐

𝟑𝟐
𝐥𝐧𝟐 − 𝟔

𝟏𝟔𝝅𝑮 − 𝟐𝟏𝜻(𝟑) − 𝟒𝝅𝟐 𝐥𝐧 𝟐

𝟏𝟐𝟖
 

=
𝝅𝟑 + 𝟔𝝅𝟐 𝐥𝐧 𝟐 + 𝟔𝟑𝜻(𝟑) − 𝟒𝟖𝝅𝑮

𝟔𝟒
 

∗)𝑲 = ∫ 𝒙𝟑
𝝅

𝟒
𝟎

𝒅 𝐭𝐚𝐧𝟐 𝐱 = 𝒙𝟑 𝐭𝐚𝐧𝟐 𝐱 ↿
𝟎

𝝅

𝟒− 𝟑∫ 𝒙𝟐 𝐭𝐚𝐧𝟐 𝐱
𝝅

𝟒
𝟎

𝒅𝒙 =
𝝅𝟑

𝟔𝟒
− 𝟑∫ 𝒙𝟐 (

𝟏

𝐜𝐨𝐬𝟐 𝐱
− 𝟏)𝒅𝒙

𝝅

𝟒
𝟎

 

=
𝝅𝟑

𝟔𝟒
+ 𝟑∫ 𝒙𝟐

𝝅
𝟒

𝟎

𝒅𝒙 − 𝟑∫ 𝒙𝟐
𝝅
𝟒

𝟎

𝒅 𝐭𝐚𝐧 𝒙 =
𝝅𝟑

𝟔𝟒
+ 𝒙𝟑 ↿

𝟎

𝝅
𝟒− 𝟑(𝒙𝟐 𝐭𝐚𝐧𝒙 ↿

𝟎

𝝅
𝟒− 𝟐∫ 𝒙

𝝅
𝟒

𝟎

𝐭𝐚𝐧 𝒙𝒅𝒙) 

=
𝝅𝟑

𝟔𝟒
+
𝝅𝟑

𝟔𝟒
− 𝟑(

𝝅𝟐

𝟏𝟔
+ 𝟐∫ 𝒙𝒅

𝝅
𝟒

𝟎

𝐥𝐧 𝐜𝐨𝐬 𝒙)

=
𝝅𝟑

𝟑𝟐
−
𝟑𝝅𝟐

𝟏𝟔
− 𝟔(𝒙 𝐥𝐧 𝐜𝐨𝐬 𝒙 ↿

𝟎

𝝅
𝟒−∫ 𝐥𝐧 𝐜𝐨𝐬 𝒙

𝝅
𝟒

𝟎

𝒅𝒙) 

=
𝝅𝟑

𝟑𝟐
−
𝟑𝝅𝟐

𝟏𝟔
+
𝟑𝝅

𝟒
𝐥𝐧 𝟐 + 𝟔∫ 𝐥𝐧 𝐜𝐨𝐬 𝒙

𝝅
𝟒

𝟎

𝒅𝒙 =
𝝅𝟑

𝟑𝟐
−
𝟑𝝅𝟐

𝟏𝟔
+
𝟑𝝅

𝟒
𝐥𝐧 𝟐 + 𝟔(−

𝝅

𝟒
𝐥𝐧 𝟐 +

𝑮

𝟐
) 

 

=
𝝅𝟑

𝟑𝟐
−
𝟑𝝅𝟐

𝟏𝟔
−
𝟑𝝅

𝟒
𝐥𝐧 𝟐 + 𝟑𝑮 

 
𝑯𝒆𝒏𝒄𝒆 : 

 𝑨 =
𝟏

𝟐
(𝑱 −

𝟏

𝟐
𝑲) =

𝟏

𝟐
(
𝝅𝟑 + 𝟔𝝅𝟐 𝐥𝐧𝟐 + 𝟔𝟑𝜻(𝟑) − 𝟒𝟖𝝅𝑮

𝟔𝟒
−
𝟏

𝟐
(
𝝅𝟑

𝟑𝟐
−
𝟑𝝅𝟐

𝟏𝟔
−
𝟑𝝅

𝟒
𝐥𝐧𝟐 + 𝟑𝑮)) 

=
𝟑

𝟐
(
𝟐𝟏𝜻(𝟑) − 𝟏𝟔𝑮(𝝅 + 𝟐) + 𝟐𝝅(𝝅 + 𝝅 𝐥𝐧𝟐 + 𝟒 𝐥𝐧𝟐)

𝟔𝟒
) 

𝑻𝒉𝒆𝒏:𝛀 = −𝟒𝜸𝑨 = −𝟒𝜸
𝟑

𝟐
(
𝟐𝟏𝜻(𝟑) − 𝟏𝟔𝑮(𝝅 + 𝟐) + 𝟐𝝅(𝝅 + 𝝅 𝐥𝐧𝟐 + 𝟒 𝐥𝐧𝟐)

𝟔𝟒
) 

= −
𝟑𝜸

𝟑𝟐
(𝟐𝟏𝜻(𝟑) − 𝟏𝟔𝑮(𝝅 + 𝟐) + 𝟐𝝅(𝝅 + 𝝅 𝐥𝐧𝟐 + 𝟒 𝐥𝐧𝟐)) 

 
Note : G "Catalan's" constant, 𝜻 (3)  "Apery's constant", 𝜸   "Euler-Mascheroni constant" 

 
 
2334. Prove that: 

∫ ∫
𝐜𝐨𝐬(𝒙 + 𝒚)

√𝒙√𝒚

𝒅𝒙𝒅𝒚
∞

𝟎

∞

𝟎

=
(√𝟐 − 𝟐)

𝟒
√𝝅 𝐜𝐬𝐜 (

𝝅

𝟖
)𝚪 (

𝟑

𝟒
) 
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Solution by Ankush Kumar Parcha-India 
 

∫ ∫
𝐜𝐨𝐬(𝒙 + 𝒚)

√𝒙√𝒚

𝒅𝒙𝒅𝒚
∞

𝟎

∞

𝟎

⟹𝕹∫ ∫
𝒆𝒊(𝒙+𝒚)

√𝒙√𝒚

𝒅𝒙𝒅𝒚
∞

𝟎

∞

𝟎

 

(∵
𝚪(𝒛)

𝒙𝒛
= ∫ 𝒕𝒛−𝟏

∞

𝟎

𝒆−𝒙𝒕𝒅𝒕,  𝕹(𝒛) > 0 ∧ 𝕹(𝒙) > 0) 

 

⟹ 𝚪(𝟏/𝟐)𝚪(𝟑/𝟒)𝕹(𝒊𝟓/𝟒) ⟹ √𝝅𝚪(𝟑/𝟒)𝕹(𝒆𝒊𝟓𝝅/𝟖) 

 

⟹ √𝝅𝚪(𝟑/𝟒) 𝐜𝐨𝐬(𝟓𝝅/𝟖) ⟹ −√𝝅𝚪(𝟑/𝟒) 𝐬𝐢𝐧𝟐(𝝅/𝟖)𝐜𝐬𝐜(𝝅/𝟖) 
 

⟹∫ ∫
𝐜𝐨𝐬(𝒙 + 𝒚)

√𝒙√𝒚

𝒅𝒙𝒅𝒚
∞

𝟎

∞

𝟎

=
(√𝟐 − 𝟐)

𝟒
√𝝅𝐜𝐬𝐜 (

𝝅

𝟖
)𝚪 (

𝟑

𝟒
) 

2335. Prove that: 

∫ ∫ (𝐥𝐧 (𝐥𝐧(𝟏 + 𝒙) + 𝒂𝒓𝒄𝒕𝒂𝒏𝟐(𝟏 − 𝒚))𝒅𝒙𝒅𝒚
𝟏

𝟎

𝟏

𝟎
= 

=
𝝅𝟐

𝟏𝟔
+
𝝅

𝟒
𝐥𝐧(𝟐) + 𝟐𝐥𝐧𝐥𝐧(𝟐) + 𝛄 − 𝐥𝐢(𝟐) − 𝐆 

Proposed by Shirvan Tahirov-Azerbaijan 
Solution by Ankush Kumar Parcha-India 
 

∫∫(𝐥𝐧 (𝐥𝐧(𝟏 + 𝒙) + 𝒂𝒓𝒄𝒕𝒂𝒏𝟐(𝟏 − 𝒚))𝒅𝒙𝒅𝒚

𝟏

𝟎

𝟏

𝟎

 

∫∫(𝐥𝐧 𝐥𝐧 (𝟏 + 𝒙)𝒅𝒙𝒅𝒚

𝟏

𝟎

𝟏

𝟎⏟                
≔𝝃𝟏

+∫∫𝒂𝒓𝒄𝒕𝒂𝒏𝟐(𝟏 − 𝒚)𝒅𝒙𝒅𝒚

𝟏

𝟎

𝟏

𝟎⏟                  
≔𝝃𝟐

 

𝝃𝟏 = ∫∫(𝐥𝐧 (𝐥𝐧(𝟏 + 𝒙) + 𝒂𝒓𝒄𝒕𝒂𝒏
𝟐(𝟏 − 𝒚))𝒅𝒙𝒅𝒚

𝟏

𝟎

𝟏

𝟎

 

𝑰.𝑩.𝑷
⇒   (𝒍𝒏𝒍𝒏(𝟏 + 𝒙) ∫

𝒅𝒙

𝒅𝒚
𝒙𝒅𝒙)

𝟏
𝟎
− ∫

𝒙

(𝟏+𝒙) 𝐥𝐧(𝟏+𝒙)
𝒅𝒙

𝟏+𝒙⟶𝒙
⇒     

𝟏

𝟎
𝒍𝒏𝒍𝒏(𝟐) − ∫

𝒅𝒙

𝒙
+

𝟐

𝟏

+∫
𝒅𝒙

𝒙𝒍𝒏(𝒙)

𝟐

𝟏⏟      
𝐥𝐧(𝒙)⟶𝒙

𝑵𝒐𝒕𝒆 𝒔𝒆𝒄𝒕𝒊𝒐𝒏
⇒         ⏟      

(𝟏)

𝐥𝐧𝐥𝐧(𝟐) + 𝑳𝒊(𝟏)⏟  
𝒍𝒊(𝟏)−𝒍𝒊(𝟐)

+ 𝐥𝐧𝐥𝐧(𝟐)−𝐥𝐢𝐦
𝒙⟶𝟎

𝐥𝐧 (𝒙) 

𝑵𝒐𝒕𝒆 𝒔𝒆𝒄𝒕𝒊𝒐𝒏
⇒         ⏟      

(𝟐)

𝟐𝒍𝒏𝒍𝒏(𝟐) + 𝜸 + 𝐥𝐢𝐦
𝒙⟶𝟏

𝐥𝐧𝐥𝐧(𝒙) − 𝒍𝒊(𝟐)−𝐥𝐢𝐦
𝒙⟶𝟎

𝐥𝐧(𝒙) 
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⟹ 𝝃𝟏 = ∫ ∫ 𝐥𝐧(𝟏 + 𝒙)𝒅𝒙𝒅𝒚 − 𝟐𝒍𝒏𝒍𝒏(𝟐) +
𝟏

𝟎

𝟏

𝟎
𝜸 − 𝒍𝒊(𝟐) 

𝝃𝟐 = ∫∫𝒂𝒓𝒄𝒕𝒂𝒏
𝟐(𝟏 − 𝒚)𝒅𝒙𝒅𝒚

𝟏−𝒚⟶𝒙
⇒     ∫ 𝐚𝐫𝐜𝐭𝐚𝐧𝟐(𝐱)𝐝𝐱

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

 

𝑰.𝑩.𝑷
⇒   (𝒂𝒓𝒄𝒕𝒂𝒏𝟐(𝒙) ∫

𝒅𝒙

𝒅𝒚
𝒅𝒙) 𝟏

𝟎
− 𝟐∫

𝐱 𝐭𝐚𝐧−𝟏(𝒙)

𝟏+𝒙𝟐
𝒅𝒙

𝟏

𝟎
 

𝑰.𝑩.𝑷
⇒   

𝝅𝟐

𝟏𝟔
− (𝐭𝐚𝐧−𝟏(𝒙) ∫

𝒅𝒙

𝒅𝒚
𝐥𝐧(𝟏 + 𝒙𝟐) 𝒅𝒙) 𝟏

𝟎
+ ∫

𝐥𝐧(𝟏+𝒙𝟐)

𝟏+𝒙𝟐
𝒅𝒙

𝟏

𝟎⏟        
𝒙→𝐭𝐚𝐧 (𝒙)

 

𝒕𝒂𝒏𝟐(𝒙)+𝟏−𝒔𝒆𝒄𝟐(𝒙)
⇒              

𝝅𝟐

𝟏𝟔
−
𝝅

𝟒
𝐥𝐧(𝟐) − 𝟐∫ 𝐥𝐧𝐜𝐨𝐬(𝐱)𝒅𝒙

𝝅
𝟒

𝟎

𝑵𝒐𝒕𝒆 𝒔𝒆𝒄𝒕𝒊𝒐𝒏
⇒         ⏟      

(𝟑)

𝝅𝟐

𝟏𝟔
−
𝝅

𝟒
𝐥𝐧(𝟐) + 

+ 𝟐 𝐥𝐧(𝟐) ∫ 𝒅𝒙
𝝅

𝟒
𝟎

+ 𝟐∑
(−𝟏)𝒏

𝒏
∫ 𝐜𝐨𝐬(𝟐𝐧𝐱)𝒅𝒙
𝝅

𝟒
𝟎𝒏∈𝑵  

 

⟹
𝝅𝟐

𝟏𝟔
−
𝝅

𝟒
𝐥𝐧(𝟐) +∑

(−𝟏)𝒏

𝒏𝒏∈𝑵 (
𝐬𝐢𝐧 (𝟐𝒏𝒙)

𝒏
)
𝝅
𝟒⁄

𝟎
 
𝒏−𝟐𝒏+𝟏
⇒      

𝝅𝟐

𝟏𝟔
+
𝝅

𝟒
𝐥𝐧(𝟐) +∑

(−𝟏)𝒏+𝟏

(𝟐𝒏+𝟏)𝟐𝒏∈𝑵∪{𝟎}  

𝑵𝒐𝒕𝒆 𝒔𝒆𝒄𝒕𝒊𝒐𝒏
⇒         ⏟      

(𝟒)

 𝝃𝟐 = ∫ ∫ 𝒂𝒓𝒄𝒕𝒂𝒏
𝟐(𝟏 − 𝒚)𝒅𝒙𝒅𝒚 =

𝟏

𝟎

𝟏

𝟎
 
𝝅𝟐

𝟏𝟔
+
𝝅

𝟒
𝐥𝐧(𝟐) − 𝐆 

Put the values of 𝝃𝟏 and 𝝃𝟐 in equation-(1) 

∫ ∫ (𝐥𝐧 (𝐥𝐧(𝟏 + 𝒙) + 𝒂𝒓𝒄𝒕𝒂𝒏𝟐(𝟏 − 𝒚))𝒅𝒙𝒅𝒚
𝟏

𝟎

𝟏

𝟎
=
𝝅𝟐

𝟏𝟔
+
𝝅

𝟒
𝐥𝐧(𝟐) + 𝟐𝐥𝐧𝐥𝐧(𝟐) + 𝛄 − 𝐥𝐢(𝟐) − 𝐆 

Note:  𝑮 − 𝐂𝐚𝐭𝐚𝐥𝐚𝐧𝐬 𝐜𝐨𝐧𝐬𝐭𝐚𝐧𝐭 
𝜸 − 𝑬𝒖𝒍𝒆𝒓 − 𝑴𝒂𝒔𝒄𝒉𝒆𝒓𝒐𝒏𝒊 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕 

2336. Prove that: 

∑
(−𝟏)𝐱𝐬𝐢𝐧𝟐(𝐱 − 𝟏)𝐜𝐨𝐬𝟐(𝐱 − 𝟏)

(𝐱 − 𝟏)𝟐
=
(𝛑 − 𝟐)𝟐

𝟖

∞

𝐱=𝟐

 

Proposed by Shirvan Tahirov-Azerbaijan 
Solution by Amin Hajiyev-Azerbaijan 

𝛀 =∑
(−𝟏)𝐧𝐬𝐢𝐧𝟐(𝐧 − 𝟏)𝐜𝐨𝐬𝟐(𝐧 − 𝟏)

(𝐧 − 𝟏)𝟐

∞

𝐧=𝟐

= −
𝟏

𝟒
∑
(−𝟏)𝐧𝐬𝐢𝐧𝟐(𝟐𝐧)

𝐧𝟐
=
𝟏

𝟏𝟔
∑
(−𝟏)𝐧(𝐞𝟐𝐢𝐧 − 𝐞−𝟐𝐢𝐧)𝟐

𝐧𝟐
=

∞

𝐧=𝟐

∞

𝐧=𝟐

 

=
𝟏

𝟏𝟔
∑
(−𝟏)𝐧(𝐞𝟒𝐢𝐧 − 𝟐 + 𝐞−𝟒𝐢𝐧)

𝐧𝟐
=
𝟏

𝟏𝟔
∑
(−𝟏)𝐧(𝐞𝟒𝐢𝐧 + 𝐞−𝟒𝐢𝐧)

𝐧𝟐
−
𝟏

𝟖

∞

𝐧=𝟐

∞

𝐧=𝟏

∑
(−𝟏)𝐧

𝐧𝟐
=

∞

𝐧=𝟏

 

We know → 𝐋𝐢𝟐(𝐳) + 𝐋𝐢𝟐 (
𝟏

𝐳
) = −

𝛑𝟐

𝟔
−
𝐥𝐨𝐠(−𝐳)

𝟐
=

𝟏

𝟏𝟔
(𝐋𝐢𝟐(−𝐞

𝟒𝐢) + 𝐋𝐢𝟐 (−
𝟏

𝐞𝟒𝐢
)) +

𝛑𝟐

𝟗𝟔
= 
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=
𝟏

𝟏𝟔
(−
𝛑𝟐

𝟔
−
𝐥𝐨𝐠𝟐(𝐞𝟒𝐢)

𝟐
) +

𝛑𝟐

𝟗𝟔
= −

𝛑𝟐

𝟗𝟔
+
𝛑𝟐

𝟗𝟔
−
𝐥𝐨𝐠𝟐(𝐜𝐨𝐬(𝟒) − 𝐢𝐬𝐢𝐧(𝟒))

𝟑𝟐

=
𝐥𝐨𝐠𝟐(𝐜𝐨𝐬(𝟐𝛑 − 𝟒) − 𝐢𝐬𝐢𝐧(𝟐𝛑 − 𝟒))

𝟑𝟐
= 

=
𝐥𝐨𝐠𝟐(𝐞𝟐𝛑−𝟒𝐢)

𝟑𝟐
=
(𝟐𝛑−𝟒𝐢)𝟐

𝟑𝟐
= 
(𝛑−𝟐)𝟐

𝟖
 

2337. If  𝐟(𝐱) = ∑
𝐤

𝟐𝐤+𝐞𝟐
𝐱
𝐤=𝟎     Prove that 

                                                                                                                 

∫𝐟(𝟏 − 𝐱)𝐝𝐱 =
𝟏

𝟒
−
𝐞𝟐

𝟒
(𝐥𝐨𝐠 (

𝐞𝟐

𝟐
+ 𝟏) − 𝛙(𝟎) (

𝐞𝟐

𝟐
+ 𝟏))

𝟏

𝟎

 

Proposed by Shirvan Tahirov-Azerbaijan 
Solution by Amin Hajiyev-Azerbaijan 
  

𝐟(𝐱) =∑
𝐤

𝟐𝐤 + 𝐞𝟐
=
𝟏

𝟐

𝐱

𝐤=𝟎
∑

𝐤+
𝐞𝟐

𝟐 −
𝐞𝟐

𝟐

𝐤 +
𝐞𝟐

𝟐

=
𝟏

𝟐

𝐱

𝐤=𝟎
(∑ (𝟏 −

−
𝐞𝟐

𝟐

𝐤 +
𝐞𝟐

𝟐

)) =
𝟏

𝟐

𝐱

𝐤=𝟎
(𝐱 + 𝟏 −

𝐞𝟐

𝟐
∑

𝟏

𝐤+
𝐞𝟐

𝟐

) =
𝐱

𝐤=𝟎
 

=
𝟏

𝟐
(𝐱 + 𝟏 −

𝐞𝟐

𝟐
(𝛙(𝐱 +

𝐞𝟐

𝟐
+ 𝟏) −𝛙(

𝐞𝟐

𝟐
))

=
𝟏

𝟐
(𝐱 + 𝟏 −

𝐞𝟐

𝟐
(𝛙(𝐱 +

𝐞𝟐

𝟐
+ 𝟏) −𝛙(

𝐞𝟐

𝟐
+ 𝟏) ++

𝐞𝟐

𝟐
)

=
𝟏

𝟐
(𝐱 −

𝐞𝟐

𝟐
𝛙(𝐱 +

𝐞𝟐

𝟐
+ 𝟏) + 𝛙(

𝐞𝟐

𝟐
+ 𝟏) +

𝐞𝟐

𝟐
 

𝛀 = ∫𝐟(𝟏 − 𝐱)𝐝𝐱 = |𝟏 − 𝐱 = 𝐱| = ∫ 𝐟(𝐱)𝐝𝐱 =
𝟏

𝟐

𝟏

𝟎

𝟏

𝟎

∫𝐱𝐝𝐱 −
𝐞𝟐

𝟒

𝟏

𝟎

∫𝛙(𝐱 +
𝐞𝟐

𝟐
+ 𝟏)𝐝𝐱 +

𝟏

𝟎

 

+
𝐞𝟐

𝟐
𝛙(
𝐞𝟐

𝟐
+ 𝟏)∫𝐝𝐱 =

𝟏

𝟒
−
𝐞𝟐

𝟒
[𝐥𝐨𝐠𝚪(𝐱 +

𝐞𝟐

𝟐
+ 𝟏)]

𝟏
𝟎

𝟏

𝟎

+
𝐞𝟐

𝟐
𝛙(
𝐞𝟐

𝟐
+ 𝟏)

=
𝟏

𝟒
− 𝐥𝐨𝐠(

𝚪(𝟐 +
𝐞𝟐

𝟐 )

𝚪(𝟏 +
𝐞𝟐

𝟐 )
)+

𝐞𝟐𝛙(
𝐞𝟐

𝟐 + 𝟏)

𝟒
 

 

Notes:  𝛙(𝐱 + 𝐧 + 𝟏) − 𝛙(𝐱) = ∑
𝐤

𝐤+𝐱
;   𝛙(𝐱 + 𝟏) −𝛙(𝐱) =

𝟏

𝐱

𝐱
𝐤=𝟎  

answer:  ∫ 𝐟(𝟏 − 𝐱)𝐝𝐱 =
𝟏

𝟒
−
𝐞𝟐

𝟒
(𝐥𝐨𝐠 (

𝐞𝟐

𝟐
+ 𝟏) −

𝐞𝟐

𝟒
𝛙(

𝐞𝟐

𝟐
+ 𝟏))

𝟏

𝟎
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2338. Prove the below closed form: 

𝐈 = ∫∫(
𝐱 + 𝐲

𝐱 − 𝐲
) 𝐭𝐚𝐧−𝟏 (

𝐱 − 𝐲

𝐱 + 𝐲
)

𝟏

𝟎

𝐝𝐱

𝟏

𝟎

𝐝𝐲 = 𝟐𝐆 −
𝛑

𝟒
𝐥𝐨𝐠(𝟐) −

𝐥𝐨𝐠(𝟐)

𝟐
 

Where, G is a Catalan’s constant. 
 

Proposed by Ankush Kumar Parcha-India 
Solution by Togrul Ehmedov-Azerbaijan 
 

𝐈 = ∫∫(
𝐱 + 𝐲

𝐱 − 𝐲
) 𝐭𝐚𝐧−𝟏 (

𝐱 − 𝐲

𝐱 + 𝐲
)

𝟏

𝟎

𝐝𝐱

𝟏

𝟎

𝐝𝐲 = ∫∫(
𝟏 + 𝐲/𝐱

𝟏 − 𝐲/𝐱
) 𝐭𝐚𝐧−𝟏 (

𝟏 − 𝐲/𝐱

𝟏 + 𝐲/𝐱
)

𝟏

𝟎

𝐝𝐱

𝟏

𝟎

𝐝𝐲 

Let 𝒚/𝒙 → 𝒎 

𝐈 = ∫𝐱∫(
𝟏 +𝐦

𝟏−𝐦
) 𝐭𝐚𝐧−𝟏 (

𝟏 −𝐦

𝟏+𝐦
)

𝟏
𝐱

𝟎

𝐝𝐦

𝟏

𝟎

𝐝𝐱
𝐈𝐁𝐏

=
 

=

[
 
 
 
 
𝐱𝟐

𝟐
∫(
𝟏 +𝐦

𝟏 −𝐦
) 𝐭𝐚𝐧−𝟏 (

𝟏 −𝐦

𝟏 +𝐦
)

𝟏
𝐱

𝟎

𝐝𝐦

]
 
 
 
 

𝟎

𝟏

+
𝟏

𝟐
∫(
𝟏 + 𝐱

𝐱− 𝟏
) 𝐭𝐚𝐧−𝟏 (

𝐱 − 𝟏

𝟏 + 𝐱
)

𝟏

𝟎

𝐝𝐱 =

=
𝟏

𝟐
∫(
𝟏 +𝐦

𝟏−𝐦
) 𝐭𝐚𝐧−𝟏 (

𝟏 −𝐦

𝟏+𝐦
)

𝟏

𝟎

𝐝𝐦]

𝐦→𝐱

+
𝟏

𝟐
∫(
𝟏 + 𝐱

𝐱 − 𝟏
)𝐭𝐚𝐧−𝟏 (

𝐱 − 𝟏

𝟏 + 𝐱
)

𝟏

𝟎

𝐝𝐱 =

=
𝟏

𝟐
∫(
𝟏 + 𝐱

𝟏 − 𝐱
) 𝐭𝐚𝐧−𝟏 (

𝟏 − 𝐱

𝟏 + 𝐱
)

𝟏

𝟎

𝐝𝐱 +
𝟏

𝟐
∫(
𝟏 + 𝐱

𝐱 − 𝟏
) 𝐭𝐚𝐧−𝟏 (

𝐱 − 𝟏

𝟏 + 𝐱
)

𝟏

𝟎

𝐝𝐱 =

= ∫(
𝟏 + 𝐱

𝟏 − 𝐱
) 𝐭𝐚𝐧−𝟏 (

𝟏 − 𝐱

𝟏 + 𝐱
)

𝟏

𝟎

𝐝𝐱 =
𝛑

𝟒
∫(
𝟏 + 𝐱

𝟏 − 𝐱
)

𝟏

𝟎

𝐝𝐱 −∫(
𝟏 + 𝐱

𝟏 − 𝐱
) 𝐭𝐚𝐧−𝟏(𝐱)

𝟏

𝟎

𝐝𝐱 = 

=
𝛑

𝟒
∫(
𝟏 + 𝐱

𝟏 − 𝐱
)

𝟏

𝟎

𝐝𝐱 − 𝟐∫
𝐭𝐚𝐧−𝟏(𝐱)

𝟏 − 𝐱

𝟏

𝟎

𝐝𝐱 + ∫𝐭𝐚𝐧−𝟏(𝐱)

𝟏

𝟎

𝐝𝐱 

Use the integration by parts formula 
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𝐈 =
𝛑

𝟒
{−𝟐𝐥𝐨𝐠(𝟏 − 𝐱)]𝟎

𝟏 − 𝟏} − 𝟐{−𝐥𝐨𝐠(𝟏 − 𝐱) 𝐭𝐚𝐧−𝟏(𝐱)]
𝟎

𝟏
+∫

𝐥𝐨𝐠(𝟏 − 𝐱)

𝟏 + 𝐱𝟐

𝟏

𝟎

𝐝𝐱} +∫ 𝐭𝐚𝐧−𝟏(𝐱)

𝟏

𝟎

𝐝𝐱

= 𝐥𝐨𝐠(𝟏 − 𝐱) {−
𝛑

𝟐
+ 𝟐 𝐭𝐚𝐧−𝟏(𝐱)}]

𝟎

𝟏

−
𝛑

𝟒
− 𝟐∫

𝐥𝐨𝐠(𝟏 − 𝐱)

𝟏 + 𝐱𝟐

𝟏

𝟎

𝐝𝐱 + ∫𝐭𝐚𝐧−𝟏(𝐱)

𝟏

𝟎

𝐝𝐱

= −
𝛑

𝟒
− 𝟐∫

𝐥𝐨𝐠(𝟏 − 𝐱)

𝟏 + 𝐱𝟐

𝟏

𝟎

𝐝𝐱 + ∫𝐭𝐚𝐧−𝟏(𝐱)

𝟏

𝟎

𝐝𝐱

= −
𝛑

𝟒
− 𝟐 {

𝛑

𝟖
𝐥𝐨𝐠(𝟐) − 𝐆} + {−

𝐥𝐨𝐠(𝟐)

𝟐
+
𝛑

𝟒
} = 𝟐𝐆 −

𝛑

𝟒
𝐥𝐨𝐠(𝟐) −

𝐥𝐨𝐠(𝟐)

𝟐
 

2339. If 𝟎 < 𝑎 ≤ 𝑏 then: 

∫ 𝒆𝒙
𝟐

𝒃

𝒂

𝒅𝒙 ≥ (𝒃 − 𝒂) ⋅ √𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐
𝟑

 

Proposed by Daniel Sitaru – Romania  
Solution by George Florin Șerban – Romania  

𝒆𝒙 ≥ 𝒙 + 𝟏, (∀)𝒙 > 0 ⇒ 𝒆𝒙
𝟐
≥ 𝒙𝟐 + 𝟏 

⇒ ∫ 𝒆𝒙
𝟐

𝒃

𝒂

𝒅𝒙 ≥ ∫ (𝒙𝟐 + 𝟏)
𝒃

𝒂

𝒅𝒙 =
𝒃𝟑 − 𝒂𝟑

𝟑
+ 𝒃 − 𝒂 = 

=
(𝒃 − 𝒂)(𝒃𝟐 + 𝒂𝒃 + 𝒂𝟐)

𝟑
+ 𝒃 − 𝒂 = (𝒃 − 𝒂) ⋅ (

𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐

𝟑
+ 𝟏) ≥ 

≥ (𝒃 − 𝒂) ⋅ √𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐
𝟑

 

𝒃 − 𝒂 ≥ 𝟎,
𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐

𝟑
+ 𝟏 ≥ √𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐

𝟑
, 𝑺 = 𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐 > 0 

𝑺 + 𝟑

𝟑
≥ √𝑺

𝟑
⇒ (𝑺 + 𝟑)𝟑 ≥ 𝟐𝟕𝑺 ⇒ 𝑺𝟑 + 𝟗𝑺𝟐 + 𝟐𝟕𝑺 − 𝟐𝟕𝑺 ≥ 𝟎 

⇒ 𝑺𝟑 + 𝟗𝑺𝟐 > 0,  true, (∀)𝑺 > 0. Then:  ∫ 𝒆𝒙
𝟐𝒃

𝒂
𝒅𝒙 ≥ (𝒃 − 𝒂)√𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐

𝟑
 

Equality holds for 𝒂 = 𝒃. 

2340. Prove that 

𝐈 = ∫∫
𝐭𝐚𝐧−𝟏(𝐱) 𝐥𝐨𝐠(𝐱𝐲)

(𝟏 + 𝐱)𝟐(𝟏 + 𝐲)

𝟏

𝟎

𝐝𝐱

𝟏

𝟎

𝐝𝐲 =
𝐥𝐨𝐠(𝟐)

𝟗𝟔
(𝟒𝟖𝐆 − 𝟏𝟐𝛑 𝐥𝐨𝐠(𝟐) − 𝟓𝛑𝟐) 

Where, 𝐆 is Catalan’s constant 
Proposed by Cosghun Memmedov-Azerbaijan 
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Solution by Togrul Ehmedov-Azerbaijan 
 

𝐈 = ∫∫
𝐭𝐚𝐧−𝟏(𝐱) 𝐥𝐨𝐠(𝐱𝐲)

(𝟏 + 𝐱)𝟐(𝟏 + 𝐲)

𝟏

𝟎

𝐝𝐱

𝟏

𝟎

𝐝𝐲 = ∫∫
𝐭𝐚𝐧−𝟏(𝐱) 𝐥𝐨𝐠(𝐱)

(𝟏 + 𝐱)𝟐(𝟏 + 𝐲)

𝟏

𝟎

𝐝𝐱

𝟏

𝟎

𝐝𝐲 +∫∫
𝐭𝐚𝐧−𝟏(𝐱) 𝐥𝐨𝐠(𝐲)

(𝟏 + 𝐱)𝟐(𝟏 + 𝐲)

𝟏

𝟎

𝐝𝐱

𝟏

𝟎

𝐝𝐲

= 𝐈𝟏 + 𝐈𝟐 

𝐈𝟏 = ∫∫
𝐭𝐚𝐧−𝟏(𝐱) 𝐥𝐨𝐠(𝐱)

(𝟏 + 𝐱)𝟐(𝟏 + 𝐲)

𝟏

𝟎

𝐝𝐱

𝟏

𝟎

𝐝𝐲

= 𝐥𝐨𝐠(𝟐)∫
𝐭𝐚𝐧−𝟏(𝐱) 𝐥𝐨𝐠(𝐱)

(𝟏 + 𝐱)𝟐

𝟏

𝟎

𝐝𝐱
𝐈𝐁𝐏

=
𝐥𝐨𝐠(𝟐){−

𝛑

𝟒
𝐥𝐨𝐠(𝟐) +

𝟏

𝟐
∫
𝐥𝐨𝐠(𝐱)

𝟏 + 𝐱

𝟏

𝟎

𝐝𝐱

+∫
𝐥𝐨𝐠(𝟏 + 𝐱)

𝟏 + 𝐱𝟐

𝟏

𝟎

𝐝𝐱 −
𝟏

𝟐
∫
𝐥𝐨𝐠(𝐱)

𝟏 + 𝐱𝟐

𝟏

𝟎

𝐝𝐱 −
𝟏

𝟐
∫
𝐱 𝐥𝐨𝐠(𝐱)

𝟏 + 𝐱𝟐

𝟏

𝟎

𝐝𝐱}

= 𝐥𝐨𝐠(𝟐) {
𝟏

𝟐
𝐆 −

𝛑

𝟖
𝐥𝐨𝐠(𝟐) −

𝟑

𝟏𝟔
𝛇(𝟐)} 

𝐈𝟐 = ∫∫
𝐭𝐚𝐧−𝟏(𝐱) 𝐥𝐨𝐠(𝐲)

(𝟏 + 𝐱)𝟐(𝟏 + 𝐲)

𝟏

𝟎

𝐝𝐱

𝟏

𝟎

𝐝𝐲 = −
𝛇(𝟐)

𝟐
∫
𝐭𝐚𝐧−𝟏(𝐱)

(𝟏 + 𝐱)𝟐

𝟏

𝟎

𝐝𝐱 = −
𝟏

𝟖
𝐥𝐨𝐠(𝟐) 𝛇(𝟐) 

𝐈 = 𝐈𝟏 + 𝐈𝟐 =
𝐥𝐨𝐠(𝟐)

𝟗𝟔
(𝟒𝟖𝐆− 𝟏𝟐𝛑𝐥𝐨𝐠(𝟐) − 𝟓𝛑𝟐) 

2341. Find: 

𝛀 = ∫∫𝒎𝒂𝒙(𝒎𝒊𝒏(𝒙,
𝟏

𝒚
,
𝒙𝒚 + 𝟏

𝒙
))𝒅𝒙𝒅𝒚

𝟐

𝟎

𝟐

𝟎

 

Proposed by Daniel Sitaru-Romania 
Solution by Ahmed Salem-Tunisia 
 
Case 1:  

𝒙 ≤
𝟏

𝒚
⟹ 𝒙𝒚 ≤ 𝟏 

𝒎𝒊𝒏 (𝒙,
𝟏

𝒚
,
𝒙𝒚 + 𝟏

𝒙
) = 𝒎𝒊𝒏 (𝒙,

𝒙𝒚 + 𝟏

𝒙
) ≤ √𝒙 ∙

𝒙𝒚 + 𝟏

𝒙
= √𝒙𝒚 + 𝟏 ≤ √𝟏 + 𝟏 = √𝟐 

 
Case 2:  

𝒙 ≥
𝟏

𝒚
⟹ 𝒙𝒚 ≥ 𝟏 ⟹

𝟏

𝒙𝒚
≤ 𝟏 

 

𝒎𝒊𝒏(𝒙,
𝟏

𝒚
,
𝒙𝒚 + 𝟏

𝒙
) = 𝒎𝒊𝒏 (

𝟏

𝒚
,
𝒙𝒚 + 𝟏

𝒙
) ≤ √

𝟏

𝒚
∙
𝒙𝒚 + 𝟏

𝒙
= √

𝒙𝒚 + 𝟏

𝒙𝒚
= 
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= √𝟏 +
𝟏

𝒙𝒚
≤ √𝟏 + 𝟏 = √𝟐 

 

𝒎𝒂𝒙(𝒎𝒊𝒏 (𝒙,
𝟏

𝒚
,
𝒙𝒚 + 𝟏

𝒙
)) = √𝟐 

𝛀 = ∫∫𝒎𝒂𝒙(𝒎𝒊𝒏 (𝒙,
𝟏

𝒚
,
𝒙𝒚 + 𝟏

𝒙
))𝒅𝒙𝒅𝒚 = ∫∫√𝟐

𝟐

𝟎

𝒅𝒙𝒅𝒚

𝟐

𝟎

= 𝟒√𝟐

𝟐

𝟎

𝟐

𝟎

 

 
2342. If 𝒂, 𝒃 ∈ ℝ,𝒂 ≤ 𝒃, 𝒇: [𝒂, 𝒃] → (𝟎,∞), 𝒇 − continuous then: 

𝟑∫ 𝒇(𝒙)
𝒃

𝒂

𝒅𝒙 + (∫
𝟏

𝒇(𝒙)

𝒃

𝒂

𝒅𝒙)

𝟑

≥ 𝟒(𝒃 − 𝒂)
𝟑
𝟐 

Proposed by Daniel Sitaru – Romania  
Solution by Hikmat Mammadov-Azerbaijan 

The function 𝐥𝐧   is concave so: 

𝐥𝐧 (
𝟑

𝟒
∫ 𝒇(𝒙)
𝒃

𝒂

𝒅𝒙 +
𝟏

𝟒
(∫

𝟏

𝒇(𝒙)

𝒃

𝒂

𝒅𝒙)

𝟑

) ≥
𝟑

𝟒
𝐥𝐧(∫ 𝒇(𝒙)

𝒃

𝒂

𝒅𝒙) +
𝟏

𝟒
𝐥𝐧((∫

𝟏

𝒇(𝒙)

𝒃

𝒂

𝒅𝒙)

𝟑

) 

i.e.: 

𝐥𝐧 (
𝟑

𝟒
∫ 𝒇(𝒙)
𝒃

𝒂

𝒅𝒙 +
𝟏

𝟒
(∫

𝟏

𝒇(𝒙)

𝒃

𝒂

𝒅𝒙)

𝟑

) ≥
𝟑

𝟒
𝐥𝐧((∫ 𝒇(𝒙)

𝒃

𝒂

𝒅𝒙)(∫
𝟏

𝒇(𝒙)

𝒃

𝒂

𝒅𝒙)) 

So (since exp is growing): 

𝟑

𝟒
∫ 𝒇(𝒙)
𝒃

𝒂

𝒅𝒙 +
𝟏

𝟒
(∫

𝟏

𝒇(𝒙)

𝒃

𝒂

𝒅𝒙)

𝟑

≥ ((∫ 𝒇(𝒙)
𝒃

𝒂

𝒅𝒙)(∫
𝟏

𝒇(𝒙)

𝒃

𝒂

𝒅𝒙))

𝟑
𝟒

 

The Cauchy – Schwarz inequality gives: 

(∫ (√𝒇(𝒙))
𝟐

𝒅𝒙
𝒃

𝒂

)(∫ (
𝟏

√𝒇(𝒙)
)

𝟐𝒃

𝒂

𝒅𝒙) ≥ (∫ √𝒇(𝒙)
𝒃

𝒂

𝟏

√𝒇(𝒙)
𝒅𝒙)

𝟐

 

i.e.:  

(∫ 𝒇(𝒙)
𝒃

𝒂

𝒅𝒙)(∫
𝟏

𝒇(𝒙)

𝒃

𝒂

𝒅𝒙) ≥ (𝒃 − 𝒂)𝟐 
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So: 

𝟑

𝟒
∫ 𝒇(𝒙)
𝒃

𝒂

𝒅𝒙 +
𝟏

𝟒
(∫

𝟏

𝒇(𝒙)

𝒃

𝒂

𝒅𝒙)

𝟑

≥ (𝒃 − 𝒂)
𝟑
𝟐 

Finally: 

𝟑∫ 𝒇(𝒙)
𝒃

𝒂

𝒅𝒙 + (∫
𝟏

𝒇(𝒙)

𝒃

𝒂

𝒅𝒙)

𝟑

≥ 𝟒(𝒃 − 𝒂)
𝟑
𝟐 

Equality holds for 𝒂 = 𝒃. 

2343. If 𝟎 ≤ 𝒙 ≤ 𝟏, 𝒏 ≥ 𝟏 then: 

∑∫(𝒄𝒐𝒔𝒙)𝒌−𝟏 ∙ (𝒔𝒊𝒏𝒙)𝒌
𝟏

𝟎

𝒏

𝒌=𝟏

𝒅𝒙 < 2 (𝟏 −
𝟏

𝟐𝒏
) 

Proposed by Khaled Abd Imouti-Damascus-Syria 
Solution by Daniel Sitaru-Romania 
 

𝒙 ∈ [𝟎, 𝟏] ⊂ [𝟎,
𝝅

𝟐
) ⟹ 𝒔𝒊𝒏𝒙 ≥ 𝟎, 𝒄𝒐𝒔𝒙 > 0 

 
(𝒄𝒐𝒔𝒙)𝒌−𝟏 ∙ (𝒔𝒊𝒏𝒙)𝒌 = 𝒔𝒊𝒏𝒙 ∙ (𝒄𝒐𝒔𝒙)𝒌−𝟏 ∙ (𝒔𝒊𝒏𝒙)𝒌−𝟏 = 

 

= 𝒔𝒊𝒏𝒙 ∙ (𝒔𝒊𝒏𝒙 ∙ 𝒄𝒐𝒔𝒙)𝒌−𝟏 = 𝒔𝒊𝒏𝒙 ∙ (𝒔𝒊𝒏𝟐𝒙 ∙ 𝒄𝒐𝒔𝟐𝒙)
𝒌−𝟏
𝟐 ≤ 

 

≤ 𝒔𝒊𝒏𝒙 ∙ ((
𝒔𝒊𝒏𝟐𝒙 + 𝒄𝒐𝒔𝟐𝒙

𝟐
)

𝟐

)

𝒌−𝟏
𝟐

= 𝒔𝒊𝒏𝒙 ∙ ((
𝟏

𝟐
)
𝟐

)

𝒌−𝟏
𝟐

= 𝒔𝒊𝒏𝒙 ∙ (
𝟏

𝟐
)
𝒌−𝟏

< (
𝟏

𝟐
)
𝒌−𝟏

 

 

∑∫(𝒄𝒐𝒔𝒙)𝒌−𝟏 ∙ (𝒔𝒊𝒏𝒙)𝒌

𝟏

𝟎

𝒏

𝒌=𝟏

𝒅𝒙 <∑(
𝟏

𝟐
)
𝒌−𝟏𝒏

𝒌=𝟏

=
(
𝟏
𝟐)
𝒏

− 𝟏

𝟏
𝟐 − 𝟏

= 𝟐(𝟏 −
𝟏

𝟐𝒏
) 

 
2344. Prove that: 

𝐈 = ∫ ∫
𝐞−𝐱𝐱𝟒 𝐥𝐨𝐠(𝐱) (𝐥𝐨𝐠(𝐲) − 𝐥𝐨𝐠(𝐱))

(𝐱𝟐 + 𝐲𝟐)𝟐

∞

𝟎

∞

𝟎

𝐝𝐱𝐝𝐲 =
𝛑

𝟒
(𝛄 − 𝟏) 

Where, 𝜸 is Euler-Mascheroni constant 
Proposed by Cosghun Memmedov-Azerbaijan 
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Solution by Togrul Ehmedov-Azerbaijan 
 

Let y/x=t 

𝐈 = ∫ ∫
𝐞−𝐱𝐱𝟒 𝐥𝐨𝐠(𝐱) (𝐥𝐨𝐠(𝐲) − 𝐥𝐨𝐠(𝐱))

(𝐱𝟐 + 𝐲𝟐)𝟐

∞

𝟎

∞

𝟎

𝐝𝐱𝐝𝐲 = ∫ 𝐱𝐥𝐨𝐠(𝐱)𝐞−𝐱

∞

𝟎

𝐝𝐱∫
𝐥𝐨𝐠(𝐭)

(𝟏 + 𝐭𝟐)𝟐

∞

𝟎

𝐝𝐭

= 𝐈𝟏 ∗ 𝐈𝟐 

𝐈𝟏 = ∫ 𝐱𝐥𝐨𝐠(𝐱)𝐞
−𝐱

∞

𝟎

𝐝𝐱
𝐈𝐁𝐏

=
−𝐱𝐞−𝐱𝐥𝐨𝐠 (𝐱)|𝟎

∞ +∫ 𝐞−𝐱 𝐥𝐨𝐠(𝐱)

∞

𝟎

𝐝𝐱+ ∫ 𝐞−𝐱

∞

𝟎

𝐝𝐱

= ∫ 𝐞−𝐱 𝐥𝐨𝐠(𝐱)

∞

𝟎

𝐝𝐱 + 𝟏 = −𝛄 + 𝟏 

𝐈𝟐 = ∫
𝐥𝐨𝐠(𝐭)

(𝟏 + 𝐭𝟐)𝟐

∞

𝟎

𝐝𝐭 = ∫
𝐥𝐨𝐠(𝐭)

(𝟏 + 𝐭𝟐)𝟐

𝟏

𝟎

𝐝𝐭 +∫
𝐥𝐨𝐠(𝐭)

(𝟏 + 𝐭𝟐)𝟐

∞

𝟏

𝐝𝐭]

𝐭→𝟏/𝐭

= ∫
𝐥𝐨𝐠(𝐭)

(𝟏 + 𝐭𝟐)𝟐

𝟏

𝟎

𝐝𝐭 − ∫
𝐭𝟐 𝐥𝐨𝐠(𝐭)

(𝟏 + 𝐭𝟐)𝟐

𝟏

𝟎

𝐝𝐭

= ∫
(𝟏 − 𝐭𝟐) 𝐥𝐨𝐠(𝐭)

(𝟏 + 𝐭𝟐)𝟐

𝟏

𝟎

𝐝𝐭
𝐈𝐁𝐏

=

𝐭

𝟏 + 𝐭𝟐
𝐥𝐨𝐠(𝐭)|

𝟎

𝟏

−∫
𝐝𝐭

𝟏 + 𝐭𝟐

𝟏

𝟎

= −∫
𝐝𝐭

𝟏 + 𝐭𝟐

𝟏

𝟎

= −
𝛑

𝟒
 

𝐈 = 𝐈𝟏 ∗ 𝐈𝟐 =
𝛑

𝟒
(𝛄 − 𝟏) 

2345. Find: 

𝑿 = ∫
𝒍𝒏𝟐(𝒙+𝟏)

(𝒙+𝟏)(𝒙+𝟑)

𝟏

𝟎
𝒅𝒙     𝒀 = ∫

𝒙𝒍𝒏𝟐(𝒙+𝟏)

(𝒙+𝟏)(𝒙+𝟑)
𝒅𝒙

𝟏

𝟎
 

Proposed by Shirvan Tahirov-Azerbaijan 
Solution by Rana Ranino-Setif-Algerie 
 

X+Y=∫
𝒍𝒏𝟐(𝒙+𝟏)

𝒙+𝟑
𝒅𝒙 =⏞

𝒙=𝟐𝒕−𝟏

∫
𝒍𝒏𝟐(𝟐𝒕)

𝒕+𝟏

𝟏
𝟏

𝟐

𝟏

𝟎
𝒅𝒙 = 

= ([𝐥𝐧(𝟏 + 𝒕) 𝒍𝒏𝟐(𝟐𝒕) + 𝟐 𝐥𝐧(𝟐𝒕)𝑳𝒊𝟐(−𝒕) − 𝟐𝑳𝒊𝟑(−𝒕)])𝟏
𝟐

𝟏 

X+Y=𝒍𝒏𝟑(𝟐) + 𝟐𝒍𝒏(2)𝑳𝒊𝟐(−𝟏) −2𝑳𝒊𝟑(−𝟏)+2𝑳𝒊𝟑(−
𝟏

𝟐
)=𝒍𝒏𝟑(𝟐)-

𝝅𝟐

𝟔
ln(2)+

𝟑

𝟐
ζ(3)+2𝑳𝒊𝟑 (−

𝟏

𝟐
 ) 

X-Y=∫
(𝟏−𝒙)𝒍𝒏𝟐(𝒙+𝟏)

(𝒙+𝟏)(𝒙+𝟑)
𝒅𝒙 = ∫

𝒍𝒏𝟐(𝒙+𝟏)

𝒙+𝟏
𝒅𝒙 − 𝟐∫

𝒍𝒏𝟐(𝒙+𝟏)

𝒙+𝟑
𝒅𝒙

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎
 



 
www.ssmrmh.ro 

48 RMM-CALCULUS MARATHON 2301-2400 

 

X-Y=
𝟏

𝟑
𝒍𝒏𝟑(𝟐) − 𝟐𝒍𝒏𝟑(𝟐) +

𝝅𝟐

𝟑
𝐥𝐧(𝟐) − 𝟑𝜻(𝟑) − 𝟒𝑳𝒊𝟑(−

𝟏

𝟐
) 

X-Y=-
𝟓

𝟑
𝒍𝒏𝟑(𝟐) +

𝝅𝟐

𝟑
𝐥𝐧(𝟐) − 𝟑𝜻(𝟑) − 𝟒𝑳𝒊𝟑(−

𝟏

𝟐
) 

X+Y=𝒍𝒏𝟑(𝟐) −
𝝅𝟐

𝟔
𝐥𝐧(𝟐) +

𝟑

𝟐
𝜻(𝟑) + 𝟐𝑳𝒊𝟑(−

𝟏

𝟐
) 

X=-
𝟏

𝟑
𝒍𝒏𝟑(𝟐) +

𝝅𝟐

𝟏𝟐
𝐥𝐧(𝟐) −

𝟑

𝟒
ζ(3)-𝑳𝒊𝟑(−

𝟏

𝟐
) 

Y=
𝟒

𝟑
𝒍𝒏𝟑(𝟐) −

𝝅𝟐

𝟒
𝐥𝐧(𝟐) +

𝟗

𝟒
ζ(3)+3𝑳𝒊𝟑(− 

𝟏

𝟐
) 

We  have also : 𝑳𝒊𝟑 (−
𝟏

𝟐
) =

𝟏

𝟒
𝑳𝒊𝟑(−

𝟏

𝟒
)-
𝟕

𝟖
ζ(3)-

𝟏

𝟔
𝒍𝒏𝟑(2)+

𝝅𝟐

𝟏𝟐
𝐥𝐧 (𝟐) 

∫
𝒍𝒏𝟐(𝒙+𝟏)

(𝒙+𝟏)(𝒙+𝟑)
𝒅𝒙 =

𝟏

𝟐𝟒

𝟏

𝟎
(−𝑳𝒊𝟑(

𝟏

𝟒
)+3ζ(3)-4𝒍𝒏𝟑(𝟐)) 

∫
𝒙𝒍𝒏𝟐(𝒙+𝟏)

(𝒙+𝟏)(𝒙+𝟑)
𝒅𝒙 = 𝟑𝑳𝒊𝟑 (−

𝟏

𝟐
) +

𝟗

𝟒

𝟏

𝟎
𝜻(𝟑) +

𝟒

𝟑
𝒍𝒏𝟑(𝟐) −

𝝅𝟐

𝟒
ln(2) 

2346. Find: 

𝛀 = ∫
𝑳𝒊𝟐(𝒙

𝟐)𝐥𝐧 (𝟏 + 𝒙𝟐)

𝒙(𝟏 + 𝒙𝟐)

𝟏

𝟎

𝒅𝒙 

Proposed by Shirvan Tahirov-Azerbaijan  
Solution 1 by Rana Ranino-Setif-Algerie 
 

Ω=∫
𝑳𝒊𝟐(𝒙

𝟐)𝐥𝐧 (𝟏+𝒙𝟐)

𝒙(𝟏+𝒙𝟐)
𝒅𝒙 =

𝟏

𝟐
∫

𝑳𝒊𝟐(𝒙)𝐥𝐧 (𝟏+𝒙)

𝒙(𝟏+𝒙)
𝒅𝒙 =

𝟏

𝟐
∫

𝑳𝒊𝟐(𝒙)𝐥𝐧 (𝟏+𝒙)

𝒙
𝒅𝒙

𝟏

𝟎⏟          
𝑨

𝟏

𝟎

𝟏

𝟎
-
𝟏

𝟐
∫

𝑳𝒊𝟐(𝒙)𝐥𝐧 (𝟏+𝒙)

𝟏+𝒙

𝟏

𝟎⏟        
𝑩

 

A=-∑
(−𝟏)𝒏

𝒏

∞
𝒏=𝟏 ∫ 𝒙𝒏−𝟏𝑳𝒊𝟐(𝒙)𝒅𝒙 =

𝟏

𝟎
∫ 𝒙𝒏−𝟏𝑳𝒊𝟐(𝒙) = ([

𝟏

𝒏
𝒙𝒏𝑳𝒊𝟐(𝒙)]

𝟏

𝟎
)𝟎
𝟏+
𝟏

𝒏
∫ 𝒙𝒏−𝟏 𝐥𝐧(𝟏 −
𝟏

𝟎

𝒙)𝒅𝒙 =
𝜻(𝟐)

𝒏
−
𝑯𝒏

𝒏𝟐
         A=∑

(−𝟏)𝒏𝑯𝒏

𝒏𝟑
∞
𝒏=𝟏 -ζ(2)∑

(−𝟏)𝒏

𝒏𝟐
∞
𝒏=𝟏 =

𝟓

𝟒
𝜻(𝟒) + ∑

(−𝟏)𝒏𝑯𝒏

𝒏𝟑
∞
𝒏=𝟏  

∑
(−𝟏)𝒏𝑯𝒏
𝒏𝟑

= 𝟐𝑳𝒊𝟒
∞

𝒏=𝟏
(
𝟏

𝟐
) −

𝟏𝟏

𝟒
𝜻(𝟒) +

𝟕

𝟒
𝜻(𝟑) 𝐥𝐧(𝟐) −

𝟏

𝟐
𝜻(𝟐)𝒍𝒏𝟐(𝟐) +

𝟏

𝟏𝟐
𝒍𝒏𝟒(𝟐) 

A=2𝑳𝒊𝟒 (
𝟏

𝟐
) −

𝟑

𝟐
𝜻(𝟒) +

𝟕

𝟒
𝜻(𝟑) 𝐥𝐧(𝟐) −

𝟏

𝟐
𝜻(𝟐)𝒍𝒏𝟐(𝟐) +

𝟏

𝟏𝟐
𝒍𝒏𝟒(𝟐) , B=[

𝟏

𝟐
𝑳𝒊𝟐(𝒙)𝒍𝒏

𝟐(𝟏 +

𝒙)]
𝟎

𝟏

+
𝟏

𝟐
∫

𝐥𝐧 (𝟏−𝒙)𝒍𝒏𝟐(𝟏+𝒙)

𝒙

𝟏

𝟎
𝒅𝒙 =

𝟏

𝟐
𝜻(𝟐)𝒍𝒏𝟐(2)+

𝟏

𝟐
∫

𝐥𝐧 (𝟏−𝒙)𝒍𝒏𝟐(𝟏+𝒙)

𝒙
𝒅𝒙  𝒂𝒃𝟐 =

𝟏

𝟔
(𝒂 + 𝒃)𝟑 +

𝟏

𝟎

𝟏

𝟔
(𝒂 − 𝒃)𝟑 −

𝒂𝟐

𝟑
 

Ln(1-x)𝒍𝒏𝟐(𝟏 + 𝒙) =
𝟏

𝟔
𝒍𝒏𝟑(𝟏 − 𝒙𝟐) +

𝟏

𝟔
𝒍𝒏𝟑 (

𝟏−𝒙

𝟏+𝒙
) −

𝟏

𝟑
𝒍𝒏𝟑(𝟏 − 𝒙) 



 
www.ssmrmh.ro 

49 RMM-CALCULUS MARATHON 2301-2400 

 

B=
𝟏

𝟐
𝜻(𝟐)𝒍𝒏𝟐(𝟐) +

𝟏

𝟏𝟐
∫

𝒍𝒏𝟑(𝟏−𝒙𝟐)

𝒙
𝒅𝒙

𝟏

𝟎⏟        
𝟏−𝒙𝟐→𝒙

+
𝟏

𝟏𝟐
∫

(
𝟏−𝒙

𝟏+𝒙
)

𝒙

𝟏

𝟎⏟  
𝟏−𝒙

𝟏+𝒙
→𝒙

𝒅𝒙-
𝟏

𝟔
∫

𝒍𝒏𝟑(𝟏−𝒙)

𝒙

𝟏

𝟎⏟      
𝟏−𝒙→𝒙

𝒅𝒙=
𝟏

𝟐
ζ(2)𝒍𝒏𝟐(𝟐) +

𝟏

𝟔
∑ ∫ 𝒙𝟐𝒏−𝟐𝒍𝒏𝟑(𝒙)𝒅𝒙

𝟏

𝟎
∞
𝒏=𝟏 -

𝟏

𝟖
∑ ∫ 𝒙𝒏−𝟏𝒍𝒏𝟑(𝒙)𝒅𝒙 =

𝟏

𝟐
𝜻(𝟐)𝒍𝒏𝟐(𝟐) −

𝟑

𝟏𝟔
𝜻(𝟒)

𝟏

𝟎
∞
𝒏=𝟏     

Ω=𝑳𝒊𝟒 (
𝟏

𝟐
) +

𝟕

𝟖
𝜻(𝟑) 𝐥𝐧(𝟐) −

𝟏

𝟐
𝜻(𝟐)𝒍𝒏𝟐(𝟐) −

𝟐𝟏

𝟑𝟐
𝜻(𝟒) +

𝟏

𝟐𝟒
𝒍𝒏𝟒(𝟐) 

 

Solution 2 by Amin Hajiyev-Azerbaijan 

Ω=∫
𝑳𝒊𝟐(𝒙

𝟐) 𝐥𝐧(𝟏+𝒙𝟐)

𝒙(𝟏+𝒙𝟐)
= −

𝟏

𝟐
∑ (−𝟏)𝒏𝑯𝒏
∞
𝒏=𝟏

𝟏

𝟎
∫ 𝒙𝒏−𝟏𝑳𝒊𝟐
𝟏

𝟎
(𝒙)𝒅𝒙 =

𝟏

𝟐
∑ (−𝟏)𝒏𝑯𝒏 [

𝑯𝒏

𝒏𝟐
−∞

𝒏=𝟏

𝜻(𝟐)

𝒏
] =

𝟏

𝟐
(Ω𝟏 − Ω𝟐) 

Ω𝟏=∑
(−𝟏)𝒏𝑯𝒏

𝟐

𝒏𝟐
∞
𝒏=𝟏 = −∑

(−𝟏)𝒏(𝑯𝒏−𝟏+
𝟏

𝒏
)

𝒏

∞
𝒏=𝟏 ∫ 𝒙𝒏−𝟏 𝐥𝐧(𝟏 − 𝒙)𝒅𝒙 =

𝟏

𝟎

−∫
𝐥𝐧(𝟏−𝒙)

𝒙

𝟏

𝟎
(∑

(−𝟏)𝒏𝑯𝒏−𝟏𝒙
𝒏

𝒏

∞
𝒏=𝟏 + ∑

(−𝟏)𝒏𝒙𝒏

𝒏𝟐
)𝒅𝒙 = −

𝟏

𝟐
∫

𝐥𝐧(𝟏−𝒙)

𝒙
𝒍𝒏𝟐(𝟏 + 𝒙𝟐)𝒅𝒙 +

𝟏

𝟎
∞
𝒏=𝟏

∑
(−𝟏)𝒏𝑯𝒏

𝒏𝟑
∞
𝒏=𝟏 =J-K 

J=∑
(−𝟏)𝒏𝑯𝒏

𝒏𝟑
=
𝟏

𝟐

∞
𝒏=𝟏 ∑ (−𝟏)𝒏𝑯𝒏 ∫ 𝒙

𝒏−𝟏𝒍𝒏𝟐(𝒙)𝒅𝒙 =
𝟏

𝟎
∞
𝒏=𝟏 -

𝟏

𝟐
∫

𝐥𝐧 (𝟏+𝒙)𝒍𝒏𝟐(𝒙)

𝒙(𝟏+𝒙)

𝟏

𝟎
dx=

𝟏

𝟐
(∫

𝐥𝐧 (𝟏−𝒙)𝒍𝒏𝟐(𝒙)

𝒙
𝒅𝒙 + ∫

𝒍𝒏𝟑(𝟏−𝒙)

𝒙
𝒅𝒙

𝟏

𝟐
𝟎

𝟏

𝟐
𝟎⏟                      

𝑱𝟏

-∫
𝐥𝐧 (𝒙)𝒍𝒏𝟐(𝟏−𝒙)

𝒙
𝒅𝒙

𝟏

𝟐
𝟎⏟          

𝑱𝟐

=0.5𝑱𝟏 − 𝑱𝟐 

𝑱𝟏=∫
𝒍𝒏𝟐(𝒙)𝐥𝐧 (𝟏 − 𝒙)

𝒙
𝒅𝒙

𝟏
𝟐

𝟎

+ ∫
𝒍𝒏𝟑(𝟏 − 𝒙)

𝒙
𝒅𝒙

𝟏
𝟐

𝟎

= −∑
𝟏

𝒏
∫ 𝒙𝒏−𝟏𝒍𝒏𝟐(𝒙)𝒅𝒙

𝟏
𝟐

𝟎

∞

𝒏=𝟏

+ ∫
𝒍𝒏𝟑(𝒙)

𝟏 − 𝒙
𝒅𝒙

𝟏

𝟏
𝟐

=
𝟏

𝟑
𝒍𝒏𝟒(𝟐)

+
𝟏

𝟑
∫
𝒍𝒏𝟑(𝒙)

𝟏 − 𝒙
𝒅𝒙

𝟏
𝟐

𝟎

+ ∫
𝒍𝒏𝟑(𝒙)

𝟏 − 𝒙
𝒅𝒙

𝟏

𝟎

+ ∫
𝒍𝒏𝟑(𝒙)

𝟏 − 𝒙
𝒅𝒙 = 𝟒𝑳𝒊𝟒 (

𝟏

𝟐
) − 𝟔𝜻(𝟒) +

𝟕

𝟐
𝜻(𝟑) 𝐥𝐧(𝟐) − 𝜻(𝟐)𝒍𝒏𝟐(𝟐) +

𝟐

𝟑
𝒍𝒏𝟒(𝟐) 

𝟎

𝟏
𝟐
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𝑱𝟐=∫
𝐥𝐧 (𝒙)𝒍𝒏𝟐(𝟏 − 𝒙)

𝒙

𝟏
𝟐

𝟎

𝒅𝒙 =
𝟏

𝟒
𝒍𝒏𝟒(𝟐) +

𝟏

𝟐
∫
𝐥𝐧 (𝟏 − 𝒙)𝒍𝒏𝟐(𝒙)

𝟏 − 𝒙

𝟏

𝟎

𝒅𝒙

=
𝟏

𝟒
𝒍𝒏𝟒(𝟐)

−
𝟏

𝟐
∑ 𝑯𝒏∫ 𝒙𝒏𝒍𝒏𝟐(𝒙)𝒅𝒙 =

𝟏

𝟒
𝒍𝒏𝟒(𝟐) + 𝟐𝜻(𝟒) − 𝟐∑

𝑯𝒏
𝒏𝟑

∞

𝒏=𝟏

𝟏

𝟎

∞

𝒏=𝟏

=
𝟏

𝟒
𝒍𝒏𝟒(𝟐) + 𝟐𝜻(𝟒) −

𝟗

𝟒
𝜻(𝟒) =

𝟏

𝟒
𝒍𝒏𝟒(𝟐) −

𝝅𝟒

𝟑𝟔𝟎
 

J=
𝟏

𝟐
𝑱𝟏−𝑱𝟐 = 𝟐𝑳𝒊𝟒(

𝟏

𝟐
)+
𝟕

𝟒
𝐥𝐧(𝟐)𝜻(𝟑) +

𝒍𝒏𝟒(𝟐)

𝟏𝟐
- 
𝝅𝟐

𝟏𝟐
𝒍𝒏𝟐(𝟐) −

𝟏𝟏𝝅𝟒

𝟑𝟔𝟎
 

K=-
𝟏

𝟐
∫

𝐥𝐧 (𝟏−𝒙)𝒍𝒏𝟐(𝟏+𝒙)

𝒙
𝒅𝒙

𝟏

𝟎⏟            

𝒂𝒃𝟐=>
𝟏

𝟔
(𝒂+𝒃)𝟑+

𝟏

𝟔
(𝒂−𝒃)𝟑−

𝒂𝟑

𝟑

=
𝟏

𝟖
∫

𝒍𝒏𝟑(𝒙)

𝟏−𝒙
𝒅𝒙 −

𝟏

𝟏𝟐
∫ (𝒍𝒏𝟑 (

𝟏−𝒙

𝟏+𝒙
))/

𝟏

𝟎⏟          
𝟏−𝒙

𝟏+𝒙
=>𝑥

𝟏

𝟎
𝒙𝒅𝒙 =

𝟏

𝟖
∑ ∫ 𝒙𝒏𝒍𝒏𝟑(𝒙)𝒅𝒙 −

𝟏

𝟔
∫

𝒍𝒏𝟑(𝒙)

𝟏−𝒙𝟐
𝒅𝒙 = −

𝝅𝟒

𝟒𝟖𝟎

𝟏

𝟎

𝟏

𝟎
∞
𝒏=𝟏  

Ω𝟏=J-K=2𝑳𝒊𝟒 (
𝟏

𝟐
) +

𝟕

𝟒
𝜻(𝟑) 𝐥𝐧(𝟐) +

𝟏

𝟏𝟐
𝒍𝒏𝟒(2)-

𝝅𝟐

𝟏𝟐
𝒍𝒏𝟐(𝟐) −

𝟒𝟏𝝅𝟒

𝟏𝟒𝟒𝟎
 

Ω𝟐=ζ(2)∑
(−𝟏)𝒏𝑯𝒏

𝒏
= 𝜻(𝟐)∑ (−𝟏)𝒏𝑯𝒏 ∫ 𝒙

𝒏−𝟏𝒅𝒙 =
𝟏

𝟎
∞
𝒏=𝟏

∞
𝒏=𝟏

−𝜻(𝟐) ∫
𝐥𝐧 (𝟏+𝒙)

𝒙(𝟏+𝒙)
𝒅𝒙

𝟏

𝟎⏟        

{
𝟏

𝒙(𝟏+𝒙)
=
𝟏

𝒙
−
𝟏

𝟏+𝒙
}

=
𝟏

𝟐
𝜻(𝟐)𝒍𝒏𝟐(𝟐) −

𝜻𝟐(𝟐)

𝟐
=
𝝅𝟐

𝟏𝟐
𝒍𝒏𝟐(𝟐) −

𝝅𝟒

𝟕𝟐
 

Answer: Ω=∫
𝑳𝒊𝟐(𝒙

𝟐)𝐥𝐧 (𝟏+𝒙𝟐)

𝒙(𝟏+𝒙𝟐)
𝒅𝒙 =

𝟏

𝟐
(Ω𝟏 − Ω𝟐)

𝟏

𝟎
=𝑳𝒊𝟒(

𝟏

𝟐
)+
𝟕

𝟖
ζ(3)ln(2)+

𝟏

𝟐𝟒
𝒍𝒏𝟒(𝟐) −

𝝅𝟐

𝟏𝟐
𝒍𝒏𝟐(𝟐) −

𝟕𝝅𝟒

𝟗𝟔𝟎
 

Note : ζ(3) --- Apery’s constant 
 

2347. Find: 

𝛀 = ∫
√𝒙𝐥𝐧 (𝐥𝐧(𝒙))

𝟏 + 𝒙
𝒅𝒙

𝟏

𝟎

 

Proposed by Shirvan Tahirov-Azerbaijan 
Solution by Rana Ranino-Setif-Algerie 
 

Ω= ∫
√𝒙 𝐥𝐧(𝐥𝐧(𝒙))

𝟏+𝒙
𝒅𝒙

𝟏

𝟎
=⏞ 𝟐
𝒙→𝒙𝟐

∫
𝒙𝟐 𝐥𝐧(𝟐 𝐥𝐧(𝒙))

𝟏+𝒙𝟐

𝟏

𝟎
𝒅𝒙 = 𝟐 𝐥𝐧(−𝟐) ∫

𝒙𝟐

𝟏+𝒙𝟐
𝒅𝒙 + 𝟐∫

𝒙𝟐 𝐥𝐧(− 𝐥𝐧(𝒙))

𝟏+𝒙𝟐

𝟏

𝟎

𝟏

𝟎
𝒅𝒙 

 

∫
𝒙𝟐

𝟏+𝒙𝟐

𝟏

𝟎
𝒅𝒙=∫ (𝟏 −

𝟏

𝟏+𝒙𝟐
)𝒅𝒙 = 𝟏 −

𝝅

𝟒

𝟏

𝟎
  ,  ln(-2)=2ln(i)+ln(2)=iπ+ln(2) 

 

Ω=ln(4)-
𝝅

𝟐
𝐥𝐧(𝟐) −

𝟏

𝟐
𝒊𝝅(𝝅 − 𝟒) + 𝟐∫ 𝐥𝐧(− 𝐥𝐧(𝒙)) 𝒅𝒙 − 𝟐 ∫

𝐥𝐧 (− 𝐥𝐧(𝑿))

𝟏+𝒙𝟐
𝒅𝒙

𝟏

𝟎

𝟏

𝟎
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∫ 𝐥𝐧(− 𝐥𝐧(𝒙))𝒅𝒙 =⏞
𝒙→𝒆−𝒕

∫ 𝐥𝐧(𝒕) 𝒆−𝒕𝒅𝒕
∞

𝟎

𝟏

𝟎

= −𝜸 

Malmsten’s integral: M(ϕ)=∫
𝐥𝐧 (− 𝐥𝐧(𝒙))

𝟏+𝟐𝒙𝒄𝒐𝒔(𝝋)
𝒅𝒙 =

𝝅

𝟐𝐬𝐢𝐧 (𝝋)
𝒍𝒏 {

(𝟐𝝅)
𝝋
𝝅𝜞(

𝟏

𝟐
+
𝝋

𝟐𝝅
)

𝜞(
𝟏

𝟐
−
𝝋

𝟐𝝅
)
}

𝟏

𝟎
    –π<ϕ<π 

 

M(
𝝅

𝟐
)=∫

𝐥𝐧 (− 𝐥𝐧(𝑿))

𝟏+𝒙𝟐
𝒅𝒙 =

𝝅

𝟐
𝒍𝒏 {

√𝟐𝝅𝜞(
𝟑

𝟒
)

𝜞(
𝟏

𝟒
)
}

𝟏

𝟎
=
𝝅

𝟒
𝐥𝐧(𝟐) +

𝝅

𝟒
𝐥𝐧(𝝅) − 𝝅𝒍𝒏𝜞 (

𝟏

𝟒
) +

𝝅

𝟐
𝒍𝒏 {𝜞(

𝟏

𝟒
)𝜞(

𝟑

𝟒
)}⏟      

𝝅√𝟐

 

∫
𝐥𝐧(− 𝐥𝐧(𝒙))

𝟏 + 𝒙𝟐
𝒅𝒙 =

𝝅

𝟐
𝐥𝐧(𝟐) +

𝟑𝝅

𝟒
𝐥𝐧(𝝅) − 𝝅𝒍𝒏𝜞(

𝟏

𝟒
)

𝟏

𝟎

 

Ω=ln(4)-
𝝅

𝟐
𝐥𝐧(𝟐) −

𝟏

𝟐
𝒊𝝅(𝝅 − 𝟒) − 𝟐𝜸-πln(2)-

𝟑𝝅

𝟐
𝐥𝐧(𝝅) + 𝟐𝝅𝐥𝐧 (𝜞 (

𝟏

𝟒
)) 

∫
√𝒙𝐥𝐧 (𝐥𝐧(𝒙))

𝟏 + 𝒙
𝒅𝒙 = 𝐥𝐧(𝟒) + 𝟐𝝅𝒍𝒏𝜞 (

𝟏

𝟒
) −

𝟑𝝅

𝟐
𝐥𝐧(𝟐𝝅) −

𝟏

𝟐
𝒊𝝅(𝝅 − 𝟒) − 𝟐𝜸

𝟏

𝟎

 

 
2348. Prove that: 

𝛀 = ∫
𝒍𝒐𝒈𝟐(𝒙)

(𝟏 + 𝒙 + 𝒙𝟐)(𝟏 + 𝒙 + 𝒙𝟐 + 𝒙𝟑)
𝒅𝒙

𝟏

𝟎

=
𝟐𝟏

𝟑𝟐
𝜻(𝟑) +

𝟖𝝅𝟑

𝟖𝟏√𝟑
−
𝝅𝟑

𝟑𝟐
 

Proposed by Shirvan Tahirov-Azerbaijan 
Solution by Rana Ranino-Setif-Algerie 

Ω=∫
𝒍𝒐𝒈𝟐(𝒙)

(𝟏+𝒙+𝒙𝟐)(𝟏+𝒙+𝒙𝟐+𝒙𝟑)
𝒅𝒙 = ∫

𝒍𝒐𝒈𝟐(𝒙)

𝟏+𝒙+𝒙𝟐
𝒅𝒙 − ∫

𝒙𝒍𝒐𝒈𝟐(𝒙)

𝟏+𝒙+𝒙𝟐+𝒙𝟑
𝒅𝒙 =

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎
 

 

∫
(𝟏−𝒙)𝒍𝒐𝒈𝟐(𝒙)

𝟏−𝒙𝟑
𝒅𝒙

𝟏

𝟎⏟          
𝑨

-∫
𝒙(𝟏−𝒙)𝒍𝒐𝒈𝟐(𝒙)

𝟏−𝒙𝟒
𝒅𝒙

𝟏

𝟎⏟          
𝑩

 

 

A =⏞
𝒙𝟑=>𝑥

𝟏

𝟐𝟕
∫

(𝒙
𝟏
𝟑
−𝟏
−𝒙
𝟐
𝟑
−𝟏
)𝒍𝒐𝒈𝟐(𝒙)

𝟏−𝒙
𝒅𝒙 =

𝟏

𝟐𝟕
(𝝍(𝟐) (

𝟐

𝟑
) − 𝝍(𝟐) (

𝟏

𝟑
))

𝟏

𝟎
 

 

A=
𝝅

𝟐𝟕
𝐥𝐢𝐦
𝒁→

𝟏

𝟑

𝒅𝟐

𝒛𝟐𝒅
𝐜𝐨𝐭(𝝅𝒛) =

𝟐𝝅𝟑

𝟐𝟕
𝐥𝐢𝐦
𝒛→

𝟏

𝟑

𝐜𝐨𝐭 (𝝅𝒛)

𝒔𝒊𝒏𝟐(𝝅𝒛)
=

𝟖𝝅𝟑

𝟖𝟏√𝟑
 

 

B =⏞
𝒙𝟒→𝒙

𝟏

𝟔𝟒
∫

(𝒙
𝟏
𝟐
−𝟏
−𝒙
𝟑
𝟒
−𝟏
)𝒍𝒐𝒈𝟐(𝒙)

𝟏−𝒙
𝒅𝒙 =

𝟏

𝟔𝟒
(𝝍(𝟐) (

𝟑

𝟒
) − 𝝍(𝟐) (

𝟏

𝟐
))

𝟏

𝟎
 

B=
𝟏

𝟔𝟒
(𝟐𝝅𝟑 − 𝟒𝟐𝜻(𝟑)) =

𝝅𝟑

𝟑𝟐
−
𝟐𝟏

𝟑𝟐
𝜻(𝟑) 

 
 
2349. Find: 
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∫
𝒙𝒍𝒏(𝒙)

𝒙𝟒 + 𝒙𝟐 + 𝟏
𝒅𝒙

𝟏

−𝟏

 

Proposed by Shirvan Tahirov-Azerbaijan 

Solution 1 by Amin Hajiyev-Azerbaijan 

Ω=∫
𝒙𝒍𝒐𝒈(𝒙)

𝒙𝟒+𝒙𝟐+𝟏
𝒅𝒙 =

𝟏

−𝟏
∫

𝒙𝒍𝒐𝒈(𝒙)

𝒙𝟒+𝒙𝟐+𝟏
𝒅𝒙 + ∫

𝒙𝒍𝒐𝒈(𝒙)

𝒙𝟒+𝒙𝟐+𝟏
𝒅𝒙 = ∫

𝒙𝒍𝒐𝒈(𝒙)

𝒙𝟒+𝒙𝟐+𝟏
𝒅𝒙 + ∫

𝒊𝝅𝒙+𝒙𝒍𝒏(𝒙)

𝒙𝟒+𝒙𝟐+𝟏
𝒅𝒙 =

𝟏

𝟎

𝟏

𝟎

𝟎

−𝟏

𝟏

𝟎
 

-π𝒊 ∫
𝒙

𝒙𝟒+𝒙𝟐+𝟏
𝒅𝒙 = −𝒊𝝅∫

𝒙−𝒙𝟑

𝟏−𝒙𝟔
𝒅𝒙 = −𝒊𝝅∑ (∫ 𝒙𝟔𝒏+𝟏𝒅𝒙 − ∫ 𝒙𝟔𝒏+𝟑𝒅𝒙) =

𝟏

𝟎

𝟏

𝟎
∞
𝒏=𝟎

𝟏

𝟎

𝟏

𝟎
 

-π𝒊 ∑ (
𝟏

𝟔𝒏+𝟐
−

𝟏

𝟔𝒏+𝟒
) = −

𝒊𝝅

𝟐
∑

𝟏

(𝟑𝒏+𝟏)(𝟑𝒏+𝟐)
= −

𝒊𝝅

𝟏𝟖
∑

𝟏

(𝒏+
𝟏

𝟑
)(𝒏+

𝟐

𝟑
)

∞
𝒏=𝟎

∞
𝒏=𝟎

∞
𝒏=𝟎 = 

−
𝒊𝝅

𝟏𝟖

𝝍𝟎 (
𝟐
𝟑
) − 𝝍𝟎 (

𝟏
𝟑
)

𝟏
𝟑

= −
𝒊𝝅

𝟔
𝝅 𝐜𝐨𝐭 (

𝝅

𝟑
) = −

𝒊𝝅𝟐

𝟔√𝟑
 

We know - 𝝍𝟎(𝟏 − 𝒙) − 𝝍𝟎(𝒙) =πcot(πx) 
 

Solution 2 by Bui Hong Suc-Vietnam 

Ω=∫
𝒙𝒍𝒏(𝒙)

𝒙𝟒+𝒙𝟐+𝟏
𝒅𝒙 = ∫

𝒙𝒍𝒏(𝒙)

𝒙𝟒+𝒙𝟐+𝟏
𝒅𝒙

𝟎

−𝟏

⏞        
+ ∫

𝒙𝒍𝒏(𝒙)

𝒙𝟒+𝒙𝟐+𝟏
𝒅𝒙 = ∫

𝒙𝒍𝒏(−𝒙)

𝒙𝟒+𝒙𝟐+𝟏
𝒅𝒙 + ∫

𝒙𝒍𝒏(𝒙)

𝒙𝟒+𝒙𝟐+𝟏
𝒅𝒙 =

𝟏

𝟎

𝟎

𝟏

𝟏

𝟎

𝒙→−𝒙

𝟏

−𝟏
 

-∫
𝒙{𝒍𝒏(−𝟏)+𝐥𝐧 (𝒙)}

𝒙𝟒+𝒙𝟐+𝟏
𝒅𝒙 + ∫

𝒙𝒍𝒏(𝒙)

𝒙𝟒+𝒙𝟐+𝟏
𝒅𝒙 = −∫

𝒙𝒍𝒏(𝒆𝒊𝝅)

𝒙𝟒+𝒙𝟐+𝟏
𝒅𝒙 − ∫

𝒙𝒍𝒏(𝒙)

𝒙𝟒+𝒙𝟐+𝟏
𝒅𝒙 + ∫

𝒙𝒍𝒏(𝒙)

𝒙𝟒+𝒙𝟐+𝟏
𝒅𝒙 =

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎
 

−𝒊𝝅∫
𝒙

(𝒙𝟐 +
𝟏
𝟐)
𝟐 +

𝟑
𝟒

𝒅𝒙 = −
𝒊𝝅

√𝟑
𝐚𝐫𝐜𝐭𝐚𝐧 (

𝟐𝒙𝟐 + 𝟏

√𝟑
)
𝟏
𝟎
= −

𝒊𝝅

√𝟑
(
𝝅

𝟑
−
𝝅

𝟔
) = −

𝒊𝝅𝟐

𝟔√𝟑

𝟏

𝟎

 

 
2350. Find: 

∫
𝐥𝐧(𝟏 + 𝒙) 𝐥𝐧 (𝟏 + 𝒙𝟐)

(𝟏 + 𝒙)𝟐
𝒅𝒙

∞

𝟏

 

Proposed by Shirvan Tahirov-Azerbaijan 
Solution by Pham Duc Nam-Vietnam 
 

𝑰 = ∫
𝐥𝐧(𝟏 + 𝒙) 𝐥𝐧 (𝒙𝟐 + 𝟏)

(𝟏 + 𝒙)𝟐
𝒅𝒙

∞

𝟏

=
𝟏

𝟐
∫ 𝐥𝐧(𝟏 + 𝒙) 𝐥𝐧(𝟏 + 𝒙𝟐)𝒅 (

𝒙 − 𝟏

𝒙 + 𝟏
) , 𝒕 =

𝒙 − 𝟏

𝒙 + 𝟏
=> 𝑥 =

𝟏 + 𝒕

𝟏 − 𝒕

∞

𝟏

 

𝑰 =
𝟏

𝟐
∫ (𝐥𝐧(𝟐) − 𝐥𝐧(𝟏 − 𝒕))(𝐥𝐧(𝟐) + 𝐥𝐧(𝒕𝟐 + 𝟏) − 𝟐 𝐥𝐧(𝟏 − 𝒕))𝒅𝒕 =
𝟏

𝟎

 

𝟏

𝟐
∫ (𝒍𝒏𝟐(𝟐) + 𝐥𝐧(𝟐) 𝐥𝐧(𝒕𝟐 + 𝟏) − 𝟑 𝐥𝐧(𝟐) 𝐥𝐧(𝟏 − 𝒕) − 𝐥𝐧(𝟏 − 𝒕) 𝐥𝐧(𝟏 + 𝒕𝟐) + 𝟐𝒍𝒏𝟐(𝟏 − 𝒕))𝒅𝒕
𝟏

𝟎
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By integration by parts, we easily find: 

∫ 𝐥𝐧(𝟏 + 𝒙𝟐)𝒅𝒙 = 𝒙(𝐥𝐧(𝟏 + 𝒙𝟐) − 𝟐) + 𝒕𝒂𝒏−𝟏(𝒙) + 𝑪 

 

∫𝒍𝒏𝟐(𝟏 − 𝒙)𝒅𝒙 = 𝟐𝒙 + (𝒙 − 𝟏) 𝐥𝐧(𝟏 − 𝒙) (𝐥𝐧(𝟏 − 𝐱) − 𝟐) + 𝐂  

 

𝑰 =
𝟏

𝟐
𝒍𝒏𝟐(𝟐) +

𝟏

𝟐
𝒍𝒏𝟐(𝟐) − 𝐥𝐧(𝟐) +

𝟏

𝟒
𝝅 𝐥𝐧(𝟐) +

𝟑

𝟐
𝐥𝐧(𝟐) −

𝟏

𝟐
∫ 𝐥𝐧(𝟏 − 𝒙) 𝐥𝐧(𝟏 + 𝒙𝟐)𝒅𝒙 + 𝟐 =
𝟏

𝟎

 

 

= 𝒍𝒏𝟐(𝟐) +
𝟏

𝟐
𝐥𝐧(𝟐) +

𝟏

𝟒
𝝅 𝐥𝐧(𝟐) −

𝟏

𝟐
∫ 𝐥𝐧(𝟏 − 𝒙) 𝐥𝐧(𝟏 + 𝒙𝟐)𝒅𝒙 + 𝟐
𝟏

𝟎

 

 

𝑱 = ∫ 𝐥𝐧(𝟏 − 𝒙) 𝐥𝐧(𝟏 + 𝒙𝟐)𝒅𝒙 = −∑ (−𝟏)𝒏
𝟏

𝒏
∫ 𝒙𝟐𝒏 𝐥𝐧(𝟏 − 𝒙)𝒅𝒙 =
𝟏

𝟎

∞

𝒏=𝟏

𝟏

𝟎

 

 

=∑ (−𝟏)𝒏
𝟏

𝒏

𝑯𝟐𝒏+𝟏
𝟐𝒏 + 𝟏

=∑ (−𝟏)𝒏𝑯𝟐𝒏+𝟏 (
𝟏

𝒏
−

𝟐

𝟐𝒏+ 𝟏
) =

∞

𝒏=𝟏

∞

𝒏=𝟏
 

 
 

-∑ (−𝟏)𝒏 (𝑯𝟐𝒏 +
𝟏

𝟐𝒏+𝟏
)(
𝟏

𝒏
−

𝟐

𝟐𝒏+𝟏
) = ∑ (−𝟏)𝒏

𝑯𝟐𝒏

𝒏
−∑ (−𝟏)𝒏

𝑯𝟐𝒏

𝟐𝒏+𝟏
− (𝟐𝑮+ 𝐥𝐧(𝟐) +

𝝅

𝟐
−∞

𝒏=𝟏
∞
𝒏=𝟏

∞
𝒏=𝟏

𝟒) = 

 

2∑ (−𝟏)𝒏
𝑯𝟐𝒏

𝟐𝒏
− 𝟐∑ (−𝟏)𝒏

𝑯𝟐𝒏

𝟐𝒏+𝟏
− (𝟐𝑮+ 𝐥𝐧(𝟐) +

𝝅

𝟐
− 𝟒)∞

𝒏=𝟏
∞
𝒏=𝟏 = 

 

𝟐𝕽∑ 𝒊𝒏
𝑯𝒏
𝒏
− 𝟐∑ (−𝟏)𝒏

𝑯𝟐𝒏
𝟐𝒏+ 𝟏

𝒙𝟐𝒏+𝟏]𝒙=𝟏 − (𝟐𝑮+ 𝐥𝐧(𝟐) +
𝝅

𝟐
− 𝟒) =

∞

𝒏=𝟏

∞

𝒏=𝟏
 

 

2ℜ(𝑳𝒊𝟐(𝒊) +
𝟏

𝟐
𝒍𝒏𝟐(𝟏 − 𝒊)) + 𝒕𝒂𝒏−𝟏(𝒙)𝐥𝐧 (𝟏 + 𝒙𝟐)]𝒙=𝟏 − (𝟐𝑮 + 𝐥𝐧(𝟐) +

𝝅

𝟐
− 𝟒) = 

 

2(-
𝟓𝝅𝟐

𝟗𝟔
+
𝟏

𝟖
𝒍𝒏𝟐(𝟐)) +

𝝅

𝟒
𝐥𝐧 (𝟐) − 𝟐𝑮 − 𝐥𝐧 (𝟐) −

𝝅

𝟐
+ 𝟒 = 

 

-
𝟓𝝅𝟐

𝟒𝟖
+
𝟏

𝟒
𝒍𝒏𝟐(𝟐) +

𝝅

𝟒
𝐥𝐧(𝟐) − 𝟐𝑮− 𝐥𝐧(𝟐) −

𝝅

𝟐
+ 𝟒 

 

𝑰 = 𝒍𝒏𝟐(𝟐) +
𝟏

𝟐
𝐥𝐧(𝟐) +

𝟏

𝟒
𝝅 𝐥𝐧(𝟐) + 𝟐 −

𝟏

𝟐
(−
𝟓𝝅𝟐

𝟒𝟖
+
𝟏

𝟒
𝒍𝒏𝟐(𝟐) +

𝝅

𝟒
𝐥𝐧(𝟐) − 𝟐𝑮− 𝐥𝐧(𝟐) −

𝝅

𝟐
+ 𝟒) 

 

=
𝟕

𝟖
𝒍𝒏𝟐(𝟐) + 𝑮 +

𝟓𝝅𝟐

𝟗𝟔
+
𝝅

𝟖
(𝟐 + 𝐥𝐧(𝟐)) + 𝐥𝐧 (𝟐) 

 
Note :  G -->  Catalan’s constant 

2351. Find: 
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∫ ∫
𝐥𝐧(𝒙𝒚) 𝐥𝐧 (𝟏 + 𝒙𝟐)

𝒙(𝟏 + 𝒚𝟐)𝟐
𝒅𝒙𝒅𝒚

𝟏

𝟎

𝟏

𝟎

 

 
Proposed by Shirvan Tahirov-Azerbaijan 

Solution 1 by Gbenga Ajeigbe-Nigeria 
 

𝑰 = ∫ ∫
𝐥𝐧(𝒙𝒚) 𝐥𝐧 (𝟏 + 𝒙𝟐)

𝒙(𝟏 + 𝒚𝟐)𝟐
𝒅𝒙𝒅𝒚

𝟏

𝟎

𝟏

𝟎

= ∫ ∫
𝐥𝐧(𝒙) 𝐥𝐧 (𝟏 + 𝒙𝟐)

𝒙(𝟏 + 𝒚𝟐)𝟐
𝒅𝒙𝒅𝒚 + ∫ ∫

𝐥𝐧(𝒚) 𝐥𝐧 (𝟏 + 𝒙𝟐)

𝒙(𝟏 + 𝒚𝟐)𝟐

𝟏

𝟎

𝒅𝒙𝒅𝒚
𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

 

𝑰 = ∫
𝒅𝒚

(𝟏 + 𝒚𝟐)𝟐
∫
𝐥𝐧(𝒙) 𝐥𝐧 (𝟏 + 𝒙𝟐)

𝒙
𝒅𝒙 +∫

𝐥𝐧 (𝒚)

(𝟏 + 𝒚𝟐)𝟐
𝒅𝒚∫

𝐥𝐧 (𝟏 + 𝒙𝟐)

𝒙
𝒅𝒙

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

 

𝑰 =
𝟏

𝟐
[
𝒚

𝒚𝟐+𝟏
+ 𝐚𝐫𝐜𝐭𝐚𝐧(𝒙)]𝟎

𝟏 [−
𝟑𝜻(𝟑)

𝟒
] + ([−

𝑮

𝟐
−
𝟏

𝟖
][−

𝟏

𝟐
𝑳𝒊𝟐(-1)] 

[
𝟏

𝟒
+
𝝅

𝟖
] [−

𝟑𝜻(𝟑)

𝟒
] + [−

𝑮

𝟐
−
𝝅

𝟖
] [
𝝅𝟐

𝟐𝟒
] 

𝑰 = −
𝟑𝜻(𝟑)

𝟏𝟔
−
𝟑𝜻(𝟑)

𝟑𝟐
𝝅− 𝝅𝟐

𝑮

𝟒𝟖
-
𝝅𝟑

𝟏𝟗𝟐
 

𝑰 =
𝟏

𝟑𝟖𝟒
[−𝟖𝝅𝟐𝑮 − 𝟗𝝅𝜻(𝟑) − 𝟏𝟖𝜻(𝟑) − 𝟐𝝅𝟑] 

 

 

Solution 2 by Kartick Chandra Betal-India 

 

∫  ∫
𝐥𝐧(𝒙𝒚) 𝐥𝐧 (𝟏 + 𝒙𝟐)

𝒙(𝟏 + 𝒚𝟐)𝟐
𝒅𝒙𝒅𝒚

𝟏

𝟎

𝟏

𝟎

= ∫
𝐥𝐧(𝒙) 𝐥𝐧 (𝟏 + 𝒙𝟐)

𝒙
𝒅𝒙∫

𝒅𝒚

(𝟏 + 𝒚𝟐)𝟐

𝟏

𝟎

𝟏

𝟎

+∫
𝐥𝐧 (𝟏 + 𝒙𝟐)

𝒙
𝒅𝒙∫

𝐥𝐧(𝒚)

(𝟏 + 𝒚𝟐)𝟐
𝒅𝒚 = 𝑨𝑩+ 𝑪𝑫 = (−

𝟑

𝟏𝟔
𝜻(𝟑))(

𝝅 + 𝟐

𝟖
) + {−(

𝑮

𝟐
+
𝝅

𝟖
)} =

𝟏

𝟑𝟖𝟒
{−𝟗𝝅𝜻(𝟑) − 𝟏𝟖𝜻(𝟑) − 𝟖𝑮𝝅𝟐 − 𝟐𝝅𝟑}                                

𝟏

𝟎

𝟏

𝟎

 

𝑨 = ∫
𝐥𝐧(𝒙) 𝐥𝐧 (𝟏 + 𝒙𝟐)

𝒙
𝒅𝒙

𝟏

𝟎

=
𝟏

𝟒
∫
𝐥𝐧(𝒙) 𝐥𝐧 (! + 𝒙)

𝒙
𝒅𝒙 =

𝟏

𝟒
[−𝑳𝒊𝟐(−𝒙) 𝐥𝐧(𝒙)]𝟎

𝟏 +
𝟏

𝟒
[𝑳𝒊𝟑(−𝒙)]𝟎

𝟏 = −
𝟑

𝟏𝟔
𝜻(𝟑)

𝟏

𝟎

   

𝑩 = ∫
𝒅𝒚

(𝟏 + 𝒚𝟐)𝟐
= ∫ 𝒄𝒐𝒔𝟐(𝒚)𝒅𝒚 =

𝟏

𝟐
[𝒚 +

𝐬𝐢𝐧(𝟐𝒚)

𝟐
]
𝟎

𝝅
𝟒 = (

𝝅+ 𝟐

𝟖
)

𝝅
𝟒

𝟎

𝟏

𝟎

 

𝑪 = ∫
𝐥𝐧 (𝟏 + 𝒙𝟐)

𝒙
𝒅𝒙 =

𝟏

𝟐
∫
𝐥𝐧 (𝟏 + 𝒙)

𝒙
𝒅𝒙 =

𝝅𝟐

𝟐𝟒

𝟏

𝟎

𝟏

𝟎
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𝑫 = ∫
𝐥𝐧 (𝒚)

(𝟏 + 𝒚𝟐)𝟐
𝒅𝒚 =

𝟏

𝟐
[(𝐚𝐫𝐜𝐭𝐚𝐧(𝒚) +

𝒚

𝟏 + 𝒚𝟐
) 𝐥𝐧(𝒚)]𝟎

𝟏 −
𝟏

𝟐
∫
(𝐚𝐫𝐜𝐭𝐚𝐧(𝒚) +

𝒚
𝟏 + 𝒚𝟐

)

𝒚

𝟏

𝟎

𝒅𝒚
𝟏

𝟎

= −
𝟏

𝟐
∫
𝐚𝐫𝐜𝐭𝐚𝐧 (𝒚)

𝒚
𝒅𝒚 −

𝟏

𝟐
[𝒂𝒓𝒄𝒕𝒂𝒏(𝒚)]𝟎

𝟏
𝟏

𝟎

=
𝟏

𝟐
∫ 𝐥𝐧(𝐭𝐚𝐧(𝒚))𝒅𝒚 −

𝝅

𝟖
= −(

𝑮

𝟐
+
𝝅

𝟖
)

𝝅
𝟒

𝟎

 

Note : {
𝑮 → 𝒊𝒔 𝑪𝒂𝒕𝒂𝒍𝒂𝒏′𝒔 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕
𝜻(𝟑) → 𝒊𝒔 𝑨𝒑𝒆𝒓𝒚′𝒔 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕

 

2352. Find: 

𝐈 = ∫
𝐭𝐚𝐧−𝟏(𝐱)

𝐱(𝟏 + 𝐱)𝟑

∞

𝟎

𝐝𝐱 

Proposed by Vasile Mircea Popa-Romania 
Solution by Togrul Ehmedov-Azerbaijan 
 

𝐈 = ∫
𝐭𝐚𝐧−𝟏(𝐱)

𝐱(𝟏 + 𝐱)𝟑

∞

𝟎

𝐝𝐱 = ∫
𝐭𝐚𝐧−𝟏(𝐱)

𝐱(𝟏 + 𝐱)𝟑

𝟏

𝟎

𝐝𝐱 + ∫
𝐭𝐚𝐧−𝟏(𝐱)

𝐱(𝟏 + 𝐱)𝟑

∞

𝟏

𝐝𝐱]

𝐱→𝟏/𝐱

= ∫
𝐭𝐚𝐧−𝟏(𝐱)

𝐱(𝟏 + 𝐱)𝟑

𝟏

𝟎

𝐝𝐱 +∫
𝐱𝟐 𝐭𝐚𝐧−𝟏 (

𝟏
𝐱
)

(𝟏 + 𝐱)𝟑

𝟏

𝟎

𝐝𝐱

= ∫
𝐭𝐚𝐧−𝟏(𝐱)

𝐱(𝟏 + 𝐱)𝟑

𝟏

𝟎

𝐝𝐱 −∫
𝐱𝟐𝐭𝐚𝐧−𝟏(𝐱)

(𝟏 + 𝐱)𝟑

𝟏

𝟎

𝐝𝐱 +
𝛑

𝟐
∫

𝐱𝟐

(𝟏 + 𝐱)𝟑

𝟏

𝟎

𝐝𝐱

= ∫ 𝐭𝐚𝐧−𝟏(𝐱) {
𝟏

𝐱
−

𝟏

𝐱 + 𝟏
−

𝟏

(𝐱 + 𝟏)𝟐
−

𝟏

(𝐱 + 𝟏)𝟑
}

𝟏

𝟎

𝐝𝐱

−∫ 𝐭𝐚𝐧−𝟏(𝐱) {
𝟏

𝐱 + 𝟏
−

𝟐

(𝐱 + 𝟏)𝟐
+

𝟏

(𝐱 + 𝟏)𝟑
}

𝟏

𝟎

𝐝𝐱 +
𝛑

𝟐
∫

𝐱𝟐

(𝟏 + 𝐱)𝟑

𝟏

𝟎

𝐝𝐱

= ∫
𝐭𝐚𝐧−𝟏(𝐱)

𝐱

𝟏

𝟎

𝐝𝐱 − 𝟐∫
𝐭𝐚𝐧−𝟏(𝐱)

𝐱 + 𝟏

𝟏

𝟎

𝐝𝐱 +∫
𝐭𝐚𝐧−𝟏(𝐱)

(𝐱 + 𝟏)𝟐

𝟏

𝟎

𝐝𝐱 − 𝟐∫
𝐭𝐚𝐧−𝟏(𝐱)

(𝐱 + 𝟏)𝟑

𝟏

𝟎

𝐝𝐱

+
𝛑

𝟐
∫

𝐱𝟐

(𝟏 + 𝐱)𝟑

𝟏

𝟎

𝐝𝐱

= 𝐆− 𝟐 {
𝛑

𝟖
𝐥𝐨𝐠(𝟐)} + {

𝐥𝐨𝐠(𝟐)

𝟒
} − 𝟐{

𝐥𝐨𝐠(𝟐)

𝟖
−
𝛑

𝟑𝟐
+
𝟏

𝟖
} +

𝛑

𝟐
{𝐥𝐨𝐠(𝟐) −

𝟓

𝟖
}

= 𝐆 +
𝛑

𝟒
𝐥𝐨𝐠(𝟐) −

𝛑

𝟒
−
𝟏

𝟒
 

2353. If 𝟎 < 𝑎 ≤ 𝑏 ≤ 𝜋 then: 
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∫
𝐬𝐢𝐧 𝒙

𝒙

𝒃

𝒂

𝒅𝒙 +∫
𝐜𝐨𝐬 𝒙

𝒙𝟐

𝒃

𝒂

𝒅𝒙 ≤
𝟐(𝒃 − 𝒂)

𝒂𝒃
 

Proposed by Daniel Sitaru – Romania  
Solution 1 by George Florin Șerban-Romania 
 

(
𝐜𝐨𝐬 𝒙

𝒙
)
′

=
−𝒙𝐬𝐢𝐧𝒙 − 𝐜𝐨𝐬 𝒙

𝒙𝟐
= −(

𝐬𝐢𝐧𝒙

𝒙
+
𝐜𝐨𝐬 𝒙

𝒙𝟐
) 

∫
𝐬𝐢𝐧𝒙

𝒙

𝒃

𝒂

𝒅𝒙 +∫
𝐜𝐨𝐬 𝒙

𝒙𝟐

𝒃

𝒂

𝒅𝒙 = −
𝐜𝐨𝐬𝒙

𝒙
|
𝒂

𝒃

= 

= −
𝐜𝐨𝐬𝒃

𝒃
+
𝐜𝐨𝐬𝒂

𝒂
=
𝒃𝐜𝐨𝐬 𝒂 − 𝒂 𝐜𝐨𝐬𝒃

𝒂𝒃
≤
𝟐(𝒃 − 𝒂)

𝒂𝒃
, 𝒂𝒃 > 0 ⇒ 𝑏 𝐜𝐨𝐬𝒂 − 𝒂𝐜𝐨𝐬 𝒃

≤ 𝟐𝒃 − 𝟐𝒂 ⇒ 𝟐𝒂 − 𝒂𝐜𝐨𝐬𝒃 ≤ 𝟐𝒃 − 𝒃 ⋅ 𝐜𝐨𝐬 𝒂 

𝒂(𝟐 − 𝐜𝐨𝐬 𝒃) ≤ 𝒃(𝟐 − 𝐜𝐨𝐬𝒂), 𝟐 − 𝐜𝐨𝐬𝜶 > 0 

because 𝐜𝐨𝐬𝜶 ≤ 𝟏 < 2 ⇒ 2 − 𝐜𝐨𝐬 𝜶 > 0 ⇒
𝟐−𝐜𝐨𝐬 𝒃

𝒃
≤
𝟐−𝐜𝐨𝐬 𝒂

𝒂
, 𝒇: (𝟎, 𝝅] → ℝ 

𝒇(𝒙) =
𝟐 − 𝐜𝐨𝐬 𝒙

𝒙
, 𝒇(𝒃) ≤ 𝒇(𝒂), 𝒂 ≤ 𝒃 

𝒇′(𝒙) =
𝒙 𝐬𝐢𝐧𝒙 − 𝟐 + 𝐜𝐨𝐬 𝒙

𝒙𝟐
; 𝝋: (𝟎, 𝝅] → ℝ 

𝝋(𝒙) = 𝒙 𝐬𝐢𝐧𝒙 − 𝟐 + 𝐜𝐨𝐬 𝒙 ,𝝋′(𝒙) = 𝐬𝐢𝐧 𝒙 + 𝒙𝐜𝐨𝐬 𝒙 −𝐬𝐢𝐧 𝒙 , 𝝋′(𝒙) = 𝒙 𝐜𝐨𝐬 𝒙, 

𝝋′(𝒙) = 𝟎 ⇒ 𝒙 =
𝝅

𝟐
 

𝒙 𝟎                            
𝝅

𝟐
                          𝝅 

𝒇′(𝒙) ++ ++ ++ +𝟎 −− −− −− 

𝒇(𝒙) −𝟏                        
𝝅

𝟐
− 𝟐 < 0                − 3 

⇒ 𝝋(𝒙) < 0; (∀)𝒙 ∈ (𝟎,𝝅] ⇒ 𝒇′(𝒙) < 0, (∀)𝒙 ∈ (𝟎, 𝝅] ⇒ 𝒇 ↘ (𝟎,𝝅] 

𝒂 ≤ 𝒃 ⇒ 𝒇(𝒂) ≥ 𝒇(𝒃), true. 

Then 

∫
𝐬𝐢𝐧𝒙

𝒙

𝒃

𝒂

𝒅𝒙 + ∫
𝐜𝐨𝐬𝒙

𝒙𝟐

𝒃

𝒂

𝒅𝒙 ≤
𝟐(𝒃 − 𝒂)

𝒂𝒃
, (∀)𝟎 < 𝑎 ≤ 𝑏 ≤ 𝜋 

Solution 2 by Adrian Popa-Romania 
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𝟐(𝒃 − 𝒂)

𝒂𝒃
= 𝟐(

𝟏

𝒂
−
𝟏

𝒃
) = 𝟐

𝟏

𝒙
|
𝒂

𝒃

= 𝟐∫
𝟏

𝒙𝟐

𝒃

𝒂

𝒅𝒙 

So we must show that 𝒙 𝐬𝐢𝐧𝒙 + 𝐜𝐨𝐬 𝒙 ≤ 𝟐; (∀)𝒙 ∈ (𝟎,𝝅) 

𝒇(𝒙) = 𝒙 𝐬𝐢𝐧𝒙 + 𝐜𝐨𝐬 𝒙 − 𝟐 

𝒇′(𝒙) = 𝐬𝐢𝐧 𝒙 + 𝒙 𝐜𝐨𝐬 𝒙 − 𝐬𝐢𝐧 𝒙 = 𝒙𝐜𝐨𝐬 𝒙 = 𝟎 ⇒
𝒙 = 𝟎

𝒙 =
𝝅

𝟐
 

𝒙 𝟎                            
𝝅

𝟐
                          𝝅 

𝒇′(𝒙) ++ ++ ++ +𝟎 −− −− −− 

𝒇(𝒙) −𝟏                        
𝝅

𝟐
− 𝟐 < 0                − 3 

 

⇒ 𝒇(𝒙) < 0  (∀)𝒙 ∈ [𝟎,𝝅) ⇒ 

⇒ 𝒙𝐬𝐢𝐧 𝒙 + 𝐜𝐨𝐬 𝒙 < 2 ⇒ ∫
𝐬𝐢𝐧 𝒙

𝒙

𝒃

𝒂

𝒅𝒙 + ∫
𝐜𝐨𝐬𝒙

𝒙𝟐

𝒃

𝒂

𝒅𝒙 ≤
𝟐(𝒃 − 𝒂)

𝒂𝒃
 

Solution 3 by Khaled Abd Imouti-Syria 

∫
𝐬𝐢𝐧𝒙

𝒙

𝒃

𝒂
𝒅𝒙⏟      

𝑰𝟏

+ ∫
𝐜𝐨𝐬 𝒙

𝒙𝟐

𝒃

𝒂
𝒅𝒙⏟      

𝑰𝟐

≤
𝟐(𝒃−𝒂)

𝒂⋅𝒃
      (I) 

𝑰𝟏 = ∫
𝟏

𝒙

𝒃

𝒂

𝐬𝐢𝐧𝒙𝒅𝒙   (
𝒖(𝒙) =

𝟏

𝒙
⇒ 𝒅𝒖 = −

𝟏

𝒙𝟐
𝒅𝒙

𝒅𝒗 = 𝐬𝐢𝐧 𝒅𝒙 ⇒ 𝒗(𝒙) = −𝐜𝐨𝐬 𝒙
) 

by using integration by parts: 

𝑰𝟏 = [−
𝟏

𝒙
𝐜𝐨𝐬 𝒙]

𝒂

𝒃

−∫
𝐜𝐨𝐬 𝒙

𝒙𝟐

𝒃

𝒂

𝒅𝒙, 𝑰𝟏 + 𝑰𝟐 = [−
𝟏

𝒃
𝐜𝐨𝐬(𝒃) +

𝟏

𝒂
𝐜𝐨𝐬(𝒂)] 

𝑰𝟏 + 𝑰𝟐 =
𝒃 𝐜𝐨𝐬(𝒂)−𝒂⋅𝐜𝐨𝐬(𝒃)

𝒂⋅𝒃
   (*) 

Now let’s prove: 𝒃𝐜𝐨𝐬 𝒂 − 𝒂 ⋅ 𝐜𝐨𝐬(𝒃) ≤
?
(𝒃 − 𝒂) ⋅ 𝟐 

𝒃 ⋅ 𝐜𝐨𝐬 𝒂 − 𝟐𝒃 − 𝒂 ⋅ 𝐜𝐨𝐬 𝒃 + 𝟐𝒂 ≤
?
𝟎, 𝒃(𝐜𝐨𝐬 𝒂 − 𝟐) + 𝒂(𝟐 − 𝐜𝐨𝐬𝒃) ≤

?
𝟎 

𝒃(𝐜𝐨𝐬𝒂 − 𝟐) ≤
?
𝒂 ⋅ (𝐜𝐨𝐬 𝒃 − 𝟐),

𝐜𝐨𝐬𝒂 − 𝟐

𝒂
≤
? 𝐜𝐨𝐬𝒃 − 𝟐

𝒃
 

Suppose 𝒇(𝒙) =
𝐜𝐨𝐬 𝒙−𝟐

𝒙
, 𝒙 ∈ ]𝟎,𝝅], 𝒇′(𝒙) =

−𝒙𝐬𝐢𝐧𝒙−𝐜𝐨𝐬 𝒙+𝟐

𝒙𝟐
=
𝒈(𝒙)

𝒙𝟐
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𝒈(𝒙) = −𝒙 ⋅ 𝐬𝐢𝐧 𝒙 − 𝐜𝐨𝐬 𝒙 + 𝟐, 𝒈(𝒙) 
′ = −(𝐬𝐢𝐧𝒙 + 𝒙 ⋅ 𝐜𝐨𝐬 𝒙) − (𝐬𝐢𝐧𝒙) 

𝒈(𝒙) 
′ = −𝒙 ⋅ 𝐜𝐨𝐬 𝒙 , 𝒈(𝒙) 

′ = 𝟎 ⇒ 𝒙 =
𝝅

𝟐
 

𝒙 𝟎                            
𝝅

𝟐
                          𝝅 

𝒈(𝒙) 
′  −− −− −− −𝟎 ++ ++ ++ 

𝒈(𝒙) 𝟒 − 𝝅

𝟐
 

So: 𝒈(𝒙) > 0 

𝒇(𝒙) 
′ > 0, 𝑓 is completely increasing on [𝟎, 𝝅] so:𝒂 ≤ 𝒃 ⇒ 𝒇(𝒂) ≤ 𝒇(𝒃) 

𝐜𝐨𝐬 𝒂−𝟐

𝒂
𝒂 ≤

𝐜𝐨𝐬 𝒃−𝟐

𝒃
 and then: 𝒃 ⋅ 𝐜𝐨𝐬𝒂 − 𝒂 ⋅ 𝐜𝐨𝐬(𝒃) ≤ (𝒃 − 𝒂) 

and hence: 𝑰𝟏 + 𝑰𝟐 ≤
𝟐(𝒃−𝒂)

𝒂⋅𝒃
 

Solution 4 by Hikmat Mammadov – Azerbaijan  

We have  

∫
𝐬𝐢𝐧(𝒙)

𝒙

𝒃

𝒂

𝒅𝒙 +∫
𝐜𝐨𝐬(𝒙)

𝒙𝟐

𝒃

𝒂

= ∫
𝒅

𝒅𝒙

𝒃

𝒂

(−
𝐜𝐨𝐬(𝒙)

𝒙
)𝒅𝒙 = [−

𝐜𝐨𝐬(𝒙)

𝒙
]
𝒂

𝒃

 

=
𝐜𝐨𝐬(𝒂)

𝒂
−
𝐜𝐨𝐬(𝒃)

𝒃
= 𝒅𝐜𝐨𝐬 (

𝟏

𝒅
) − 𝒄 𝐜𝐨𝐬 (

𝟏

𝒄
) 

By noting 𝒅 =
𝟏

𝒂
 and 𝒄 =

𝟏

𝒃
 (we have 

𝟏

𝝅
≤ 𝒄 ≤ 𝒅) 

The derivatives of the function 𝒇:→ 𝒙 𝐜𝐨𝐬 (
𝟏

𝒙
) on [

𝟏

𝝅
, +∞[ 

Are 𝒇′: 𝒙 → 𝐜𝐨𝐬 (
𝟏

𝒙
) +

𝟏

𝒙
𝐬𝐢𝐧 (

𝟏

𝒙
) and 𝒇′′: 𝒙 → −

𝟏

𝒙𝟑
𝐜𝐨𝐬 (

𝟏

𝒙
) 

Since 𝒇′′(𝒙) ≥ 𝟎 if 𝒙 ∈ [
𝟏

𝝅
,
𝟐

𝝅
] and 𝒇′′(𝒙) ≤ 𝟎 if 𝒙 ∈ [

𝟐

𝝅
, +∞[ 

The maximum of 𝒇′ on [
𝟏

𝝅
+∞[ is worth 𝒇′ (

𝟐

𝝅
) =

𝝅

𝟐
 

We know that there exists 𝜶 ∈ ]𝒄, 𝒅[ such that 𝒇(𝒅) − 𝒇(𝒄) = 𝒇′(𝜶)(𝒅 − 𝒄) 

So 𝒇(𝒅) − 𝒇(𝒄) ≤
𝝅

𝟐
(𝒅 − 𝒄) so 

𝐜𝐨𝐬(𝒂)

𝒂
−
𝐜𝐨𝐬(𝒃)

𝒃
≤
𝝅

𝟐
(
𝟏

𝒂
−
𝟏

𝒃
) 

Finally 

∫
𝐬𝐢𝐧(𝒙)

𝒙

𝒃

𝒂

𝒅𝒙 + ∫
𝐜𝐨𝐬(𝒙)

𝒙𝟐

𝒃

𝒂

𝒅𝒙 ≤
𝝅

𝟐

𝒃 − 𝒂

𝒂𝒃
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∫
𝐬𝐢𝐧(𝒙)

𝒙

𝒃

𝒂

𝒅𝒙 +∫
𝐜𝐨𝐬(𝒙)

𝒙𝟐

𝒃

𝒂

𝒅𝒙 ≤
𝟐(𝒃 − 𝒂)

𝒂𝒃
 

2354. Find: 

𝛀 = ∫ ∫ 𝐥𝐧(√
𝒙

𝒙𝟐 + 𝟏
+

𝒚

𝒚𝟐 + 𝟏
)𝒅𝒙𝒅𝒚

𝟏

𝟎

𝟏

𝟎

 

Proposed by Shirvan Tahirov-Azerbaijan 
Solution by Amin Hajiyev-Azerbaijan 
 

Ω=
𝟏

𝟐
∫ ∫ 𝐥𝐧 (

𝒙

𝟏+𝒙𝟐
+

𝒚

𝒚𝟐+𝟏
)𝒅𝒙𝒅𝒙 =

𝟏

𝟐
∫ ∫ (

𝒙(𝟏+𝒚𝟐)+𝒚(𝟏+𝒙𝟐)

(𝟏+𝒙𝟐)(𝟏+𝒚𝟐)
)𝒅𝒙𝒅𝒚 =

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝟏

𝟐
(Ω𝟏 − Ω𝟐) 

 

Ω𝟏=∫ ∫ 𝐥𝐧 (𝒙(𝟏 + 𝒚𝟐) + 𝒚(𝟏 + 𝒙𝟐)) 𝒅𝒙𝒅𝒚 = ∫ ∫ 𝐥𝐧(𝒙 + 𝒙𝒚𝟐 + 𝒚 + 𝒙𝟐𝒚)𝒅𝒙𝒅𝒚 =
𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎
 

 

∫ ∫ 𝐥𝐧((𝒙𝒚 + 𝟏)(𝒙 + 𝒚)) 𝒅𝒙𝒅𝒚 = ∫ ∫ 𝐥𝐧(𝟏 + 𝒙𝒚)𝒅𝒙𝒅𝒚 + ∫ ∫ 𝐥𝐧(𝒙 + 𝒚)𝒅𝒙𝒅𝒚 =
𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

 

 

-∑
(−𝟏)𝒏

𝒏
∫ ∫ 𝒙𝒏𝒚𝒏

𝟏

𝟎

𝟏

𝟎
∞
𝒏=𝟏 𝒅𝒙𝒅𝒚⏟                  + ∫ ∫ 𝐥𝐧(𝒙 + 𝒚)𝒅𝒙𝒅𝒚

𝟏

𝟎

𝟏

𝟎⏟              =𝑰𝟏 + 𝑰𝟐 

 

𝑰𝟏 = −∑
(−𝟏)𝒏

𝒏(𝒏 + 𝟏)𝟐

∞

𝒏=𝟏
= −(∑

(−𝟏)𝒏

𝒏(𝒏 + 𝟏)
−∑

(−𝟏)𝒏

(𝒏 + 𝟏)𝟐
) = −𝟐 + 𝟐 𝐥𝐧(𝟐) +

𝝅𝟐

𝟏𝟐

∞

𝒏=𝟏

∞

𝒏=𝟏
 

 

𝑰𝟐 = ∫ ∫ 𝐥𝐧(𝒙 + 𝒚)𝒅𝒙𝒅𝒚 = ∫ ((𝒙 + 𝒚) 𝐥𝐧(𝒙 + 𝒚) − 𝒙)
𝟏

𝟎
𝒅𝒚 =

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

 

 

∫ ((𝟏 + 𝒚) 𝐥𝐧(𝟏 + 𝒚) − 𝒚𝒍𝒏(𝒚) − 𝟏)𝒅𝒚 =
𝟏

𝟐
[(𝒚 + 𝟏)𝟐 𝐥𝐧(𝟏 + 𝒚) − 𝟑𝒚 − 𝒚𝟐 𝐥𝐧(𝒚)]

𝟏

𝟎
=

𝟏

𝟎

 

 

ln(4)-1.5  Ω𝟏 = 𝑰𝟏 + 𝑰𝟐 = 𝐥𝐧(𝟏𝟔) +
𝝅𝟐

𝟏𝟐
− 𝟑. 𝟓 

 

Ω𝟐 = ∫ ∫ 𝐥𝐧(𝟏 + 𝒙𝟐) 𝒅𝒙𝒅𝒚 +∫ ∫ 𝐥𝐧(𝟏 + 𝒚𝟐) 𝒅𝒙𝒅𝒚 = 𝟐∫ ∫ 𝐥𝐧(𝟏 + 𝒙𝟐) 𝒅𝒙𝒅𝒚 =
𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

 

 

-2∑
(−𝟏)𝒏

𝒏
∫ ∫ 𝒙𝟐𝒏𝒅𝒙𝒅𝒚 = −𝟐∑

(−𝟏)𝒏

𝒏(𝟐𝒏+𝟏)
= −𝟐∑

(−𝟏)𝒏

𝒏

∞
𝒏=𝟏 + 𝟒∑

(−𝟏)𝒏

𝟐𝒏+𝟏
=∞

𝒏=𝟏
∞
𝒏=𝟏

𝟏

𝟎

𝟏

𝟎
∞
𝒏=𝟏  

 
=2ln(2)+π-4 
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Ω=
𝟏

𝟐
(Ω𝟏 −Ω𝟐) =

𝟏

𝟒
+
𝝅𝟐

𝟐𝟒
+ 𝐥𝐧(𝟐) −

𝝅

𝟐
 

2355. Find: 

𝛀 = ∫
𝐥𝐧 (𝟏 + 𝒙𝟐)

𝟏 + 𝒙𝟐
𝒅𝒙

𝟏

𝟎

 

Proposed by Shirvan Tahirov-Azerbaijan 
Solution 1 by Amin Hajiyev-Azerbaijan 
  

Ω=∫
𝐥𝐧 (𝟏+𝒙𝟐)

𝟏+𝒙𝟐
𝒅𝒙 = ∑ (−𝟏)𝒏 ∫ 𝒙𝟐𝒏 𝐥𝐧(𝟏 + 𝒙𝟐) 𝒅𝒙 =⏞

𝑰𝑩𝑷
𝟏

𝟎
∞
𝒏=𝟎

𝟏

𝟎
 

 

∑ (−𝟏)𝒏 [
𝒙𝟐𝒏+𝟏

𝟐𝒏 + 𝟏
𝐥𝐧 (𝟏 + 𝒙𝟐)]

𝟏

𝟎
− 𝟐∑

(−𝟏)𝒏

𝟐𝒏 + 𝟏
∫
𝒙𝟐𝒏+𝟏

𝒙𝟐 + 𝟏
𝒅𝒙 =

𝟏

𝟎

∞

𝒏=𝟎

∞

𝒏=𝟎
 

 

𝐥𝐧 (𝟐)∑
(−𝟏)𝒏

𝟐𝒏 + 𝟏
− 𝟐∫

𝒙𝒕𝒂𝒏−𝟏

(𝒙𝟐 + 𝟏)
𝒅𝒙 = 𝐥𝐧(𝟐) 𝒕𝒂𝒏−𝟏(𝟏) − 𝟐∫

𝒙𝒕𝒂𝒏−𝟏(𝒙)

(𝟏 + 𝒙𝟐)
𝒅𝒙 =

𝟏

𝟎

𝟏

𝟎

∞

𝒏=𝟎
 

𝝅

𝟒
𝐥𝐧(𝟐) − 𝟐∫

𝒙𝒕𝒂𝒏−𝟏(𝒙)

𝟏 + 𝒙𝟐
𝒅𝒙 =⏞

𝐚𝐫𝐜𝐭𝐚𝐧(𝒙)=>𝑡𝝅

𝟒
𝐥𝐧(𝟐) − 𝟐∫ 𝒕𝒕𝒂𝒏(𝒕)𝒅𝒕 =

𝝅
𝟒

𝟎

𝟏

𝟎

 

𝝅

𝟒
𝐥𝐧(𝟐) + 𝟐[𝒕𝒍𝒐𝒈(𝐜𝐨𝐬(𝒕))]

𝝅
𝟒
𝟎
− 𝟐∫ 𝐥𝐨𝐠(𝐜𝐨𝐬(𝒕)) 𝒅𝒕 = 𝟐∫ 𝐥𝐨𝐠(𝐜𝐨𝐬(𝒕))𝒅𝒕 =

𝝅
𝟒

𝟎

𝝅
𝟒

𝟎

 

 

2ln(2)∫ 𝒅𝒕 + 𝟐∑
(−𝟏)𝒏

𝒏
∫ 𝐜𝐨𝐬(𝟐𝒏𝒕)𝒅𝒕 =

𝝅

𝟐
𝐥𝐧(𝟐) + ∑

(−𝟏)𝒏𝐬𝐢𝐧 (
𝝅𝒏

𝟐
)

𝒏𝟐
=∞

𝒏=𝟏

𝝅

𝟒
𝟎

∞
𝒏=𝟏

𝝅

𝟒
𝟎

 
𝝅

𝟐
𝐥𝐧(𝟐) − 𝑮 

 

Ω=∫
𝐥𝐧 (𝟏+𝒙𝟐)

𝟏+𝒙𝟐
𝒅𝒙 =

𝝅

𝟐
𝐥𝐧(𝟐) − 𝑮

𝟏

𝟎
 

 

Solution 2 by Bui Hong Suc-Vietnam 

We have : 

 {
∫ 𝐥𝐧(𝐭𝐚𝐧(𝒙))𝒅𝒙 = ∫ 𝐥𝐧(𝐬𝐢𝐧(𝒙))𝒅𝒙 − ∫ 𝐥𝐧(𝐜𝐨𝐬(𝒙)) 𝒅𝒙 = −𝑮

𝝅

𝟒
𝟎

𝝅

𝟒
𝟎

𝝅

𝟒
𝟎

∫ 𝐥𝐧(𝐬𝐢𝐧(𝒙))𝒅𝒙 = ∫ 𝐥𝐧(𝐬𝐢𝐧(𝒙))𝒅𝒙 + ∫ 𝐥𝐧(𝐜𝐨𝐬(𝒙)) 𝒅𝒙 = −
𝝅

𝟐
𝐥𝐧 (𝟐)

𝝅

𝟒
𝟎

𝝅

𝟒
𝟎

𝝅

𝟐
𝟎

} 

 

Ω=∫
𝐥𝐧 (𝟏+𝒙𝟐)

𝟏+𝒙𝟐
𝒅𝒙 =⏟

𝒙=𝐭𝐚𝐧 (𝒕)

∫
𝐥𝐧 (

𝟏

𝒄𝒐𝒔𝟐(𝒕)
)

𝟏

𝒄𝒐𝒔𝟐(𝒕)

𝒅𝒕

𝒄𝒐𝒔𝟐(𝒕)
= −𝟐∫ 𝐥𝐧 (𝒄𝒐𝒔(𝒕))

𝝅

𝟒
𝟎

𝝅

𝟒
𝟎

𝟏

𝟎
= 
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-2(-
𝝅

𝟒
𝐥𝐧(𝟐) +

𝑮

𝟐
) =

𝝅

𝟐
𝐥𝐧(𝟐) − 𝑮 

2356. Find: 

𝛀 = ∫ ∫
𝐥𝐧(𝟏 − 𝒙𝟐𝒚𝟐) + 𝒙𝒚𝒍𝒏(

𝟏 − 𝒙𝒚
𝟏 + 𝒙𝒚

)

𝟏 − 𝒙𝟐𝒚𝟐
𝒅𝒙𝒅𝒚

𝟏

𝟎

𝟏

𝟎

 

 
Proposed by Shirvan Tahirov-Azerbaijan 

Solution by Bui Hong Suc-Vietnam 
  

We have:  ζ(s) 𝜞(𝒔) = ∫
𝒙𝒛−𝟏

𝒆𝒙−𝟏
𝒅𝒙  𝑳𝒊𝟑(𝟏) = 𝜻(𝟑)

∞

𝟎
 

𝑳𝒊𝟑 (
𝟏

𝟐
) =

𝒍𝒏𝟑(𝟐)

𝟔
−
𝝅𝟐 𝐥𝐧(𝟐)

𝟏𝟐
+
𝟕𝜻(𝟑)

𝟖
, 𝑳𝒊𝟐 (

𝟏

𝟐
) =

𝝅𝟐

𝟏𝟐
−
𝒍𝒏𝟐(𝟐)

𝟐
 

Ω=
𝐥𝐧(𝟏−𝒙𝟐𝒚𝟐)+𝒙𝒚𝒍𝒏(

𝟏−𝒙𝒚

𝟏+𝒙𝒚
)

𝟏−𝒙𝟐𝒚𝟐
𝒅𝒙𝒅𝒚 = 

∫ ∫
𝐥𝐧(𝟏 − 𝒙𝒚) + 𝐥𝐧(𝟏 + 𝒙𝒚) + 𝒙𝒚(𝐥𝐧(𝟏 − 𝒙𝒚) − 𝐥𝐧(𝟏 + 𝒙𝒚))

(𝟏 − 𝒙𝒚)(𝟏 + 𝒙𝒚)
𝒅𝒙𝒅𝒚 =

𝟏

𝟎

𝟏

𝟎

 

∫ ∫
𝐥𝐧 (𝟏 − 𝒙𝒚)

𝟏 − 𝒙𝒚
𝒅𝒙𝒅𝒚 +∫ ∫

𝐥𝐧(𝟏 + 𝒙𝒚)

𝟏 + 𝒙𝒚
𝒅𝒙𝒅𝒚 =  −∫

𝒅𝒚

𝒚
∫ 𝐥𝐧(𝟏 − 𝒙𝒚)𝒅(𝐥𝐧(𝟏 − 𝒙𝒚)) +
𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

 

 

∫
𝒅𝒚

𝒚
∫ 𝐥𝐧(𝟏 + 𝒙𝒚)𝒅(𝐥𝐧(𝟏 + 𝒙𝒚))
𝟏

𝟎

𝟏

𝟎

=
𝟏

𝟐
(−∫

𝒅𝒚

𝒚
𝒍𝒏𝟐(𝟏 − 𝒙𝒚)

𝟏

𝟎
+

𝟏

𝟎

 

∫
𝒅𝒚

𝒚
𝒍𝒏𝟐(𝟏 + 𝒙𝒚)

𝟏

𝟎
) =

𝟏

𝟐
(−∫

𝒍𝒏𝟐(𝟏 − 𝒚)𝒅𝒚

𝒚

𝟏

𝟎⏟          
𝑰

𝟏

𝟎

+∫
𝒍𝒏𝟐(𝟏 + 𝒚)

𝒚
𝒅𝒚

𝟏

𝟎⏟            
𝑱

 

𝑰 = ∫
𝒍𝒏𝟐(𝟏 − 𝒚)𝒅𝒚

𝒚
=⏞

𝐥𝐧(𝟏−𝒚)=−𝒙

∫
𝒙𝟐𝒆−𝒙

𝟏 − 𝒆−𝒙
= ∫

𝒙𝟐𝒅𝒙

𝒆𝒙 − 𝟏
= 𝜻(𝟑)𝜞(𝟑) = 𝟐𝜻(𝟑)

∞

𝟎

∞

𝟎

𝟏

𝟎

 

𝑱 = ∫
𝒍𝒏𝟐(𝟏+𝒚)

𝒚
𝒅𝒚

𝟏

𝟎
=⏞

𝑿=
𝟏

𝒚+𝟏

∫
𝒍𝒏𝟐(𝒙)
𝟏−𝒙

𝒙
𝒙𝟐

𝟏
𝟏

𝟐

𝒅𝒙 = ∫
𝒍𝒏𝟐(𝒙)

𝒙(𝟏−𝒙)
𝒅𝒙 = ∫

𝒍𝒏𝟐(𝒙)

𝟏−𝒙
𝒅𝒙 + ∫

𝒍𝒏𝟐(𝒙)

𝒙
𝒅𝒙

𝟏
𝟏

𝟐

𝟏
𝟏

𝟐

𝟏
𝟏

𝟐

= 

(-𝒍𝒏𝟐(𝒙) 𝐥𝐧(𝟏 − 𝒙) − 𝟐 𝐥𝐧(𝒙)𝑳𝒊𝟐(𝒙) + 𝟐𝑳𝒊𝟑(𝒙))
𝟏
𝟏

𝟐

+
𝒍𝒏𝟑(𝒙)

𝟑

𝟏
𝟏

𝟐

= 

2𝑳𝒊𝟑(1)-2𝑳𝒊𝟑 (
𝟏

𝟐
) − 𝟐 𝐥𝐧(𝟐)𝑳𝒊𝟐 (

𝟏

𝟐
) − 𝒍𝒏𝟑(𝟐) +

𝒍𝒏𝟑(𝟐)

𝟐
=2ζ(3)- 

2{
𝒍𝒏𝟑(𝟐)

𝟔
−
𝝅𝟐 𝐥𝐧(𝟐)

𝟏𝟐
+
𝟕𝜻(𝟑)

𝟖
} − 𝟐 𝐥𝐧(𝟐) {

𝝅𝟐

𝟏𝟐
−
𝒍𝒏𝟐(𝟐)

𝟐
} −

𝟐𝒍𝒏𝟑(𝟐)

𝟑
=
𝜻(𝟑)

𝟒
 

Hence: Ω=
𝟏

𝟐
{−𝟐𝜻(𝟑) +

𝜻(𝟑)

𝟒
} = −

𝟕

𝟖
𝜻(𝟑) 

Note: ζ(3)=Apery’s constant 
 

2357. Find: 
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∫
𝒙𝒍𝒏𝟐(𝒙)

𝒙𝟐 + 𝒙 + 𝟏
𝒅𝒙

𝟏

𝟎

 

Proposed by Shirvan Tahirov-AZerbaijan 
Solution 1 by Pham Duc Nam-Vietnam 

We have: ∑ 𝐬𝐢𝐧(𝒏𝜽) 𝒙𝒏 =
𝒙𝒔𝒊𝒏(𝜽)

𝒙𝟐−𝟐𝒙𝒄𝒐𝒔(𝜽)+𝟏

∞
𝒏=𝟏  

=>Let: θ=
𝟐𝝅

𝟑
=>

𝒙

𝒙𝟐+𝒙+𝟏
=

𝟐

√𝟑
∑ 𝐬𝐢𝐧 (

𝟐𝝅𝒏

𝟑
)𝒙𝒏∞

𝒏=𝟏  

=>Ω=
𝟐

√𝟑
∑ 𝐬𝐢𝐧 (

𝟐𝝅𝒏

𝟑
) ∫ 𝒙𝒏𝒍𝒏𝟐(𝒙)𝒅𝒙 =

𝟒

√𝟑
∑ 𝐬𝐢𝐧 (

𝟐𝝅𝒏

𝟑
)

𝟏

(𝒏+𝟏)𝟑
∞
𝒏=𝟏

𝟏

𝟎
∞
𝒏=𝟏  

And we also have: 

Sin(
𝟐𝝅𝒏

𝟑
)=

{
 
 

 
 𝟎, 𝒊𝒇 𝒏 = 𝟎 (𝒎𝒐𝒅 𝟑)

√𝟑

𝟐
, 𝒊𝒇 𝒏 = 𝟏(𝒎𝒐𝒅𝟑)

−
√𝟑

𝟐
, 𝒊𝒇 𝒏 = 𝟐(𝒎𝒐𝒅𝟑)

 

>=Ω=2∑
𝟏

(𝟑𝒌+𝟐)𝟑
− 𝟐∑

𝟏

(𝟑𝒌+𝟑)𝟑
= 𝟐(

𝟏𝟑

𝟐𝟕
𝜻(𝟑) −

𝟐

𝟖𝟏√𝟑
𝝅𝟑) −

𝟐

𝟐𝟕
𝜻(𝟑) =

𝟖

𝟗
𝜻(𝟑) −

𝟒

𝟖𝟏√𝟑

∞
𝒏=𝟎

∞
𝒏=𝟎  

Note:  𝝍(𝟐) (
𝟐

𝟑
) =

𝝅

𝟐

𝒅𝟐

𝒅𝒛𝟐
𝐜𝐨𝐭(𝝅𝒛)]

𝒛=
𝟏

𝟑

− (𝟐!)𝟗(𝜻(𝟑) + 𝑪𝒍𝟑 (
𝟐𝝅

𝟑
)) 

And : 𝑪𝒍𝟐𝒌+𝟏 (
𝟐𝝅

𝟑
) =

𝟏

𝟐
(𝟏 − 𝟑−𝟐𝒌)ζ(2k+1) 

=>𝝍(𝟐) (
𝟐

𝟑
) =

𝟒

𝟑√𝟑
𝝅𝟑 − 𝟏𝟖(𝜻(𝟑) +

𝟖

𝟏𝟖
𝜻(𝟑)) =

𝟒

𝟑√𝟑
𝝅𝟑 − 𝟐𝟔𝜻(𝟑) 

But:∑
𝟏

(𝟑𝒌+𝟐)𝟑
= −

𝟏

𝟓𝟒
(
𝟒

𝟑√𝟑
𝝅𝟑 − 𝟐𝟔𝜻(𝟑)) =

𝟏𝟑

𝟐𝟕
𝜻(𝟑) −

𝟐

𝟖𝟏√𝟑
𝝅𝟑∞

𝒌=𝟎  

Solution 2 by Bui Hong Suc-Vietnam 

∫ 𝒙𝒏𝒍𝒏𝟐(𝒙)𝒅𝒙 = 𝒙𝒏+𝟏[
𝒍𝒏𝟐(𝒙)

𝒏 + 𝟏
−
𝟐 𝐥𝐧(𝒙)

(𝒏 + 𝟏)𝟐
+

𝟐

(𝒏 + 𝟏)𝟑
]

𝟏

𝟎

 

ζ(3,
𝟐

𝟑
) = ∑

𝟏

(𝒏+
𝟐

𝟑
)𝟑
= 𝟏𝟑𝜻(𝟑) −

𝟐𝝅𝟑

𝟑√𝟑

∞
𝒏=𝟎  

Ω𝒏,𝒌 = ∫
𝒙𝒌𝒍𝒏𝟐(𝒙)

∑ 𝒙𝒊𝒏−𝟏
𝒊=𝟎

𝒅𝒙 = ∫
𝒙𝒌(𝟏 − 𝒙)𝒍𝒏𝟐(𝒙)𝒅𝒙

(𝟏 − 𝒙)∑ 𝒙𝒊𝒏−𝟏
𝒊=𝟎

= ∫
(𝒙𝒌 − 𝒙𝒌+𝟏)𝒍𝒏𝟐(𝒙)

𝟏 − 𝒙𝒏
𝒅𝒙 =

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎
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∑ ∫ (𝒙𝒌 − 𝒙𝒌+𝟏)𝒙𝒏𝒋𝒍𝒏𝟐(𝒙)𝒅𝒙 = ∑ {∫ 𝒙𝒏𝒋+𝒌𝒍𝒏𝟐(𝒙)𝒅𝒙 − ∫ 𝒙𝒏𝒋+𝒌+𝟏𝒍𝒏𝟐(𝒙)𝒅𝒙
𝟏

𝟎

𝟏

𝟎
}∞

𝒋=𝟎
𝟏

𝟎
∞
𝒋=𝟎 = 

∑

{
 
 

 
 𝒙𝒏𝒋+𝒌+𝟏 [

𝒍𝒏𝟐(𝒙)

𝒏𝒋 + 𝒌 + 𝟏
−

𝟐 𝐥𝐧(𝒙)

(𝒏𝒋 + 𝒌 + 𝟏)𝟐
+

𝟐

(𝒏𝒋 + 𝒌 + 𝟏)𝟑
]

−𝒙𝒏𝒋+𝒌+𝟐 [
𝒍𝒏𝟐(𝒙)

𝒏𝒋 + 𝒌 + 𝟐
−

𝟐 𝐥𝐧(𝒙)

(𝒏𝒋 + 𝒌 + 𝟐)𝟐
+

𝟐

(𝒏𝒋 + 𝒌 + 𝟐)𝟑
]
}
 
 

 
 
𝟏
𝟎

∞

𝒋=𝟎
 

=∑ {
𝟐

(𝒏𝒋+𝒌+𝟏)𝟑
−

𝟐

(𝒏𝒋+𝒌+𝟐)𝟑
} =

𝟐

𝒏𝟑
∑ {

𝟏

(𝒋+
𝒌+𝟏

𝒏
)𝟑
−

𝟏

(𝒋+
𝒌+𝟐

𝒏
)𝟑
} =∞

𝒋=𝟎
∞
𝒋=𝟎  

𝟐

𝒏𝟑
(𝜻 (𝟑,

𝒌+𝟏

𝒏
) − 𝜻 (𝟑,

𝒌+𝟐

𝒏
)). As : n=3,k=1  Ω=∫

𝒙𝒍𝒏𝟐(𝒙)

𝒙𝟐+𝒙+𝟏
𝒅𝒙 =

𝟐

𝟑𝟑
(

𝟏

𝟎
𝜻 (𝟑,

𝟐

𝟑
) − 𝜻(𝟑,

𝟑

𝟑
)) = 

𝟐

𝟐𝟕
(𝟏𝟑𝜻(𝟑) −

𝟐𝝅𝟑

𝟑√𝟑
− 𝜻(𝟑)) =

𝟖

𝟗
𝜻(𝟑) −

𝟒𝝅𝟑

𝟖𝟏√𝟑
 

2358. Prove that: 

𝐈 = ∫∫∫∑√
√𝐱

√𝐲 + √𝐳
𝐱,𝐲,𝐳

𝐝𝐱

𝟏

𝟎

𝐝𝐲

𝟏

𝟎

𝐝𝐳

𝟏

𝟎

=
𝟏𝟐𝟖

𝟑𝟓
(𝟐 − √𝟐) 

Proposed by Ankush Kumar Parcha-India 

Solution by Togrul Ehmedov-Azerbaijan 

𝐈 = ∫∫∫{√
√𝐱

√𝐲 + √𝐳
+ √

√𝐲

√𝐱 + √𝐳
+ √

√𝐳

√𝐱 + √𝐲
}𝐝𝐱

𝟏

𝟎

𝐝𝐲

𝟏

𝟎

𝐝𝐳

𝟏

𝟎

= ∫∫∫√
√𝐱

√𝐲 + √𝐳
𝐝𝐱

𝟏

𝟎

𝐝𝐲

𝟏

𝟎

𝐝𝐳

𝟏

𝟎

+∫∫∫√
√𝐲

√𝐱 + √𝐳
𝐝𝐱

𝟏

𝟎

𝐝𝐲

𝟏

𝟎

𝐝𝐳

𝟏

𝟎

+∫∫∫√
√𝐳

√𝐱 + √𝐲
𝐝𝐱

𝟏

𝟎

𝐝𝐲

𝟏

𝟎

𝐝𝐳

𝟏

𝟎

= 𝟑∫∫∫√
√𝐱

√𝐲 + √𝐳
𝐝𝐱

𝟏

𝟎

𝐝𝐲

𝟏

𝟎

𝐝𝐳

𝟏

𝟎

=
𝟏𝟐

𝟓
∫∫

𝟏

√√𝐲 + √𝐳

𝐝𝐲

𝟏

𝟎

𝐝𝐳

𝟏

𝟎

 

Let √√𝐲 + √𝐳 = 𝐭 
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𝐈 =
𝟏𝟐

𝟓
∫ ∫ (𝟒𝐭𝟐 − 𝟒√𝐳)𝐝𝐭

√𝟏+√𝐳

√√𝐳

𝐝𝐳

𝟏

𝟎

=
𝟒𝟖

𝟓
∫ ∫ 𝐭𝟐𝐝𝐭

√𝟏+√𝐳

√√𝐳

𝐝𝐳

𝟏

𝟎

−
𝟒𝟖

𝟓
∫ ∫ √𝐳𝐝𝐭

√𝟏+√𝐳

√√𝐳

𝐝𝐳

𝟏

𝟎

=
𝟒𝟖

𝟓
{
𝟏𝟔√𝟐− 𝟒

𝟑𝟓
} −

𝟒𝟖

𝟓
{
𝟖𝟖√𝟐 − 𝟗𝟐

𝟏𝟎𝟓
} =

𝟏𝟐𝟖

𝟑𝟓
(𝟐 − √𝟐) 

2359. Find: 

𝛀 = ∫ (𝒙𝒍𝒏 (𝒂𝒓𝒄𝒄𝒐𝒔𝟐(𝟏 − 𝒙𝟐)) +
𝒍𝒏𝟐(𝟏 − 𝒙)

𝒙
)𝒅𝒙

𝟏

𝟎

 

Proposed by Shirvan Tahirov-Azerbaijan 
Solution 1 by Ankush Kumar Parcha-India 
 

We have ∫ 𝒙𝒍𝒏(𝒂𝒓𝒄𝒄𝒐𝒔𝟐(𝟏 − 𝒙𝟐))𝒅𝒙
𝟏

𝟎

⏞                  
𝒙𝟐→𝒙

+ ∫
𝒍𝒏𝟐(𝟏−𝒙)

𝒙
𝒅𝒙

𝟏

𝟎

⏞        
𝟏−𝒙→

 = 

∫ 𝒍𝒏𝒄𝒐𝒔−𝟏(𝟏 − 𝒙)𝒅𝒙
𝟏

𝟎

⏞              
𝟏−𝒙→

+ ∫
𝒍𝒏𝟐(𝒙)

𝟏−𝒙

𝟏

𝟎

⏞    
|𝒙|<1

=∫ 𝒍𝒏𝒄𝒐𝒔−𝟏(𝒙)𝒅𝒙
𝟏

𝟎

⏞          
𝒄𝒐𝒔−𝟏(𝒙)→𝒙

+∑ ∫ 𝒙𝒏−𝟏𝒍𝒏𝟐(𝒙)𝒅𝒙
𝟏

𝟎

⏞          
𝑵𝒐𝒕𝒆 𝒔𝒆𝒄𝒕𝒊𝒐𝒏 (𝟏)

𝒏⦓𝑵 = 

∫ 𝐬𝐢𝐧(𝒙) 𝐥𝐧(𝒙)𝒅𝒙 + 𝟐∑
𝟏

𝒏𝟑
−>⏞𝒍𝒏(

𝝅

𝟐
) − 𝑪𝒊𝒏(

𝝅

𝟐
) + 𝟐𝜻(𝟑) −>⏞

𝑵𝒐𝒕𝒆 𝒔𝒆𝒄𝒕𝒊𝒐𝒏 (𝟑)

𝑵𝒐𝒕𝒆 𝒔𝒆𝒄𝒕𝒊𝒐𝒏(𝟐) 

𝒏⦓𝑵

𝝅

𝟐
𝟎

= 

Ci(
𝝅

𝟐
) − ᵧ − 𝐥𝐧 (

𝝅

𝟐
) + 𝐥𝐧 (

𝝅

𝟐
) + 𝟐𝜻(𝟑) 

∫ (𝒙𝒍𝒏(𝒂𝒓𝒄𝒄𝒐𝒔𝟐(𝟏 − 𝒙𝟐)) +
𝒍𝒏𝟐(𝟏−𝒙)

𝒙
)𝒅𝒙

𝟏

𝟎
=2ζ(3)+Ci(

𝝅

𝟐
) − ᵧ 

Note Section: 

1)∫ 𝒙𝒎𝒍𝒏𝒏(𝒙)𝒅𝒙 =
(−𝟏)𝒏𝒏!

(𝒎+𝟏)𝒏+𝟏

𝟏

𝟎
 

2)∫
𝟏−𝐜𝐨𝐬 (𝒕)

𝒕
𝒅𝒕 = 𝑪𝒊𝒏(𝒙)

𝒙

𝟎
 

3)Ci(x)=ln(x)-Cin(x)+ᵧ 
 

Solution 2 by Amin Hajiyev-Azerbaijan 

∫ (𝒙𝒍𝒏(𝒂𝒓𝒄𝒄𝒐𝒔𝟐(𝟏 − 𝒙𝟐)) +
𝒍𝒏𝟐(𝟏 − 𝒙)

𝒙
)𝒅𝒙 = Ω𝟏 + Ω𝟐

𝟏

𝟎

 

Ω𝟏 = ∫ 𝒙𝒍𝒏(𝒂𝒓𝒄𝒄𝒐𝒔𝟐(𝟏 − 𝒙𝟐)) 𝒅𝒙 =⏞
𝟏−𝒙𝟐→𝒙𝟏

𝟎

 

 

Ω𝟏 = ∫ 𝐥𝐨𝐠(𝐚𝐫𝐜𝐜𝐨𝐬(𝒙))𝒅𝒙 → {𝐚𝐫𝐜𝐜𝐨𝐬(𝒙) = 𝒕; 
𝒅𝒕

𝒅𝒙
=

𝟏

𝐬𝐢𝐧 (𝒕)
}

𝟏

𝟎
= 
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Ω𝟏 = ∫ 𝐬𝐢𝐧(𝒕) 𝐥𝐧(𝒕) 𝒅𝒕 =⏞
𝑰𝑩𝑷𝝅

𝟐
𝟎

-
𝝅

𝟐
𝟎
|𝐜𝐨𝐬(𝒕) 𝐥𝐧(𝒕) + ∫

𝐜𝐨𝐬 (𝒕)

𝒕
𝒅𝒕 =

𝝅

𝟐
𝟎

 

 

𝝅

𝟐
𝐥𝐧(𝟎) + ∫

𝐜𝐨𝐬 (𝒕)

𝒕
𝒅𝒕 = −∫

𝟏

𝒕
𝒅𝒕 +∫

𝐜𝐨𝐬(𝒕)

𝒕
𝒅𝒕 + 𝐥𝐧 (

𝝅

𝟐
) =

𝝅
𝟐

𝟎

𝝅
𝟐

𝟎

𝝅
𝟐

𝟎

 

ln(
𝝅

𝟐
) + ∫

𝐜𝐨𝐬(𝒕)−𝟏

𝒕
𝒅𝒕 = 𝑪𝒊 (

𝝅

𝟐
) − ᵧ

𝝅

𝟐
𝟎

 

 

Ω𝟐 = ∫
𝒍𝒏𝟐(𝟏−𝒙)

𝒙
𝒅𝒙 =⏞

𝟏−𝒙→𝒙
𝟏

𝟎
∫

𝒍𝒏𝟐(𝒙)

𝟏−𝒙
𝒅𝒙 = ∑ ∫ 𝒙𝒏𝒍𝒏𝟐(𝒙)𝒅𝒙 =⏞

𝑰𝑩𝑷
𝟏

𝟎
∞
𝒏=𝟎

𝟏

𝟎
2ζ(3) 

 

Ω=Ω𝟏 + Ω𝟐 =2ζ(3)+Ci(
𝝅

𝟐
) − ᵧ 

 

Note section:  Cosine integral Ci(z)=ln(z)+ᵧ+∫
𝐜𝐨𝐬(𝒙)−𝟏

𝒙
𝒅𝒙

𝒛

𝟎
 

For a∈Z,the following identity holds:∫
𝒍𝒏𝒂(𝒙)

𝟏−𝒙
𝒅𝒙 = (−𝟏)𝒂𝜞(𝒂 + 𝟏)𝜻(𝒂 + 𝟏)

𝟏

𝟎
 

 

2360. Find: 

𝛀 = ∫
𝐥𝐧(𝒙𝟐 + 𝟏) + 𝐚𝐫𝐜𝐭𝐚𝐧 (𝒙)

𝒙𝟐 + 𝟏
𝒅𝒙

𝟏

𝟎

 

 
Proposed by Shirvan Tahirov-Azerbaijan 

Solution by Ankush Kumar Parcha-India 
 

Ω = ∫
𝐥𝐧(𝒙𝟐 + 𝟏) + 𝐚𝐫𝐜𝐭𝐚𝐧 (𝒙)

𝒙𝟐 + 𝟏
𝒅𝒙

𝟏

𝟎

=⏞
𝐚𝐫𝐜𝐭𝐚𝐧(𝒙)→𝒙

∫ [𝐥𝐧 (𝟏 + 𝒕𝒂𝒏𝟐(𝒙)) + 𝒙] 𝒅𝒙

𝝅
𝟒

𝟎

= (
𝒙𝟐

𝟐
)

𝝅
𝟒
𝟎
+ ∫ 𝐥𝐧 (𝒔𝒆𝒄𝟐(𝒙))𝒅𝒙 =

𝝅
𝟒

𝟎

 

Ω=
𝟏

𝟐
(
𝝅𝟐

𝟏𝟔
− 𝟎) − 𝟐 [−∫ 𝐥𝐧(𝟐)𝒅𝒙 − ∑

(−𝟏)𝒏

𝒏
∫ 𝐜𝐨𝐬(𝟐𝒏𝒙)𝒅𝒙
𝝅

𝟒
𝟎𝒏∈𝑵

𝝅

𝟒
𝟎

] = 

 
𝝅𝟐

𝟑𝟐
+ 𝟐 [

𝝅

𝟒
𝐥𝐧(𝟐) + ∑

(−𝟏)𝒏

𝒏
(
𝐬𝐢𝐧(𝟐𝒏𝒙)

𝟐𝒏
)
𝝅

𝟒
𝟎𝒏∈𝑵 ]= 

𝝅𝟐

𝟑𝟐
+
𝝅

𝟐
𝐥𝐧(𝟐) +∑

(−𝟏)𝒏

𝒏
𝐬𝐢𝐧 (

𝝅𝒏

𝟐
) =

𝝅𝟐

𝟑𝟐
+
𝝅

𝟐
𝐥𝐧(𝟐) −∑

(−𝟏)𝒏

(𝟐𝒏 + 𝟏)𝟐𝒏∈𝑵𝒏∈𝑵
= 

=
𝝅𝟐

𝟑𝟐
+
𝟏𝟔𝝅

𝟑𝟐
𝐥𝐧(𝟐) − 𝑮 

Note section: 
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{
  
 

  
 𝐥𝐧(𝐜𝐨𝐬(𝒙)) = − 𝐥𝐧(𝟐) −∑

(−𝟏)𝒏

𝒏
𝐜𝐨𝐬 (𝟐𝒏𝒙)

𝒏∈𝑵

𝒔𝒊𝒏𝟐(𝒙) + 𝒄𝒐𝒔𝟐(𝒙) = 𝟏 → 𝟏 + 𝒕𝒂𝒏𝟐(𝒙) = 𝒔𝒆𝒄𝟐(𝒙)

𝑫𝒊𝒓𝒊𝒄𝒉𝒍𝒆𝒕 𝑩𝒆𝒕𝒂 𝑭𝒖𝒏𝒄𝒕𝒊𝒐𝒏: 𝜷(𝟐)

𝜷(𝟐) =∑
(−𝟏)𝒏

(𝟐𝒏 + 𝟏)𝟐
= 𝑮 (𝑪𝒂𝒕𝒂𝒍𝒂𝒏′𝒔𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕)

𝒏∈𝑵

 

2361. Find: 

𝛀 = ∫
𝒙𝒍𝒏(𝒙)(𝟏 − 𝐥𝐧(𝒙))𝟐

(𝟏 + 𝒙𝟐)(𝟏 + 𝒙)𝟐
𝒅𝒙

∞

𝟏

 

Proposed by Shirvan Tahirov-Azerbaijan 
Solution 1 by Amin Hajiyev-Azerbaijan 
 

Ω=∫
𝒙𝒍𝒏(𝒙)(𝟏−𝐥𝐧(𝒙))𝟐

(𝟏+𝒙)𝟐(𝟏+𝒙𝟐)
𝒅𝒙 =

𝟏

𝟐
∫

𝐥𝐧 (𝒙)(𝟏−𝐥𝐧(𝒙))𝟐

(𝟏+𝒙𝟐)
𝒅𝒙

∞

𝟏⏟            
Ω𝟏

−
𝟏

𝟐
∫

𝐥𝐧 (𝒙)(𝟏−𝐥𝐧(𝒙))𝟐

(𝟏+𝒙)𝟐
∞

𝟏⏟          
Ω𝟐

𝒅𝒙
∞

𝟏
 

 

Ω𝟏 = ∫
𝐥𝐧(𝒙) − 𝟐𝒍𝒏𝟐(𝟐) + 𝒍𝒏𝟑(𝒙)

𝟏 + 𝒙𝟐
𝒅𝒙 = −∫

𝐥𝐧(𝒙) + 𝟐𝒍𝒏𝟐(𝒙) + 𝒍𝒏𝟑(𝒙)

𝟏 + 𝒙𝟐
𝒅𝒙 =

𝟏

𝟎

∞

𝟏

 

 

−∑ (−𝟏)𝒏∫ 𝒙𝟐𝒏(𝐥𝐧(𝒙) + 𝟐𝒍𝒏𝟐(𝒙) +
𝟏

𝟎

∞

𝒏=𝟎
𝒍𝒏𝟑(𝒙))𝒅𝒙 =∑

(−𝟏)𝒏

(𝟐𝒏 + 𝟏)𝟐
− 𝟒∑

(−𝟏)𝒏

(𝟐𝒏 + 𝟏)𝟑
+

∞

𝒏=𝟎

∞

𝒏=𝟎
 

6∑
(−𝟏)𝒏

(𝟐𝒏+𝟏)𝟒
= 𝑮 −

𝝅𝟑

𝟖
+
𝟔

𝒊
∑

𝒊𝟐𝒏+𝟏

(𝟐𝒏+𝟏)𝟒
∞
𝒏=𝟎 =⏟

𝒄𝒐𝒏𝒗𝒆𝒓𝒕𝒊𝒏𝒈 𝒕𝒉𝒆 𝒔𝒖𝒎𝒎𝒂𝒏𝒅

⏞              

{∑ 𝒂𝟐𝒏+𝟏=
𝟏

𝟐
∑ 𝒂𝒏−

𝟏

𝟐
∑ (−𝟏)𝒏𝒂𝟐𝒏+𝟏}
∞
𝒏=𝟏

∞
𝒏=𝟏

∞
𝒏=𝟎

∞
𝒏=𝟎  

G-
𝝅𝟑

𝟖
+
𝟑

𝒊
∑

𝒊𝒏

𝒏𝟒
−
𝟑

𝒊
∑

(−𝟏)𝒏𝒊𝒏

𝒏𝟒
= 𝑮 −

𝝅𝟑

𝟖
− 𝟑𝒊𝑳𝒊𝟒(𝒊) + 𝟑𝒊𝑳𝒊𝟒

∞
𝒏=𝟏 (−𝒊)∞

𝒏=𝟏  

 

Ω𝟐=∫
𝐥𝐧 (𝒙)(𝟏 − 𝐥𝐧(𝒙))𝟐

(𝟏 + 𝒙)𝟐
𝒅𝒙

∞

𝟏

= −∫
𝐥𝐧 (𝒙)(𝟏 + 𝐥𝐧(𝒙))𝟐

(𝟏 + 𝒙)𝟐
𝒅𝒙 = −∫

𝐥𝐧(𝒙) + 𝟐𝒍𝒏𝟐(𝒙) + 𝒍𝒏𝟑(𝒙)

(𝟏 + 𝒙)𝟐
𝒅𝒙 =

𝟏

𝟎

𝟏

𝟎

 

 

Ω𝟐= ∑ (−𝟏)𝒏𝒏∫ 𝒙𝒏−𝟏 (𝐥𝐧(𝒙) + 𝟐𝒍𝒏𝟐(𝒙) + 𝒍𝒏𝟑(𝒙))𝒅𝒙
𝟏

𝟎
∞
𝒏=𝟏 =⏞

{∫ 𝒙𝒏−𝟏𝒍𝒏𝒌(𝒙)𝒅𝒙=
(−𝟏)𝒌𝒌!

𝒏𝒌+𝟏
𝟏
𝟎 }

= 

 

-∑
(−𝟏)𝒏𝒏

𝒏𝟐
+ 𝟒∑

(−𝟏)𝒏

𝒏𝟑
∞
𝒏=𝟏 − 𝟔∑

(−𝟏)𝒏𝒏

𝒏𝟒
= 𝐥𝐧(𝟐) − 𝟒𝜼(𝟐) + 𝟔𝜼(𝟑) =⏟

𝑫𝒊𝒓𝒊𝒄𝒉𝒍𝒆𝒕 𝒆𝒕𝒂 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏

⏞            

{𝜼(𝒛)=(𝟏−𝟐𝟏−𝒛)𝜻(𝒛)}

∞
𝒏=𝟏

∞
𝒏=𝟏  

ln(2)-2ζ(2)+
𝟗

𝟐
ζ(3)=ln(2)+

𝟗

𝟐
𝜻(𝟑) −

𝝅𝟐

𝟑
 

 

Ω=
𝟏

𝟐
(Ω𝟏 −Ω𝟐) =

𝑮

𝟐
+
𝟑

𝟐
𝒊𝑳𝒊𝟒(−𝒊) −

𝟑

𝟐
𝒊𝑳𝒊𝟒(𝒊) +

𝝅𝟐

𝟔
−
𝐥𝐧(𝟐)

𝟐
−
𝟗

𝟒
𝜻(𝟑) −

𝝅𝟑

𝟏𝟔
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------------------------------------------------------------------------------------------------------------------ 

Solution 2 by Gbenga Ajeigbe-Nigeria 

𝑰 = ∫
𝒙𝒍𝒏(𝒙)(𝟏 − 𝐥𝐧(𝒙))𝟐

(𝟏 + 𝒙𝟐)(𝟏+ 𝒙)𝟐
𝒅𝒙 =

∞

𝟏

∫
𝒙𝒍𝒏(

𝟏
𝒙)(𝟏− 𝐥𝐧(

𝟏
𝒙))

𝟐

(𝒙𝟐 + 𝟏)(𝒙+ 𝟏)𝟐
𝒅𝒙 =

𝟏

𝟎

∫
𝒙𝒍𝒏(

𝟏
𝒙)(𝟏 − 𝟐 𝐥𝐧(

𝟏
𝒙) + 𝒍𝒏

𝟐 (
𝟏
𝒙))

(𝒙𝟐 + 𝟏)(𝒙+ 𝟏)𝟐
𝒅𝒙 =

𝟏

𝟎

 

𝑰 = ∫
𝒙𝒍𝒏(

𝟏
𝒙)

(𝒙𝟐 + 𝟏)(𝒙+ 𝟏)𝟐
𝒅𝒙 − 𝟐∫

𝒙𝒍𝒏𝟐(
𝟏
𝒙)

(𝒙𝟐 + 𝟏)(𝒙+ 𝟏)𝟐
𝒅𝒙 +∫

𝒙𝒍𝒏𝟑(
𝟏
𝒙)

(𝒙𝟐 +𝟏)(𝒙+ 𝟏)𝟐
𝒅𝒙 = 𝑨− 𝟐𝑩+ 𝑪

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

 

𝑨 = ∫
𝒙𝒍𝒏(

𝟏

𝒙
)

(𝒙𝟐+𝟏)(𝒙+𝟏)𝟐
𝒅𝒙 = −∫

𝒙𝒍𝒏(𝒙)

(𝒙𝟐+𝟏)(𝒙+𝟏)𝟐
𝒅𝒙

𝟏

𝟎

𝟏

𝟎
=
𝟏

𝟐
∫

𝒙𝟐𝒍𝒏𝟐(𝒙)

𝒙𝟐+𝟏
𝒅𝒙 −

𝟏

𝟐
∫

𝒙𝒍𝒏(𝒙)

𝒙+𝟏
𝒅𝒙 −

𝟏

𝟎

𝟏

𝟎

𝟏

𝟐
∫

𝒙𝒍𝒏(𝒙)

(𝒙+𝟏)𝟐
𝒅𝒙

𝟏

𝟎
 

 

=-
𝟏

𝟐
∑

(−𝟏)𝒏

(𝟐𝒏+𝟑)𝟐
+
𝟏

𝟐
∑

(−𝟏)𝒏

(𝟐+𝒏)𝟐
+∑

(−𝟐𝒏 )

(𝟐+𝒏)𝟐
= −

𝟏

𝟐
(𝟏 − 𝑮) +

𝟏

𝟐
(𝟏 −

𝝅𝟐

𝟏𝟐
) +

𝟏

𝟐
(
𝝅𝟐

𝟏𝟐

∞
𝒏=𝟎 −∞

𝒏=𝟎
∞
𝒏=𝟎

𝐥𝐧 (𝟐)) =
𝑮

𝟐
−
𝐥𝐧 (𝟐)

𝟐
 

 

B=-2∫
𝒙𝒍𝒏𝟐(

𝟏

𝒙
)

(𝒙𝟐+𝟏)(𝒙+𝟏)𝟐
𝒅𝒙 = −𝟐∫

𝒙𝒍𝒏𝟐(𝒙)

(𝒙𝟐+𝟏)(𝒙+𝟏)𝟐
𝒅𝒙 = ∫

𝒙𝟐𝐥𝐧 (𝒙)

𝒙𝟐+𝟏
𝒅𝒙 −

𝟏

𝟐
∫

𝒙𝒍𝒏(𝒙)

𝒙+𝟏
𝒅𝒙 −

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎
 

𝟏

𝟐
∫

𝒙𝒍𝒏(𝒙)

(𝒙 + 𝟏)𝟐
𝒅𝒙 = 𝟐!∑

(−𝟏)𝒏

(𝟑 + 𝟐𝒏)𝟑
− 𝟐!∑

(−𝟏)𝒏

(𝟐 + 𝒏)𝟑
− 𝟐!∑

(−𝟐
𝒏
)

(𝟐 + 𝒏)𝟑

∞

𝒏=𝟎

∞

𝒏=𝟎

∞

𝒏=𝟎

𝟏

𝟎

= 

 

2(
𝟏

𝟑𝟐
(𝟑𝟐 − 𝝅𝟑))-2(

𝟏

𝟒
(𝟒 − 𝟑𝜻(𝟑))) − 𝟐(

𝟏

𝟏𝟐
(𝟗𝜻(𝟑) − 𝝅𝟐)) =

𝝅𝟐

𝟔
−
𝝅𝟑

𝟏𝟔
 

 

𝑪 = ∫
𝒙𝒍𝒏𝟑(

𝟏
𝒙
)

(𝒙𝟐 + 𝟏)(𝒙 + 𝟏)𝟐
𝒅𝒙 = −∫

𝒙𝒍𝒏𝟑(𝒙)

(𝒙𝟐 + 𝟏)(𝒙 + 𝟏)𝟐
𝒅𝒙 =

𝟏

𝟐
∫
𝒙𝟐𝒍𝒏𝟑(𝒙)

𝒙𝟐 + 𝟏
𝒅𝒙 −

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

 

 

𝟏

𝟐
∫
𝒙𝒍𝒏𝟑(𝒙)

𝒙 + 𝟏
𝒅𝒙 −

𝟏

𝟐
∫
𝒙𝒍𝒏𝟑(𝒙)

(𝒙 + 𝟏)𝟐
𝒅𝒙 = −

𝟑!

𝟐
∑

(−𝟏)𝒏

(𝟑 + 𝟐𝒏)𝟒
+
𝟑!

𝟐
∑

(−𝟏)𝒏

(𝟐 + 𝒏)𝟒
+

∞

𝒏=𝟎

∞

𝒏=𝟎

𝟏

𝟎

𝟏

𝟎

 

 

𝟑!

𝟐
∑

(−𝟐
𝒏
)

(𝟐 + 𝒏)𝟒
=
𝟑

𝟐
𝒊𝑳𝒊𝟒(−𝒊) −

𝟑

𝟐
𝒊𝑳𝒊𝟒(𝒊) −

𝟗𝜻(𝟑)

𝟒

∞

𝒏=𝟎
 

 
𝑰 = 𝑨 − 𝟐𝑩 + 𝑪 

𝑰 =
𝑮

𝟐
+
𝟑

𝟐
𝒊𝑳𝒊𝟒(−𝒊) −

𝟑

𝟐
𝒊𝑳𝒊𝟒(𝒊) −

𝟗

𝟒
𝜻(𝟑) −

𝐥𝐧(𝟐)

𝟐
+
𝝅𝟐

𝟔
−
𝝅𝟑

𝟏𝟔
 

Note : {
𝑮 → 𝑪𝒂𝒕𝒂𝒍𝒂𝒏′𝒔 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕
𝜻(𝟑) → 𝑨𝒑𝒆𝒓𝒚′𝒔 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕
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2362. Find: 

𝐈 = ∫
𝒙𝒍𝒏(𝒙)

𝒙𝟒 + 𝒙𝟐 + 𝟏

∞

𝟏

𝒅𝒙 

Proposed by Vasile Mircea Popa-Romania 
Solution by Togrul Ehmedov-Azerbaijan 
 

𝐈 = ∫
𝐱𝐥𝐧(𝐱)

𝐱𝟒 + 𝐱𝟐 + 𝟏

∞

𝟏

𝐝𝐱]

𝐱𝟐→𝟏/𝐱

= −
𝟏

𝟒
∫

𝐥𝐧(𝐱)

𝐱𝟐 + 𝐱 + 𝟏

𝟏

𝟎

𝐝𝐱 = −
𝟏

𝟒
𝐈𝟏 

𝐈𝟏 = ∫
𝐥𝐧(𝐱)

𝐱𝟐 + 𝐱 + 𝟏

𝟏

𝟎

𝐝𝐱 = ∫
(𝟏 − 𝐱) 𝐥𝐧(𝐱)

𝟏 − 𝐱𝟑

𝟏

𝟎

𝐝𝐱 = −∫
𝐲(𝟏 − 𝐞−𝐲)𝐞−𝐲

𝟏 − 𝐞−𝟑𝐲

∞

𝟎

𝐝𝐲

= −∑∫ 𝐲(𝟏 − 𝐞−𝐲)𝐞−𝐲𝐞−𝟑𝐤𝐲
∞

𝟎

𝐝𝐲

∞

𝐤=𝟎

= −∑∫ 𝐲𝐞−(𝟑𝐤+𝟏)𝐲
∞

𝟎

𝐝𝐲

∞

𝐤=𝟎

+∑∫ 𝐲𝐞−(𝟑𝐤+𝟐)𝐲
∞

𝟎

𝐝𝐲

∞

𝐤=𝟎

= −∑
Г(𝟐)

(𝟑𝐤 + 𝟏)𝟐

∞

𝐤=𝟎

+∑
Г(𝟐)

(𝟑𝐤+ 𝟐)𝟐

∞

𝐤=𝟎

= −∑
𝟏

(𝟑𝐤 + 𝟏)𝟐

∞

𝐤=𝟎

+∑
𝟏

(𝟑𝐤+ 𝟐)𝟐
= −

𝟏

𝟗
∑

𝟏

(𝐤+
𝟏
𝟑
)
𝟐

∞

𝐤=𝟎

∞

𝐤=𝟎

+
𝟏

𝟗
∑

𝟏

(𝐤 +
𝟐
𝟑
)
𝟐

∞

𝐤=𝟎

= −
𝟏

𝟗
𝛗′ (

𝟏

𝟑
) +

𝟏

𝟗
𝛗′ (

𝟐

𝟑
) = −

𝟏

𝟗
𝛗′ (

𝟏

𝟑
) +

𝟏

𝟗
(
𝟒𝛑𝟐

𝟑
−𝛗′ (

𝟏

𝟑
)) =

𝟒𝛑𝟐

𝟐𝟕
−
𝟐

𝟗
𝛗′ (

𝟏

𝟑
)

=
𝟐

𝟗
(
𝟐𝛑𝟐

𝟑
− 𝛗′ (

𝟏

𝟑
)) 

𝐈 = −
𝟏

𝟒
𝐈𝟏 = −

𝟏

𝟒
{
𝟐

𝟗
(
𝟐𝛑𝟐

𝟑
−𝛗′ (

𝟏

𝟑
))} =

𝟏

𝟏𝟖
𝛗′ (

𝟏

𝟑
) −

𝛑𝟐

𝟐𝟕
 

 

2363. Find: 

𝐈 = 𝐥𝐢𝐦
𝐧→𝟎

(

 
 𝟏

𝐧
∑

(

 ∫
𝟏

𝟏 + 𝐭𝐚𝐧𝐤(𝐱)

𝛑
𝟐

𝟎

𝐝𝐱

)

 

𝐤

𝐧

𝐤=𝟏

)

 
 

 

Proposed by Khaled Abd Imouti-Damascus-Syria 
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Solution by Togrul Ehmedov-Azerbaijan 
 

𝐖𝐞 𝐤𝐧𝐨𝐰 𝐭𝐡𝐚𝐭 

𝐈𝟏 = ∫
𝟏

𝟏 + 𝐭𝐚𝐧𝐤(𝐱)

𝛑
𝟐

𝟎

𝐝𝐱 = ∫
𝐜𝐨𝐬𝐤(𝐱)

𝐬𝐢𝐧𝐤(𝐱) + 𝐜𝐨𝐬𝐤(𝐱)

𝛑
𝟐

𝟎

𝐝𝐱 = ∫
𝐬𝐢𝐧𝐤(𝐱)

𝐬𝐢𝐧𝐤(𝐱) + 𝐜𝐨𝐬𝐤(𝐱)

𝛑
𝟐

𝟎

𝐝𝐱

=
𝟏

𝟐
∫
𝐬𝐢𝐧𝐤(𝐱) + 𝐜𝐨𝐬𝐤(𝐱)

𝐬𝐢𝐧𝐤(𝐱) + 𝐜𝐨𝐬𝐤(𝐱)

𝛑
𝟐

𝟎

𝐝𝐱 =
𝟏

𝟐
∫𝐝𝐱

𝛑
𝟐

𝟎

=
𝛑

𝟒
 

𝐈 = 𝐥𝐢𝐦
𝐧→𝟎

(
𝟏

𝐧
∑(𝐈𝟏)

𝐤

𝐧

𝐤=𝟏

) = 𝐥𝐢𝐦
𝐧→𝟎

(
𝟏

𝐧
∑(

𝛑

𝟒
)
𝐤

𝐧

𝐤=𝟏

) = 𝐥𝐢𝐦
𝐧→𝟎

(
𝟏

𝐧
(

𝛑
𝟒 ((

𝛑
𝟒)
𝐧

− 𝟏)

𝛑
𝟒 − 𝟏

))

=
𝛑

𝛑 − 𝟒
𝐥𝐢𝐦
𝐧→𝟎

(
(
𝛑
𝟒)

𝐧

− 𝟏

𝐧
) =

𝛑

𝛑 − 𝟒
𝐥𝐢𝐦
𝐧→𝟎

((
𝛑

𝟒
)
𝐧

𝐥𝐨𝐠 (
𝛑

𝟒
)) =

𝛑

𝛑 − 𝟒
𝐥𝐨𝐠 (

𝛑

𝟒
) 

2364. Find: 

∑
(−𝟏)𝒏𝑯𝒏𝝍

(𝟎)(𝒏)

𝒏𝟐

∞

𝒏=𝟏
 

Proposed by Shirvan Tahirov-Azerbaijan 
Solution by Amin Hajiyev-Azerbaijan 
 

∑
(−𝟏)𝒏𝑯𝒏(𝑯𝒏−ᵧ − 𝟏)

𝒏𝟐
=∑

(−𝟏)𝒏𝑯𝒏
𝒏𝟐

(𝑯𝒏 −
𝟏

𝒏
− ᵧ) =∑

(−𝟏)𝒏𝑯𝒏𝑯𝒏
𝒏𝟐

−
∞

𝒏=𝟏

∞

𝒏=𝟏

∞

𝒏=𝟏
 

∑
(−𝟏)𝒏𝑯𝒏
𝒏𝟑

− ᵧ∑
(−𝟏)𝒏𝑯𝒏
𝒏𝟐

= Ω𝟏 −Ω𝟐 − ᵧΩ𝟑
∞

𝒏=𝟏

∞

𝒏=𝟏
 

Ω𝟏 =∑
(−𝟏)𝒏𝑯𝒏𝑯𝒏

𝒏𝟐
=⏞

(𝑯𝒏=𝐥𝐧(𝟐)−∫
(−𝒙)𝒏

𝟏+𝒙
𝒅𝒙

𝟏
𝟎

)

𝐥𝐧 (𝟐)∑
(−𝟏)𝒏𝑯𝒏
𝒏𝟐

∞

𝒏=𝟏

∞

𝒏=𝟏

−∑
𝑯𝒏
𝒏𝟐
∫

𝒙𝒏

𝟏 + 𝒙
𝒅𝒙

𝟏

𝟎

∞

𝒏=𝟏
 

=𝐥𝐧 (𝟐)∑
(−𝟏)𝒏𝑯𝒏

𝒏𝟐
− ∫

𝑳𝒊𝟑(𝒙)

𝟏+𝒙
𝒅𝒙 + ∫

𝑳𝒊𝟑(𝟏−𝒙)

𝟏+𝒙
𝒅𝒙 − ∫

𝐥𝐧 (𝟏−𝒙)𝑳𝒊𝟐(𝟏−𝒙)

𝟏+𝒙
𝒅𝒙 −

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎
∞
𝒏=𝟏  

𝟏

𝟐
∫
𝐥𝐧 (𝒙)𝒍𝒏𝟐(𝟏 + 𝒙)

𝟏 + 𝒙
𝒅𝒙 − 𝜻(𝟑)∫

𝟏

𝟏 + 𝒙
𝒅𝒙 = 𝑱𝟏 𝐥𝐧(𝟐) − 𝑱𝟐 + 𝑱𝟑 − 𝑱𝟒 − 𝑱𝟓 − 𝑱𝟔𝜻(𝟑)

𝟏

𝟎

𝟏

𝟎
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𝑱𝟏 =∑
(−𝟏)𝒏𝑯𝒏
𝒏𝟐

∞

𝒏=𝟏

= −∑ (−𝟏)𝒏𝑯𝒏∫ 𝒙𝒏−𝟏 𝐥𝐧(𝒙)𝒅𝒙
𝟏

𝟎

∞

𝒏=𝟏

= −∫
𝐥𝐧 (𝒙)

𝒙
(∑ (−𝟏)𝒏𝑯𝒏𝒙

𝒏)𝒅𝒙
∞

𝒏=𝟏

𝟏

𝟎

 

=∫
𝐥𝐧(𝒙)𝐥𝐧 (𝟏+𝒙)

𝒙(𝟏+𝒙)
𝒅𝒙 = ∫

𝐥𝐧(𝒙)𝐥𝐧 (𝟏+𝒙)

𝒙
𝒅𝒙 − ∫

𝐥𝐧(𝒙) 𝐥𝐧(𝟏+𝒙)

𝟏+𝒙
𝒅𝒙

𝟏

𝟎⏟          
𝑰𝑩𝑷

=
𝟏

𝟎

𝟏

𝟎

−∑
(−𝟏)𝒏

𝒏
∫ 𝒙𝒏−𝟏 𝐥𝐧(𝒙)𝒅𝒙 −
𝟏

𝟎
∞
𝒏=𝟏  

[
𝟏

𝟐
𝐥𝐧 (𝒙)𝒍𝒏𝟐(𝟏 + 𝒙)]

𝟏

𝟎
+
𝟏

𝟐
∫
𝒍𝒏𝟐(𝟏 + 𝒙)

𝒙
𝒅𝒙 = −

𝟑𝜻(𝟑)

𝟒
+
𝟏

𝟐
∫
𝒍𝒏𝟐(𝟏 + 𝒙)

𝒙
𝒅𝒙 = −

𝟓𝜻(𝟑)

𝟖

𝟏

𝟎

𝟏

𝟎

 

𝑱𝟐 = ∫
𝑳𝒊𝟑(𝒙)

𝟏 + 𝒙
𝒅𝒙 =∑ (−𝟏)𝒏∫ 𝒙𝒏𝑳𝒊𝟑(𝒙)𝒅𝒙 = −∑ (−𝟏)𝒏∫ 𝒙𝒏−𝟏𝑳𝒊𝟑(𝒙)𝒅𝒙

𝟏

𝟎

∞

𝒏=𝟏

𝟏

𝟎

∞

𝒏=𝟎

𝟏

𝟎

 

=⏞

{∫ 𝒙𝒏−𝟏𝑳𝒊𝟑(𝒙)
𝟏
𝟎

=
𝜻(𝟑)
𝒏
−
𝜻(𝟐)

𝒏𝟐
+
𝑯𝒏
𝒏𝟑
}

−∑ (−𝟏)𝒏 (
𝜻(𝟑)

𝒏
−
𝜻(𝟐)

𝒏𝟐
+
𝑯𝒏
𝒏𝟑
) =

∞

𝒏=𝟏
 

-ζ(3)∑
(−𝟏)𝒏

𝒏
+ 𝜻(𝟐)∑

(−𝟏)𝒏

𝒏𝟐
−∑

(−𝟏)𝒏𝑯𝒏

𝒏𝟑
= 𝜻(𝟑) 𝐥𝐧(𝟐) −

𝟏

𝟐
𝜻𝟐(𝟐) − ∑

(−𝟏)𝒏𝑯𝒏

𝒏𝟑
∞
𝒏=𝟏

∞
𝒏=𝟏

∞
𝒏=𝟏

∞
𝒏=𝟏  

=ζ(3)ln(2)-
𝝅𝟒

𝟕𝟐
-
𝟏

𝟐
∑ (−𝟏)𝒏𝑯𝒏 ∫ 𝒙

𝒏−𝟏𝒍𝒏𝟐(𝒙)𝒅𝒙 = 𝜻(𝟑) 𝐥𝐧(𝟐) −
𝝅𝟒

𝟕𝟐
+
𝟏

𝟐
∫

𝐥𝐧 (𝟏+𝒙)𝒍𝒏𝟐(𝒙)

𝒙(𝟏+𝒙)
𝒅𝒙

𝟏

𝟎⏟          

𝒔𝒖𝒃𝒕𝒊𝒕𝒂𝒕𝒊𝒐𝒏→𝒙=
𝒕

𝟏−𝒕

𝟏

𝟎
∞
𝒏=𝟏  

=ζ(3)ln(2)-
𝝅𝟒

𝟕𝟐
−
𝟏

𝟐
∫
𝒍𝒏𝟐(

𝒕

𝟏−𝒕
)𝐥𝐧 (𝟏−𝒕)

𝒕
𝒅𝒕 = 𝜻(𝟑) 𝐥𝐧(𝟐) −

𝝅𝟒

𝟕𝟐
−

𝟏

𝟐
𝟎

𝟏

𝟐
(∫

𝐥𝐧(𝟏−𝒕)𝒍𝒏𝟐(𝒕)

𝒕
𝒅𝒕 + ∫

𝒍𝒏𝟑(𝟏−𝒕)

𝒕
𝒅𝒕

𝟏

𝟐
𝟎

𝟏

𝟐
𝟎⏟                    

𝑳

 

-2∫
𝐥𝐧 (𝒕)𝒍𝒏𝟐(𝟏−𝒕)

𝒕

𝟏

𝟐
𝟎⏟        

𝑷

    L=∫
𝐥𝐧 (𝟏−𝒕)𝒍𝒏𝟐(𝒕)

𝒕
𝒅𝒕

𝟏

𝟐
𝟎⏟          

𝑰𝑩𝑷

+ ∫
𝒍𝒏𝟑(𝒕)

𝒕
𝒅𝒕 =

𝟏

𝟐
𝟎

[
𝟏

𝟑
𝐥𝐧 (𝟏 − 𝒕)𝒍𝒏𝟑(𝒕)]

𝟏

𝟐
𝟎
+
𝟏

𝟑
∫
𝒍𝒏𝟑(𝒕)

𝟏−𝒕
𝒅𝒕 +

𝟏

𝟐
𝟎

∫
𝒍𝒏𝟑(𝟏−𝒕)

𝒕
𝒅𝒕

𝟏

𝟐
𝟎⏟        

𝟏−𝒕→𝒕

=
𝟏

𝟑
𝒍𝒏𝟒(𝟐) +

𝟏

𝟑
∫
𝒍𝒏𝟑(𝒕)

𝟏−𝒕
𝒅𝒕 − ∫

𝒍𝒏𝟑(𝒕)

𝟏−𝒕
𝒅𝒕 + ∫

𝒍𝒏𝟑(𝒕)

𝟏−𝒕
𝒅𝒕 =

𝟏

𝟎

𝟏

𝟐
𝟎

𝟏

𝟐
𝟎

 

4𝑳𝒊𝟒(
𝟏

𝟐
) +

𝟕

𝟐
𝜻(𝟑)𝒍𝒏(𝟐) +

𝟐

𝟑
𝒍𝒏𝟒(𝟐) −

𝝅𝟐

𝟔
𝒍𝒏𝟒(𝟐) −

𝝅𝟒

𝟏𝟓
 

 

P=∫
𝐥𝐧(𝒕)𝒍𝒏𝟐(𝟏−𝒕)

𝒕
𝒅𝒕 =⏞

𝑰𝑩𝑷
𝟏

𝟐
𝒍𝒏𝟒(𝟐) + ∫

𝐥𝐧 (𝟏−𝒕)𝒍𝒏𝟐(𝒕)

𝟏−𝒕
𝒅𝒕

𝟏

𝟐
𝟎⏟          

𝟏−𝒕→𝒕

𝟏

𝟐
𝟎

=
𝟏

𝟐
𝒍𝒏𝟒(𝟐) − ∫

𝐥𝐧 (𝒕)𝒍𝒏𝟐(𝟏−𝒕)

𝒕
𝒅𝒕

𝟏

𝟐
𝟎

 

=
𝟏

𝟐
𝒍𝒏𝟒(𝟐) − ∫

𝐥𝐧 (𝒕)𝒍𝒏𝟐(𝟏−𝒕)

𝒕
𝒅𝒕 + ∫

𝒍𝒏𝟐(𝟏−𝒕)𝐥𝐧 (𝒕)

𝒕
𝒅𝒕 =

𝟏

𝟐
𝒍𝒏𝟒(𝟐) + ∫

𝐥𝐧 (𝒕)𝒍𝒏𝟐(𝟏−𝒕)

𝒕
𝒅𝒕

𝟏

𝟎⏟          
𝟏−𝒕=>𝑡

𝟏

𝟎
− 𝑷

𝟏

𝟐
𝟎

 

2P=
𝟏

𝟐
𝒍𝒏𝟒(𝟐) + 𝟐𝜻(𝟒) − 𝟐∑

𝑯𝒏

𝒏𝟑
=
𝟏

𝟐
𝒍𝒏𝟒(𝟐) + 𝟐𝜻(𝟒) −

𝟓

𝟐
𝜻(𝟒)  𝑷 =

𝟏

𝟒
𝒍𝒏𝟒(𝟐) −

𝝅𝟒

𝟑𝟔𝟎

∞
𝒏=𝟏  
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𝑱𝟐 = 𝜻(𝟑) 𝐥𝐧(𝟐) −
𝝅𝟒

𝟕𝟐
−
𝟏

𝟐
(𝑳 − 𝟐𝑷)

=
𝝅𝟐

𝟏𝟐
𝒍𝒏𝟐(𝟐) −

𝟏

𝟏𝟐
𝒍𝒏𝟒(𝟐) − 𝟐𝑳𝒊𝟒 (

𝟏

𝟐
) +

𝝅𝟒

𝟔𝟎
−
𝟑

𝟒
𝜻(𝟑)𝐥𝐧 (𝟐) 

𝑱𝟑 = ∫
𝑳𝒊𝟑(𝟏 − 𝒙)

𝟏 + 𝒙
𝒅𝒙 =⏞

𝟏−𝒙=>𝑥

∫
𝑳𝒊𝟑(𝒙)

𝟐 − 𝒙

𝟏

𝟎

𝟏

𝟎

𝒅𝒙 =∑
𝟏

𝟐𝒏
∫ 𝒙𝒏−𝟏𝑳𝒊𝟑(𝒙)𝒅𝒙 =
𝟏

𝟎

∞

𝒏=𝟏
 

∑
𝟏

𝟐𝒏
(
𝜻(𝟑)

𝒏
−
𝜻(𝟐)

𝒏𝟐
+
𝑯𝒏
𝒏𝟑
) = 𝜻(𝟑)𝑳𝒊𝟏 (

𝟏

𝟐
) − 𝜻(𝟐)𝑳𝒊𝟐 (

𝟏

𝟐
) +∑

𝑯𝒏
𝟐𝒏𝒏𝟑

∞

𝒏=𝟏

∞

𝒏=𝟏
 

=⏞

{∫ 𝒙𝒏−𝟏𝒍𝒏𝟐(𝒙)𝒅𝒙=
𝒍𝒏𝟐(𝟐)
𝒏𝟐𝒏

+
𝟐 𝐥𝐧(𝟐)

𝒏𝟐𝟐𝒏
+
𝟐

𝒏𝟑𝟐𝒏

𝟏
𝟐
𝟎

}

𝜻(𝟑) 𝐥𝐧(𝟐) −
𝝅𝟒

𝟕𝟐
+
𝝅𝟐

𝟏𝟐
𝒍𝒏𝟐(𝟐) −

𝟏

𝟔
𝒍𝒏𝟒(𝟐)

−
𝟏

𝟐
𝒍𝒏𝟐(𝟐)∑

𝑯𝒏
𝒏𝟐𝒏

−
∞

𝒏=𝟏
 

ln(2)∑
𝑯𝒏

𝒏𝟐𝟐𝒏
−
𝟏

𝟔
∫
𝒍𝒏𝟑(𝒙)

𝟏−𝒙
𝒅𝒙

𝟏

𝟐
𝟎⏟      

{∫
𝒍𝒏𝒏(𝒙)

𝟏−𝒙
𝒅𝒙=∑ (−𝟏)𝒏𝒏!(𝒂𝒏)((−𝐥𝐧 (𝟐))

𝒂−𝒏𝑳𝒊𝒏+𝟏(
𝟏

𝟐
)𝒂

𝒏=𝟎

𝟏
𝟐
𝟎

}

∞
𝒏=𝟏 -

𝟏

𝟐
∫
𝐥𝐧 (𝟏−𝒙)𝒍𝒏𝟐(𝒙)

𝟏−𝒙
𝒅𝒙

𝟏

𝟐
𝟎⏟          

−
𝟏

𝟒
𝒍𝒏𝟒(𝟐)−

𝟏

𝟒
𝜻(𝟒)

= 

ζ(3)ln(2)- 
𝝅𝟒

𝟕𝟐
+
𝝅𝟐

𝟏𝟐
𝒍𝒏𝟐(𝟐) + 𝑳𝒊𝟒 (

𝟏

𝟐
) +

𝝅𝟒

𝟕𝟐𝟎
−
𝟏

𝟖
𝐥𝐧(𝟐) 𝜻(𝟑) +

𝟏

𝟐𝟒
𝒍𝒏𝟒(𝟐) = 

𝟕

𝟖
𝜻(𝟑) 𝐥𝐧(𝟐) −

𝝅𝟒

𝟖𝟎
+
𝝅𝟐

𝟏𝟐
𝒍𝒏𝟐(𝟐) + 𝑳𝒊𝟒 (

𝟏

𝟐
) +

𝒍𝒏𝟒(𝟐)

𝟐𝟒
 

𝑱𝟒 = ∫
𝐥𝐧 (𝟏 − 𝒙)𝑳𝒊𝟐(𝟏 − 𝒙)

𝟏 + 𝒙
𝒅𝒙 =⏞

𝟏−𝒙→𝒙

∫
𝐥𝐧 (𝒙)𝑳𝒊𝟐(𝒙)

𝟐 − 𝒙
𝒅𝒙

𝟏

𝟎

𝟏

𝟎

=∑
𝟏

𝟐𝒏
∫ 𝒙𝒏−𝟏 𝐥𝐧(𝒙)𝑳𝒊𝟐(𝒙)𝒅𝒙 =
𝟏

𝟎

∞

𝒏=𝟏
 

∑
𝟏

𝟐𝒏
𝝏

𝝏𝒏
∫ 𝒙𝒏−𝟏𝑳𝒊𝟐(𝒙)𝒅𝒙 =⏞

{∫ 𝒙𝒏−𝟏𝑳𝒊𝟐(𝒙)𝒅𝒙=
𝜻(𝟐)
𝒏
−
𝑯𝒏
𝒏𝟐

𝟏
𝟎

}

∑
𝟏

𝟐𝒏
𝝏

𝝏𝒏
(
𝜻(𝟐)

𝒏
−
𝑯𝒏
𝒏𝟐
) =

∞

𝒏=𝟏

𝟏

𝟎

∞

𝒏=𝟏
 

∑
𝟏

𝟐𝒏
(
𝟐𝑯𝒏
𝒏𝟑

+
𝑯(𝟐)𝒏
𝒏𝟐

−
𝟐𝜻(𝟐)

𝒏𝟐
) = 𝟑𝑳𝒊𝟒 (

𝟏

𝟐
) −

𝟕𝝅𝟒

𝟐𝟖𝟖
+
𝒍𝒏𝟒(𝟐)

𝟖
+
𝝅𝟐

𝟖
𝒍𝒏𝟐(𝟐)

∞

𝒏=𝟏
 

𝑱𝟓 =
𝟏

𝟐
∫
𝐥𝐧 (𝒙)𝒍𝒏𝟐(𝟏 − 𝒙)

𝟏 + 𝒙
𝒅𝒙 =⏞

𝟏−𝒙→𝒙𝟏

𝟐
∫
𝐥𝐧 (𝟏 − 𝒙)𝒍𝒏𝟐(𝒙)

𝟐 − 𝒙

𝟏

𝟎

𝟏

𝟎

𝒅𝒙

=
𝟏

𝟐
∑

𝟏

𝟐𝒏
∫

𝝏𝟐

𝝏𝒏𝟐
𝒙𝒏−𝟏 𝐥𝐧(𝟏 − 𝒙)𝒅𝒙

𝟏

𝟎

∞

𝒏=𝟏
 

=⏞

{∫ 𝒙𝒏−𝟏 𝐥𝐧(𝟏−𝒙)𝒅𝒙=−
𝑯𝒏
𝒏

𝟏
𝟎

}
𝟏

𝟐
∑

𝟏

𝟐𝒏
𝝏𝟐

𝝏𝒏𝟐
(−
𝑯𝒏
𝒏
)

∞

𝒏=𝟏

=
𝟏

𝟐
∑

𝟏

𝟐𝒏
(
𝟐𝜻(𝟑)

𝒏
+
𝟐𝜻(𝟐)

𝒏𝟐
−
𝟐𝑯𝒏
𝒏𝟑

−
𝟐𝑯 (𝟐)

𝒏

𝒏𝟐
−
𝟐𝑯 (𝟑)

𝒏

𝒏
)

∞

𝒏=𝟏
 

2𝑱𝟓=𝟐 𝐥𝐧(𝟐)𝜻(𝟑) + 𝟐𝜻(𝟐)𝑳𝒊𝟐(
𝟏

𝟐
)-2∑

𝑯𝒏

𝟐𝒏𝒏𝟑
− 𝟐∑

𝑯(𝟐)𝒏

𝟐𝒏𝒏𝟐
− 𝟐∑

𝑯(𝟑)𝒏

𝟐𝒏𝒏

∞
𝒏=𝟏

∞
𝒏=𝟏

∞
𝒏=𝟏  
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=2ln(2)ζ(3)+
𝝅𝟒

𝟑𝟔
−
𝝅𝟐

𝟔
𝒍𝒏𝟐(𝟐) − 𝟐∑

𝑯𝒏

𝒏𝟑𝟐𝒏
− 𝟔𝑳𝒊𝟒 (

𝟏

𝟐
) − 𝑳𝒊 𝟐

𝟐
(
𝟏

𝟐
) + 𝟒∑

𝑯𝒏

𝒏𝟑𝟐𝒏
−∞

𝒏=𝟏
∞
𝒏=𝟏

∫
𝐥𝐧 (𝟏+𝒙)𝒍𝒏𝟐(𝟏−𝒙)

𝒙
𝒅𝒙

𝟏

𝟎
 

=2ln(2)ζ(3)+ 
𝝅𝟒

𝟑𝟔
−
𝝅𝟐

𝟔
𝒍𝒏𝟐(𝟐) − 𝟐∑

𝑯𝒏

𝒏𝟑𝟐𝒏
∞
𝒏=𝟏 − 𝟔𝑳𝒊𝟒 (

𝟏

𝟐
)-
𝝅𝟒

𝟏𝟒𝟒
−
𝒍𝒏𝟒(𝟐)

𝟒
+
𝝅𝟐

𝟏𝟐
𝒍𝒏𝟐(𝟐) −

∫
𝐥𝐧 (𝟏+𝒙)𝒍𝒏𝟐(𝟏−𝒙)

𝒙
𝒅𝒙

𝟏

𝟎⏟            
𝑻

 

T=∫
𝐥𝐧 (𝟏+𝒙)𝒍𝒏𝟐(𝟏−𝒙)

𝒙
𝒅𝒙

𝟏

𝟎
=
𝟏

𝟔
∫

𝒍𝒏𝟑(𝟏−𝒙𝟐)

𝒙
𝒅𝒙

𝟏

𝟎⏟        
𝟏−𝒙𝟐→𝒙

−
𝟏

𝟔
∫

𝒍𝒏𝟑(
𝟏−𝒙

𝟏+𝒙
)

𝒙
𝒅𝒙

𝟏

𝟎⏟        −
𝟏

𝟑
∫

𝒍𝒏𝟑(𝟏+𝒙)

𝒙
𝒅𝒙

𝟏

𝟎⏟        

𝒙→
𝟏−𝒙

𝟏+𝒙

 

=2𝑳𝒊𝟒 (
𝟏

𝟐
) −

𝝅𝟒

𝟏𝟒𝟒
+
𝟕

𝟒
𝐥𝐧(𝟐) 𝜻(𝟑) −

𝝅𝟐

𝟏𝟐
𝒍𝒏𝟐(𝟐) +

𝟏

𝟏𝟐
𝒍𝒏𝟒(𝟐) 

2𝑱𝟓 = −𝟔𝑳𝒊𝟒 (
𝟏

𝟐
) +

𝟏𝟏𝝅𝟒

𝟑𝟔𝟎
−
𝟏

𝟒
𝒍𝒏𝟒(𝟐) →  𝑱𝟓 = −𝟑𝑳𝒊𝟒 (

𝟏

𝟐
) +

𝟏𝟏𝝅𝟒

𝟕𝟐𝟎
−
𝟏

𝟖
𝒍𝒏𝟒(𝟐)  𝑱𝟔 =

𝜻(𝟑) ∫
𝟏

𝟏+𝑿
𝒅𝒙 = 𝜻(𝟑)𝐥𝐧 (

𝟏

𝟎
2) 

Ω𝟏 = 𝐥𝐧(𝟐) 𝑱𝟏 − 𝑱𝟐 + 𝑱𝟑 − 𝑱𝟒 − 𝑱𝟓 − 𝜻(𝟑)𝑱𝟔 = 𝟑𝑳𝒊𝟒 (
𝟏

𝟐
) −

𝟐𝟗𝝅𝟒

𝟏𝟒𝟒𝟎
−
𝝅𝟐

𝟖
𝒍𝒏𝟐(𝟐) +

𝟏

𝟖
𝒍𝒏𝟒(𝟐) 

Ω𝟐 =∑
(−𝟏)𝒏𝑯𝒏⃗⃗ ⃗⃗  ⃗

𝒏𝟑
=
𝟏

𝟐
∑ (−𝟏)𝒏𝑯𝒏⃡⃗ ⃗⃗  ⃗ ∫ 𝒙𝒏−𝟏𝒍𝒏𝟐(𝒙)𝒅𝒙 =

𝟏

𝟐
∫
𝐥𝐧 (𝟏 − 𝒙)𝒍𝒏𝟐(𝒙)

𝒙(𝟏 + 𝒙)
𝒅𝒙

𝟏

𝟎

𝟏

𝟎

∞

𝒏=𝟏

∞

𝒏=𝟏
 

=
𝟏

𝟐
(∫

𝐥𝐧 (𝟏−𝒙)𝒍𝒏𝟐(𝒙)

𝒙
𝒅𝒙

𝟏

𝟎⏟          
𝑰𝑩𝑷

-∫
𝐥𝐧 (𝟏−𝒙)𝒍𝒏𝟐(𝒙)

𝟏+𝒙
𝒅𝒙) =

𝟏

𝟔
∫

𝒍𝒏𝟑(𝒙)

𝟏−𝒙
𝒅𝒙

𝟏

𝟎⏟      

{∫
;𝒍𝒏𝒂(𝒙)

𝟏−𝒙
𝒅𝒙=(−𝟏)𝒂𝒂!𝜻(𝒂+𝟏)

𝟏
𝟎

}

𝟏

𝟎
- 

-
𝟏

𝟐
∫

𝐥𝐧 (𝟏−𝒙)𝒍𝒏𝟐(𝒙)

𝟏+𝒙

𝟏

𝟎⏟        

−𝟒𝑳𝒊𝟒(
𝟏

𝟐
)+𝜻(𝟒)+𝒍𝒏𝟐(𝟐)𝜻(𝟐)−

`𝟏

𝟔
𝒍𝒏𝟒(𝟐)

= 𝟐𝑳𝒊𝟒 (
𝟏

𝟐
) −

𝝅𝟒

𝟔𝟎
−
𝝅𝟐

𝟏𝟐
𝒍𝒏𝟐(𝟐) +

𝟏

𝟏𝟐
𝒍𝒏𝟒(𝟐) 

Ω𝟑 =∑
(−𝟏)𝒏𝑯𝒏
𝒏𝟐

= −∑ (−𝟏)𝒏𝑯𝒏∫ 𝒙𝒏−𝟏 𝐥𝐧(𝒙)𝒅𝒙 = −∫
𝐥𝐧(𝒙) 𝐥𝐧 (𝟏 − 𝒙)

𝒙(𝟏 + 𝒙)
𝒅𝒙

𝟏

𝟎

𝟏

𝟎

∞

𝒏=𝟏

∞

𝒏=𝟏
 

=∫
𝐥𝐧(𝒙)𝐥𝐧 (𝟏−𝒙)

𝟏+𝒙
𝒅𝒙

𝟏

𝟎⏟          
𝟏𝟑

𝟖
𝜻(𝟑)−

𝟑

𝟐
𝐥𝐧(𝟐)𝜻(𝟐)

− ∫
𝐥𝐧(𝒙) 𝐥𝐧(𝟏−𝒙)

𝒙
𝒅𝒙

𝟏

𝟎⏟          
𝜻(𝟑)

=
𝟏𝟑

𝟖
𝜻(𝟑) −

𝝅𝟒

𝟒
𝐥𝐧(𝟐) − 𝜻(𝟑) =

𝟓

𝟖
𝜻(𝟑) −

𝝅𝟒

𝟒
𝐥𝐧(𝟐) 

Ω = Ω𝟏 −Ω𝟐 − ᵧΩ𝟑 = 𝟑𝑳𝒊𝟒 (
𝟏

𝟐
) −

𝟐𝟗𝝅𝟒

𝟏𝟒𝟒𝟎
−
𝝅𝟐

𝟖
𝒍𝒏𝟐(𝟐) +

𝟏

𝟖
𝒍𝒏𝟒(𝟐) − 𝟐𝑳𝒊𝟒 (

𝟏

𝟐
) +

𝝅𝟒

𝟔𝟎
+

𝝅𝟐

𝟏𝟐
𝒍𝒏𝟐(𝟐) −

𝟏

𝟏𝟐
𝒍𝒏𝟒(𝟐) − ᵧ(

𝟓

𝟖
𝜻(𝟑) −

𝝅𝟒

𝟒
𝐥𝐧(𝟐)) 

Answer: 

∑
(−𝟏)𝒏𝑯𝒏𝝍

(𝟎)(𝒏)

𝒏𝟐

∞

𝒏=𝟏

= 𝑳𝒊𝟒 (
𝟏

𝟐
) −

𝝅𝟒

𝟐𝟖𝟖𝟎
+
𝟏

𝟐𝟒
𝒍𝒏𝟒(𝟐) −

𝝅𝟐𝒍𝒏𝟐(𝟐)

𝟐𝟒
− ᵧ(

𝟓

𝟖
𝜻(𝟑) −

𝝅𝟒

𝟒
𝐥𝐧(𝟐)) 

 
Note section : 

Harmonic numbers: ∑
𝟏

𝒌
= 𝑯𝒏

𝒏
𝒌=𝟏  ; ∑

𝟏

𝒌𝒎
= 𝑯 (𝒎)

𝒏
𝒏
𝒌=𝟏  
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𝝏

𝝏𝒏
𝑯𝒏 = 𝜻(𝟐) − 𝑯

(𝟐)

𝒏
; 
𝝏𝟐

𝝏𝒏𝟐
𝑯𝒏 = 𝟐𝑯

(𝟑)

𝒏
− 𝟐𝜻(𝟑); ∑ (±𝒙)𝒏𝑯𝒏 = −

𝐥𝐧 (𝟏 ± 𝒙)

𝟏 ± 𝒙

∞

𝒏=𝟏
 

𝑯𝒏 = 𝝍
(𝟎)(𝒏 + 𝟏) + ᵧ 

Skew harmonic numbers: 

∑
(−𝟏 )𝒌−𝟏

𝒌
= 𝐥𝐧(𝟐) − ∫

(−𝒙)𝒏

𝟏 + 𝒙
= 𝑯𝒏

𝟏

𝟎

𝒏

𝒌=𝟏
 

∑ (−𝟏)𝒏𝑯𝒏𝒙
𝒏 =

𝐥𝐧 (𝟏 − 𝒙)

𝟏 + 𝒙

∞

𝒏=𝟏
 

∑
𝑯𝒏
𝒏𝟐𝒏

=
𝜻(𝟐)

𝟐
;  ∑

𝑯𝒏
𝒏𝟐𝟐𝒏

= 𝜻(𝟑) −
𝟏

𝟐
𝐥𝐧 (𝟐)𝜻(𝟐)

∞

𝒏=𝟏

∞

𝒏=𝟏
 

∑
𝑯 (𝟐)

𝒏

𝒏𝟐𝟐𝒏
+ 𝟐∑

𝑯𝒏
𝒏𝟑𝟐𝒏

= 𝟑𝑳𝒊𝟒 (
𝟏

𝟐
) +

𝟏

𝟐
𝑳𝒊
𝟐

𝟐
(
𝟏

𝟐

∞

𝒏=𝟏

∞

𝒏=𝟏
) 

∑
𝑯𝒏
𝒏𝟑𝟐𝒏

= 𝑳𝒊𝟒 (
𝟏

𝟐
) + 𝐥𝐧(𝟐)𝑳𝒊𝟑 (

𝟏

𝟐
) −

𝟏

𝟐
𝑳𝒊
𝟐

𝟐
(
𝟏

𝟐
)

∞

𝒏=𝟏
 

Polylogarithm function: 

𝑳𝒊𝒂(𝒛) = ∑
𝒛𝒏

𝒏𝒂
 ;   𝑳𝒊𝒂(𝟏) = 𝜻(𝒂)

∞
𝒏=𝟏  𝑳𝒊𝟐 (

𝟏

𝟐
) =

𝝅𝟏𝟐

𝟏𝟐
−
𝒍𝒏𝟐(𝟐)

𝟐
 

𝝏

𝝏𝒛
𝑳𝒊𝒂(𝒛) =

𝑳𝒊𝒂−𝟏(𝒛)

𝒛
;  𝑳𝒊𝟏(𝒛) = − 𝐥𝐧(𝟏 − 𝒛) ;  ∫ 𝒙𝒏−𝟏𝑳𝒊𝟐(𝒙)𝒅𝒙 =

𝜻(𝟐)

𝒏
−
𝑯𝒏
𝒏𝟐

𝟏

𝟎

 

∫ 𝒙𝒏−𝟏𝑳𝒊𝟑(𝒙)𝒅𝒙 =
𝜻(𝟑)

𝒏
−
𝜻(𝟐)

𝒏𝟐
+
𝑯𝒏
𝒏𝟑

𝟏

𝟎

 

∫ 𝒙𝒏−𝟏𝒍𝒏𝟐(𝒙)𝒅𝒙 =
𝒍𝒏𝟐(𝟐)

𝟐𝒏𝒏
+
𝟐𝐥𝐧 (𝟐)

𝟐𝒏𝒏𝟐
+

𝟐

𝟐𝒏𝒏𝟑

𝟏
𝟐

𝟎

 

 

2365. 𝐈𝐟 𝛂 > 2, 𝑡ℎ𝑒𝑛 ∶ 

𝟐𝜶. 𝐜𝐨𝐬 (
𝛑

𝛂
) + 𝐞

𝟐∫
𝟏−𝐜𝐨𝐬𝒙
𝒙𝟑

𝐝𝒙
𝟐𝛂

𝛂 < 𝟐(𝛂 + 𝟏). 𝐜𝐨𝐬 (
𝛑

𝛂 + 𝟏
) 

  Proposed by Pavlos Trifon-Greece 
 
 
 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐅𝐢𝐫𝐬𝐭𝐥𝐲, 𝒙 ≥ 𝛂 > 2 𝑎𝐧𝐝 𝐧𝐨𝐰, ∀ 𝒙 ∈ (𝟐,∞),
𝟏 − 𝐜𝐨𝐬 𝒙

𝒙𝟑
<
? 𝟐

𝟓𝒙
 

⇔ 𝟐𝒙𝟐 + 𝟓 𝐜𝐨𝐬𝒙 − 𝟓 >
?
⏟
(∗)

𝟎 

𝐋𝐞𝐭 𝐅(𝒙) = 𝟐𝒙𝟐 + 𝟓𝐜𝐨𝐬𝒙 − 𝟓 ∀ 𝒙 ∈ [𝟐,∞⟩ 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐅′(𝒙) = 𝟒𝒙 − 𝟓𝐬𝐢𝐧𝒙 

≥
𝐬𝐢𝐧 𝒙 ≤ 𝟏

𝟒𝒙 − 𝟓 ≥
𝒙 ≥ 𝟐

𝟑 > 0 ⇒ 𝐅(𝒙) 𝐢𝐬 ↑ 𝐨𝐧 [𝟐,∞⟩ ⇒ 𝐅(𝒙) ≥ 𝐅(𝟐) = 𝟖 + 𝟓𝐜𝐨𝐬𝟐 − 𝟓 
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≈ 𝟎.𝟗𝟏𝟗 > 0 ∴ ∀ 𝒙 ∈ (𝟐,∞), 𝟐𝒙𝟐 + 𝟓𝐜𝐨𝐬𝒙 − 𝟓 > 0 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ ∀ 𝒙 ∈ (𝟐,∞),
𝟏 − 𝐜𝐨𝐬𝒙

𝒙𝟑
<
𝟐

𝟓𝒙
⇒ 𝟐∫

𝟏− 𝐜𝐨𝐬𝒙

𝒙𝟑
𝐝𝒙

𝟐𝛂

𝛂

< 2∫
𝟐

𝟓𝒙
𝐝𝒙

𝟐𝛂

𝛂

=
𝟒

𝟓
(𝐥𝐧𝟐𝛂 − 𝐥𝐧𝛂) 

=
𝟒

𝟓
. 𝐥𝐧 𝟐 ⇒ 𝐞

𝟐 ∫
𝟏−𝐜𝐨𝐬 𝒙
𝒙𝟑

𝐝𝒙
𝟐𝛂
𝛂 < 𝐞

(
𝟒
𝟓
.𝐥𝐧𝟐)

= √𝟏𝟔
𝟓

∴ 𝟐𝛂. 𝐜𝐨𝐬 (
𝛑

𝛂
) + 𝐞

𝟐 ∫
𝟏−𝐜𝐨𝐬 𝒙
𝒙𝟑

𝐝𝒙
𝟐𝛂
𝛂  

< 𝟐𝛂. 𝐜𝐨𝐬 (
𝛑

𝛂
) + √𝟏𝟔

𝟓
<
?
𝟐(𝛂 + 𝟏). 𝐜𝐨𝐬 (

𝛑

𝛂 + 𝟏
) 

⇔ (𝛂 + 𝟏). 𝐜𝐨𝐬 (
𝛑

𝛂 + 𝟏
) − 𝛂. 𝐜𝐨𝐬 (

𝛑

𝛂
) >
?
⏟
(⦁)

√𝟏𝟔
𝟓

𝟐
 

𝐋𝐞𝐭 𝐟(𝐭) = 𝐭. 𝐜𝐨𝐬
𝛑

𝐭
 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐟 ′(𝐭) =

𝛑

𝐭
. 𝐬𝐢𝐧

𝛑

𝐭
+ 𝐜𝐨𝐬

𝛑

𝐭
∴ 𝐋𝐇𝐒 𝐨𝐟 (⦁) 

= 𝐟(𝛂 + 𝟏) − 𝐟(𝛂) =
𝐌𝐕𝐓

((𝛂 + 𝟏) − 𝛂)
𝛑

𝛏
. 𝐬𝐢𝐧

𝛑

𝛏
+ 𝐜𝐨𝐬

𝛑

𝛏
 (𝟐 < 𝛼 < 𝛏 < 𝛂 + 𝟏) 

∴ 𝐋𝐇𝐒 𝐨𝐟 (⦁) =
𝛑

𝛏
. 𝐬𝐢𝐧

𝛑

𝛏
+ 𝐜𝐨𝐬

𝛑

𝛏
→ (𝟏) 𝒂𝐧𝐝 ∵ 𝛏 > 2 ∴ 𝟎 <

𝛑

𝛏
<
𝛑

𝟐
 𝒂𝐧𝐝 𝐥𝐞𝐭  

𝐏(𝛉) = 𝛉. 𝐬𝐢𝐧𝛉 + 𝐜𝐨𝐬𝛉 ∀ 𝛉 ∈ [𝟎,
𝛑

𝟐
) ∴ 𝐏′(𝛉) = 𝛉. 𝐜𝐨𝐬𝛉 ≥ 𝟎 ⇒ 𝐏(𝒙) 𝐢𝐬 ↑ 𝐨𝐧 [𝟎,

𝛑

𝟐
) 

⇒ 𝐏(𝒙) ≥ 𝐏(𝟎) = 𝟏 ∴ ∀ 𝛉 ∈ (𝟎,
𝛑

𝟐
) , 𝛉. 𝐬𝐢𝐧𝛉 + 𝐜𝐨𝐬𝛉 > 1 ∴ 𝐯𝐢𝒂 (𝟏), 𝐋𝐇𝐒 𝐨𝐟 (⦁) > 1 

>
√𝟏𝟔
𝟓

𝟐
⇒ (⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝟐𝛂. 𝐜𝐨𝐬 (

𝛑

𝛂
) + 𝐞

𝟐∫
𝟏−𝐜𝐨𝐬𝒙
𝒙𝟑

𝐝𝒙
𝟐𝛂
𝛂 < 𝟐(𝛂 + 𝟏). 𝐜𝐨𝐬 (

𝛑

𝛂 + 𝟏
) 

∀ 𝛂 > 2 (𝑄𝐸𝐷) 
 

2366. 

𝑰𝒇∫
𝒂𝒓𝒄𝒕𝒂𝒏𝟐(𝒙)𝐥𝐨𝐠 (

𝒙
𝟏 − 𝒙𝟐

)

𝟏 + 𝒙𝟐
𝒅𝒙 =

𝟕𝝅𝜻(𝒂)

𝟏𝟐𝟖
−
𝝅𝜻(𝒃)𝐥𝐧 (𝟐)

𝟑𝟐

𝟏

𝟎

 

then prove that : 

∫
(𝑳𝒊𝒂+𝒃(−𝒙) − 𝑳𝒊𝒂−𝒃(−𝒙))

𝟏 + 𝒙𝟐
𝒅𝒙 = 𝑮 +

𝝅

𝟒
𝐥𝐧(𝟐) −

𝟏𝟓𝝅

𝟏𝟎𝟐𝟒
𝜻(𝟓) − 𝟓𝜷(𝟔)

∞

𝟎

 

Proposed by Shirvan Tahirov-Azerbaijan 
 
 
 
Solution 1 by Amin Hajiyev-Azerbaijan 

   

∫
𝒂𝒓𝒄𝒕𝒂𝒏𝟐(𝒙)𝐥𝐨𝐠 (

𝒙
𝟏− 𝒙𝟐

)

𝟏 + 𝒙𝟐
𝒅𝒙 =⏞

{𝐚𝐫𝐜𝐭𝐚𝐧(𝒙)→𝒙}

∫ 𝒙𝟐𝐥𝐧 (
𝟐 𝐭𝐚𝐧(𝒙)

𝟐(𝟏− 𝒕𝒂𝒏𝟐(𝒙))
)𝒅𝒙

𝝅
𝟒

𝟎

𝟏

𝟎

= ∫ 𝒙𝟐 𝐥𝐧 (
𝐭𝐚𝐧(𝟐𝒙)

𝟐
)𝒅𝒙 =

𝝅
𝟒

𝟎
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∫ 𝒙𝟐 𝐥𝐧(𝐭𝐚𝐧(𝟐𝒙)) − 𝐥𝐧 (𝟐))𝒅𝒙 = ∫ 𝒙𝟐 𝐥𝐧(𝐭𝐚𝐧(𝟐𝒙)) − 𝐥𝐧 (𝟐))𝒅𝒙 − 𝐥𝐧 (𝟐)

𝝅
𝟒

𝟎

𝝅
𝟒

𝟎

∫ 𝒙𝟐𝒅𝒙 =⏞
𝟐𝒙→𝒙

𝝅
𝟒

𝟎

 

𝟏

𝟖
∫ 𝒙𝟐 𝐥𝐧(𝐭𝐚𝐧(𝒙))𝒅𝒙 − 𝐥𝐧(𝟐)

𝝅
𝟒
𝟎

𝒙𝟑

𝟑
=
𝟏

𝟖
𝑱 −
𝝅𝟑𝐥𝐧 (𝟐)

𝟏𝟗𝟐

𝝅
𝟐

𝟎

 

𝑱 =⏞
𝑭𝒐𝒖𝒓𝒍𝒆𝒓 𝒔𝒆𝒓𝒊𝒆𝒔

− 𝟐∑
𝟏

𝟐𝒏+ 𝟏
∫ 𝒙𝟐 𝐜𝐨𝐬(𝟐𝒙(𝟐𝒏+ 𝟏))𝒅𝒙

𝝅
𝟐

𝟎⏟                  
=

𝑰𝑩𝑷

𝟐∑
𝟏

(𝟐𝒏 + 𝟏)
(
𝝅𝟐 𝐬𝐢𝐧(𝟐𝝅𝒏)

𝟖(𝟐𝒏+ 𝟏)𝟐

∞

𝒏=𝟎

∞

𝒏=𝟎

− 
𝐬𝐢𝐧 (𝟐𝝅𝒏)

𝟒(𝟐𝒏+ 𝟏)𝟑
+
𝝅𝐜𝐨𝐬 (𝟐𝝅𝒏)

𝟒(𝟐𝒏+ 𝟏)𝟐
) =

𝝅𝟐

𝟒
∑

𝐬𝐢𝐧(𝟐𝝅𝒏)

(𝟐𝒏 + 𝟏)𝟑
−
𝟏

𝟐
∑

𝐬𝐢𝐧(𝟐𝝅𝒏)

(𝟐𝒏 + 𝟏)𝟒

∞

𝒏=𝟎

∞

𝒏=𝟎⏟                            
{𝐬𝐢𝐧(𝟐𝝅𝒏)=𝟎,𝒏⦓𝒁}

+
𝝅

𝟐
∑

𝐜𝐨𝐬 (𝟐𝝅𝒏)

(𝟐𝒏 + 𝟏)𝟑

∞

𝒏=𝟎
 

=
𝝅

𝟒
(∑

(−𝟏)𝒏+𝟏

𝒏𝟑
+∑

𝟏

𝒏𝟑
) =

𝟕𝝅𝜻(𝟑)

𝟏𝟔
∞
𝒏=𝟎

∞
𝒏=𝟎  

Ω=
𝟏

𝟖
𝑱 −

𝝅𝟑 𝐥𝐧(𝟐)

𝟏𝟗𝟐
=
𝟕𝝅𝜻(𝟑)

𝟏𝟐𝟖
−
𝝅𝜻(𝟐) 𝐥𝐧(𝟐)

𝟑𝟐
 ;  Ω =

𝟕𝝅𝜻(𝒂)

𝟏𝟐𝟖
−
𝝅𝜻(𝒃) 𝐥𝐧(𝟐)

𝟑𝟐
  {𝒂 = 𝟑, 𝒃 = 𝟐} 

𝑰 = ∫
(𝑳𝒊𝒂+𝒃(−𝒙) − 𝑳𝒊𝒂−𝒃(−𝒙))

𝟏 + 𝒙𝟐
𝒅𝒙 = ∫

𝑳𝒊𝟓(−𝒙)

𝟏 + 𝒙𝟐
𝒅𝒙 − ∫

𝑳𝒊𝟏(−𝒙)

𝟏 + 𝒙𝟐
𝒅𝒙 = 𝑰𝟏 − 𝑰𝟐

∞

𝟎

∞

𝟎

∞

𝟎

 

𝑰𝟏 = ∫
𝑳𝒊𝟓(−𝒙)

𝟏 + 𝒙𝟐
𝒅𝒙

∞

𝟎

= ∫
𝟏

𝟏 + 𝒙𝟐
(−

𝟏

𝟐𝟒
∫
𝒙𝒍𝒏𝟒(𝒚)

𝟏 + 𝒙𝒚
𝒅𝒚)𝒅𝒙

𝟏

𝟎

∞

𝟎

= −
𝟏

𝟐𝟒
∫ 𝒍𝒏𝟒(𝒚)(∫

𝟏

(𝟏 + 𝒙𝒚)(𝟏 + 𝒙𝟐)
𝒅𝒙)𝒅𝒚 =

∞

𝟎

𝟏

𝟎

 

-
𝟏

𝟐𝟒
∫ 𝒍𝒏𝟒(𝒚) (

𝝅

𝟐

𝒚

𝟏+𝒚𝟐
−
𝐥𝐧(𝒚)

𝟏+𝒚𝟐
)𝒅𝒚 = −

𝝅

𝟒𝟖
∫

𝒚𝒍𝒏𝟒(𝒚)

𝟏+𝒚𝟐
𝒅𝒚 +

𝟏

𝟐𝟒
∫

𝒍𝒏𝟓(𝒚)

𝟏+𝒚𝟐
𝒅𝒚 = −

𝝅

𝟒𝟖
𝑴+

𝟏

𝟐𝟒
𝑵

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎
 

𝑴 = ∫
𝒚𝒍𝒏𝟒(𝒚)

𝟏 + 𝒚𝟐
𝒅𝒚

𝟏

𝟎

=∑ (−𝟏)𝒏∫ 𝒚𝟐𝒏+𝟏𝒍𝒏𝟒(𝒚)𝒅𝒚 =⏞
𝑰𝑩𝑷 𝟐𝟒

𝟑𝟐
∑

(−𝟏)𝒏

(𝒏 + 𝟏)𝟓
=
𝟐𝟒

𝟑𝟐
𝜼(𝟓) =

∞

𝒏=𝟎

𝟏

𝟎

∞

𝒏=𝟎

𝟒𝟓

𝟔𝟒
𝜻(𝟓) 

𝑵 = ∫
𝒍𝒏𝟓(𝒚)

𝟏 + 𝒚𝟐
𝒅𝒚 =∑ (−𝟏)𝒏∫ 𝒚𝟐𝒏𝒍𝒏𝟓(𝒚)𝒅𝒚 =⏞

𝑰𝑩𝑷

− 𝟏𝟐𝟎∑
(−𝟏)𝒏

(𝟐𝒏 + 𝟏)𝟔
= −𝟏𝟐𝟎𝜷(𝟔)

∞

𝒏=𝟎

𝟏

𝟎

∞

𝒏=𝟎

𝟏

𝟎

 

 

𝑰𝟏 = −
𝝅

𝟒𝟖
𝑴+

𝟏

𝟐𝟒
𝑵 = −

𝟏𝟓𝝅𝜻(𝟓)

𝟏𝟎𝟐𝟒
− 𝟓𝞫(𝟔) 

Dirichlet beta function : 𝞫(z)=∑
(−𝟏)𝒏

(𝟐𝒏+𝟏)𝒛
∞
𝒏=𝟎  

𝑰𝟐 = ∫
𝑳𝒊𝟏(−𝒙)

𝟏 + 𝒙𝟐
𝒅𝒙 = −∫

𝐥𝐧 (𝟏 + 𝒙)

𝟏 + 𝒙𝟐
𝒅𝒙 = −∫

𝐥𝐧 (𝟏 + 𝒙)

𝟏 + 𝒙𝟐
𝒅𝒙 −∫

𝐥𝐧 (𝟏 + 𝒙)

𝟏 + 𝒙𝟐
𝒅𝒙 =

𝟏

𝟎

∞

𝟏

∞

𝟎

∞

𝟎

 

∫
𝐥𝐧 (𝒙)

𝟏 + 𝒙𝟐
𝒅𝒙 − 𝟐∫

𝐥𝐧 (𝟏 + 𝒙)

𝟏 + 𝒙𝟐
𝒅𝒙 = 𝑲− 𝟐𝑷

𝟏

𝟎

𝟏

𝟎

 

𝑲 = ∫
𝐥𝐧 (𝒙)

𝟏 + 𝒙𝟐
𝒅𝒙 =∑ (−𝟏)𝒏∫ 𝒙𝟐𝒏 𝐥𝐧(𝒙) 𝒅𝒙 = −∑

(−𝟏)𝒏

(𝟐𝒏 + 𝟏)𝟐
= −𝑮

∞

𝒏=𝟎

𝟏

𝟎

∞

𝒏=𝟎

𝟏

𝟎
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∫
𝐥𝐧 (𝟏 + 𝒙)

𝟏 + 𝒙𝟐
𝒅𝒙 =⏞

{𝐚𝐫𝐜𝐭𝐚𝐧(𝒙)→𝒙}

∫ 𝐥𝐧(𝟏 + 𝐭𝐚𝐧(𝒙))𝒅𝒙 = ∫ 𝐥𝐧 (√𝟐𝒄𝒐𝒔(
𝝅

𝟒
− 𝒙))

𝝅
𝟒

𝟎⏟              
𝝅
𝟒
−𝒙→𝒙

𝒅𝒙 −

𝝅
𝟒

𝟎

𝟏

𝟎

 

∫ 𝐥𝐧(𝐜𝐨𝐬(𝒙)) 𝒅𝒙 =
𝐥𝐧 (𝟐)

𝟐
∫ 𝒅𝒙 +∫ 𝐥𝐧(𝐜𝐨𝐬(𝒙))𝒅𝒙 =

𝝅𝐥𝐧 (𝟐)

𝟖

𝝅
𝟒

𝟎

𝝅
𝟒

𝟎

𝝅
𝟒

𝟎

 

𝑰𝟐 = 𝑲− 𝟐𝑷 = −𝑮 −
𝝅

𝟒
𝐥𝐧 (𝟐) 

Answer: 

∫
𝑳𝒊𝟓(−𝒙)

𝟏 + 𝒙𝟐
𝒅𝒙 −∫

𝑳𝒊𝟏(−𝒙)

𝟏 + 𝒙𝟐
𝒅𝒙 = 𝑰𝟏 − 𝑰𝟐

∞

𝟎

∞

𝟎

= 𝑮 +
𝝅

𝟒
𝐥𝐧(𝟐) −

𝟏𝟓𝝅

𝟏𝟎𝟐𝟒
𝜻(𝟓) − 𝟓𝜷(𝟔) 

Solution 2 by Pham Duc Nam-Vietnam 

𝑰 = ∫
𝒂𝒓𝒄𝒕𝒂𝒏𝟐(𝒙)𝐥𝐨𝐠 (

𝒙
𝟏 − 𝒙𝟐

)

𝟏 + 𝒙𝟐
𝒅𝒙 = ∫

𝒂𝒓𝒄𝒕𝒂𝒏𝟐(𝒙)𝐥𝐧 (
𝟐𝒙

𝟏 − 𝒙𝟐
) − 𝒂𝒓𝒄𝒕𝒂𝒏𝟐(𝒙)𝐥𝐧 (𝟐)

𝟏 + 𝒙𝟐
𝒅𝒙 =

𝟏

𝟎

𝟏

𝟎

 

𝟏

𝟒
∫
𝒂𝒓𝒄𝒕𝒂𝒏𝟐 (

𝟐𝒙
𝟏 − 𝒙𝟐

) 𝐥𝐧 (
𝟐𝒙

𝟏 − 𝒙𝟐
)

𝟏 + 𝒙𝟐
𝒅𝒙 −

𝟏

𝟑
𝐥𝐧(𝟐)𝒂𝒓𝒄𝒕𝒂𝒏𝟐(𝒙)

𝟏

𝟎
= 𝑰𝟏 −

𝝅𝟑𝒍𝒏(𝟐)

𝟏𝟗𝟐

𝟏

𝟎

 

𝑰𝟏 =
𝟏

𝟒
∫
𝒂𝒓𝒄𝒕𝒂𝒏𝟐 (

𝟐𝒙
𝟏 − 𝒙𝟐

) 𝐥𝐧 (
𝟐𝒙

𝟏 − 𝒙𝟐
)

𝟏 + 𝒙𝟐
𝒅𝒙

𝟏

𝟎

 𝒍𝒆𝒕: 𝒙 =
𝟏 − 𝒕

𝟏 + 𝒕
→ 𝒅𝒙 = −

𝟐

(𝟏 + 𝒕)𝟐
→ 

𝑰𝟏 = −
𝟏

𝟒
∫
𝒂𝒓𝒄𝒕𝒂𝒏𝟐 (

𝟏 − 𝒙𝟐

𝟐𝒙
) 𝐥𝐧(

𝟐𝒙
𝟏 − 𝒙𝟐

)

𝟏 + 𝒙𝟐
𝒅𝒙

𝟏

𝟎

→ 

𝟐𝑰𝟏 =
𝟏

𝟒
∫

𝐥𝐧(
𝟐𝒙

𝟏 − 𝒙𝟐
)(𝒂𝒓𝒄𝒕𝒂𝒏𝟐 (

𝟐𝒙
𝟏 − 𝒙𝟐

) − 𝒂𝒓𝒄𝒕𝒂𝒏𝟐 (
𝟏 − 𝒙𝟐

𝟐𝒙 ))

𝟏 + 𝒙𝟐
𝒅𝒙 =

𝟏

𝟎

 

𝝅

𝟖
∫
𝐥𝐧 (

𝟐𝒙
𝟏 − 𝒙𝟐

)(𝟐𝐚𝐫𝐜𝐭𝐚𝐧 (
𝟐𝒙

𝟏 − 𝒙𝟐
) −

𝝅
𝟐)

𝟏 + 𝒙𝟐
𝒅𝒙 =⏞

𝒙→𝐭𝐚𝐧 (𝒙)𝝅

𝟖
∫ 𝐥𝐧(𝐭𝐚𝐧(𝟐𝒙)) (𝟒𝒙−

𝝅

𝟐
)𝒅𝒙

𝟏

𝟎

𝟏

𝟎

= 

𝝅

𝟐
∫ 𝒙𝒍𝒏(𝐭𝐚𝐧(𝟐𝒙))𝒅𝒙 −

𝝅𝟐

𝟏𝟔
∫ 𝐥𝐧(𝐭𝐚𝐧(𝟐𝒙))𝒅𝒙 =⏞

𝒙→𝟐𝒙
𝝅
𝟒

𝟎

𝝅
𝟒

𝟎

𝝅

𝟖
∫ 𝒙𝒍𝒏(𝐭𝐚𝐧(𝒙))𝒅𝒙

𝝅
𝟐

𝟎

−
𝝅𝟐

𝟑𝟐
∫ 𝒙𝒍𝒏(𝐭𝐚𝐧(𝒙))𝒅𝒙 =
𝟏

𝟎

 

𝝅

𝟖
.
𝟕

𝟖
𝜻(𝟑) −

𝝅𝟐

𝟑𝟐
. 𝟎 =

𝟕𝝅

𝟔𝟒
𝜻(𝟑)      𝑰𝟏 =

𝟕𝝅

𝟏𝟐𝟖
𝜻(𝟑)  − − −− > > > > 

𝑰 =
𝟕𝝅

𝟏𝟐𝟖
𝜻(𝟑) −

𝝅𝟑 𝐥𝐧(𝟐)

𝟏𝟗𝟐
=
𝟕𝝅

𝟏𝟐𝟖
𝜻(𝟑) −

𝝅𝜻(𝟐) 𝐥𝐧(𝟐)

𝟑𝟐
 => 𝑎 = 3 , 𝑏 = 2 

𝑱 = ∫
𝑳𝒊𝟓(−𝒙) − 𝑳𝒊𝟏(−𝒙)

𝟏 + 𝒙𝟐
𝒅𝒙 = ∫

𝑳𝒊𝟓(−𝒙)

𝟏 + 𝒙𝟐
𝒅𝒙 +∫

𝐥𝐧 (𝟏 + 𝒙)

𝟏 + 𝒙𝟐
𝒅𝒙 = 𝑱𝟏 + 𝑱𝟐

∞

𝟎

∞

𝟎

∞

𝟎

 

𝑱𝟏 = ∫
𝑳𝒊𝟓(−𝒙)

𝟏 + 𝒙𝟐
𝒅𝒙 = −

𝟏

𝟐𝟒
∫ 𝒍𝒏𝟒(𝒕)𝒅𝒕∫

𝒙

(𝟏 + 𝒙𝟐)(𝟏 + 𝒙𝒕)
𝒅𝒙 =

∞

𝟎

𝟏

𝟎

∞

𝟎

 

−
𝟏

𝟐𝟒
∫
𝒍𝒏𝟒(𝒕)

𝟏 + 𝒕𝟐
𝒅𝒕∫ (

𝒙 + 𝒕

𝟏 + 𝒙𝟐
−

𝒕

𝟏 + 𝒙𝒕
)𝒅𝒙 = −

𝟏

𝟐𝟒
∫
𝒍𝒏𝟒(𝒕)

𝟏 + 𝒕𝟐
𝒅𝒕(𝒕𝒂𝒓𝒄𝒕𝒂𝒏(𝒙) +

𝟏

𝟎

∞

𝟎

𝟏

𝟎
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𝟏

𝟐
𝐥𝐧(𝒙𝟐 + 𝟏) − 𝐥𝐧 (𝟏 + 𝒙𝒕))

∞

𝟎
= −

𝟏

𝟐𝟒
∫
𝒍𝒏𝟒(𝒕)

𝟏 + 𝒕𝟐
(
𝝅

𝟐
𝒕 − 𝐥𝐧(𝒕)) 𝒅𝒕 = −

𝝅

𝟏𝟓𝟑𝟔
∫
𝒍𝒏𝟒(𝒕𝟐)

𝟏 + 𝒕𝟐
𝒅(𝒕𝟐)

𝟏

𝟎

𝟏

𝟎

 

+
𝟏

𝟐𝟒
∫

𝒍𝒏𝟓(𝒕)

𝟏+𝒕𝟐
𝒅𝒕 = −

𝟏

𝟎

𝝅

𝟏𝟓𝟑𝟔
∫

𝒍𝒏𝟒(𝒕)

𝟏+𝒕
+

𝟏

𝟐𝟒
∑ (−𝟏)𝒏 ∫ 𝒕𝟐𝒏𝒍𝒏𝟓(𝒕)𝒅𝒕

𝟏

𝟎
∞
𝒏=𝟎

𝟏

𝟎
 

𝒂𝒑𝒑𝒍𝒚:∫
𝒍𝒏𝒏(𝒕)

𝟏 + 𝒕
𝒅𝒕 = (−

𝟏

𝟐
)
𝒏

(𝟐𝒏 − 𝟏)𝜻(𝒏 + 𝟏)𝜞(𝒏 + 𝟏)𝒏 = 𝟒 =>
𝟏

𝟎

 

∫
𝒍𝒏𝟒(𝒕)

𝟏+𝒕
𝒅𝒕 =

𝟏

𝟏𝟔
. 𝟏𝟓. 𝜻(𝟓).𝜞(𝟓) =

𝟒𝟓

𝟐
𝜻(𝟓)      

𝟏

𝟎
 => 

𝑱𝟏 = −
𝝅

𝟏𝟓𝟑𝟔
.
𝟒𝟓

𝟐
𝜻(𝟓) −

𝟏𝟐𝟎

𝟐𝟒
.∑ (−𝟏)𝒏

𝟏

(𝟐𝒏 + 𝟏)𝟔
= −

∞

𝒏=𝟎

𝟏𝟓𝝅

𝟏𝟎𝟐𝟒
𝜻(𝟓) − 𝟓𝞫(𝟔) 

𝑱 =  𝑮 +
𝝅

𝟒
𝐥𝐧(𝟐) −

𝟏𝟓𝝅

𝟏𝟎𝟐𝟒
𝜻(𝟓) − 𝟓𝜷(𝟔) 

2367. Find: 
 

𝛀 = ∑∑
(−𝟏)𝒏

𝟐𝒏+𝒌(𝒏 + 𝒌)𝟑
= −

𝟏

𝟖
𝑳𝒊𝟑(

𝟏

𝟒
)

∞

𝒌=𝟏

∞

𝒏=𝟏

 

Proposed by Shirvan Tahirov-Azerbaijan 
Solution by Amin Hajiyev-Azerbaijan 

 

∑∑
(−𝟏)𝒏

𝟐𝒏+𝒌(𝒏 + 𝒌)𝟑
=
𝟏

𝟐
∑
(−𝟏)𝒏

𝟐𝒏
∫ 𝒙𝒏−𝟏𝒍𝒐𝒈𝟐(𝒙)∑

𝒙𝒌

𝟐𝒌

∞

𝒌=𝟏⏟  
𝑮𝑺

𝟏

𝟎

∞

𝒏=𝟏

∞

𝒌=𝟏

∞

𝒏=𝟏

𝒅𝒙 

𝟏

𝟐
∫
𝒍𝒐𝒈𝟐(𝒙)

𝟐 − 𝒙
∑
(−𝟏)𝒏𝒙𝒏

𝟐𝒏
𝒅𝒙 = −

𝟏

𝟐
∫

𝒙𝒍𝒐𝒈𝟐(𝒙)

(𝟐 − 𝒙)(𝟐 + 𝒙)
𝒅𝒙 =

𝟏

𝟎

∞

𝒏=𝟏

𝟏

𝟎

 

−
𝟏

𝟐
∫
𝒙𝒍𝒐𝒈𝟐(𝒙)

𝟒 − 𝒙𝟐
𝒅𝒙 = −

𝟏

𝟖
∫
𝒙𝒍𝒐𝒈𝟐(𝒙)

𝟏 − (
𝒙
𝟐)
𝟐
𝒅𝒙 = −

𝟏

𝟖
∑

𝟏

𝟒𝒏
∫ 𝒙𝟐𝒏+𝟏𝒍𝒐𝒈𝟐(𝒙)𝒅𝒙 =
𝟏

𝟎

∞

𝒏=𝟎

𝟏

𝟎

𝟏

𝟎

 

−
𝟐

𝟏𝟔. 𝟒
∑

𝟏

𝟒𝒏(𝒏 + 𝟏)𝟑
= −

𝟏

𝟑𝟐
∑

𝟒

𝟒𝒏𝒏𝟑
= −

𝟏

𝟖
𝑳𝒊𝟑(

∞

𝒏=𝟏

∞

𝒏=𝟎

𝟏

𝟒
)   

 
 
 
 
2368. Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(
(𝟐𝒏 + 𝟏)𝒍𝒐𝒈 (

𝒏𝒏

𝒏!
)

𝒏𝟑𝒔𝒊𝒏 (
𝝅
𝒏
)

) 
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Proposed by Khaled Abd Imouti-Syria 
Solution by Daniel Sitaru-Romania 
 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(
(𝟐𝒏+ 𝟏)𝒍𝒐𝒈(

𝒏𝒏

𝒏!)

𝒏𝟑𝒔𝒊𝒏 (
𝝅
𝒏)

) = 𝐥𝐢𝐦
𝒏→∞

𝟏

𝝅
∙
𝟐𝒏 + 𝟏

𝒏
∙

𝝅
𝒏

𝒔𝒊𝒏(
𝝅
𝒏)
∙
𝒍𝒐𝒈 (

𝒏𝒏

𝒏!)

𝒏
= 

 

=
𝟏

𝝅
∙ 𝟐 ∙ 𝟏 ∙ 𝐥𝐢𝐦

𝒏→∞

𝒍𝒐𝒈 (
𝒏𝒏

𝒏!
)

𝒏
=⏞
𝑻𝑪𝑺 𝟐

𝝅
𝐥𝐢𝐦
𝒏→∞

𝒍𝒐𝒈(
(𝒏 + 𝟏)𝒏+𝟏

(𝒏 + 𝟏)!
) − 𝒍𝒐𝒈(

𝒏𝒏

𝒏!
)

𝒏 + 𝟏 − 𝒏
= 

 

=
𝟐

𝝅
𝐥𝐢𝐦
𝒏→∞

𝒍𝒐𝒈(
(𝒏 + 𝟏)𝒏+𝟏

(𝒏 + 𝟏)!
∙
𝒏!

𝒏𝒏
) = 

 

=
𝟐

𝝅
𝐥𝐢𝐦
𝒏→∞

𝒍𝒐𝒈(
(𝒏 + 𝟏)𝒏

𝒏𝒏
) =

𝟐

𝝅
𝐥𝐢𝐦
𝒏→∞

𝒍𝒐𝒈(𝟏 +
𝟏

𝒏
)
𝒏

=
𝟐

𝝅
𝒍𝒐𝒈𝒆 =

𝟐

𝝅
 

 
 
 
 
2369. Prove that: 

𝐈 = ∫∫∫∑
𝐥𝐨𝐠 (𝒙 + 𝒚)

√𝒙 + 𝒚
𝐱,𝐲,𝐳

𝐝𝐱

𝟏

𝟎

𝐝𝐲

𝟏

𝟎

𝐝𝐳

𝟏

𝟎

= 𝟖√𝟐 𝐥𝐨𝐠(𝟐) − 𝟔𝟒(
√𝟐 − 𝟏

𝟑
) 

Proposed by Ankush Kumar Parcha-India 
 
 
 
 
 
 
 
Solution by Togrul Ehmedov-Azerbaijan 
 



 
www.ssmrmh.ro 

79 RMM-CALCULUS MARATHON 2301-2400 

 

𝐈 = ∫∫∫{
𝐥𝐨𝐠 (𝒙 + 𝒚)

√𝒙 + 𝒚
+
𝐥𝐨𝐠 (𝒙 + 𝒛)

√𝒙 + 𝒛
+
𝐥𝐨𝐠 (𝒛 + 𝒚)

√𝒛 + 𝒚
}𝐝𝐱

𝟏

𝟎

𝐝𝐲

𝟏

𝟎

𝐝𝐳

𝟏

𝟎

=

= ∫∫∫
𝐥𝐨𝐠 (𝒙 + 𝒚)

√𝒙 + 𝒚
𝐝𝐱

𝟏

𝟎

𝐝𝐲

𝟏

𝟎

𝐝𝐳

𝟏

𝟎

+∫∫∫
𝐥𝐨𝐠 (𝒙 + 𝒛)

√𝒙 + 𝒛
𝐝𝐱

𝟏

𝟎

𝐝𝐲

𝟏

𝟎

𝐝𝐳 =

𝟏

𝟎

+∫∫∫
𝐥𝐨𝐠 (𝒛 + 𝒚)

√𝒛 + 𝒚
𝐝𝐱

𝟏

𝟎

𝐝𝐲

𝟏

𝟎

𝐝𝐳

𝟏

𝟎

= 𝟑∫∫∫
𝐥𝐨𝐠 (𝒙 + 𝒚)

√𝒙 + 𝒚
𝐝𝐱

𝟏

𝟎

𝐝𝐲

𝟏

𝟎

𝐝𝐳 =

𝟏

𝟎

= 𝟑∫∫∫
𝐥𝐨𝐠 (𝒙 + 𝒚)

√𝒙 + 𝒚
𝐝𝐲

𝟏

𝟎

𝐝𝐱

𝟏

𝟎

𝟏

𝟎

 

Let √𝒙 + 𝒚 = 𝐦 

𝐈 = 𝟏𝟐∫ ∫ 𝐥𝐨𝐠(𝐦)𝐝𝐦

√𝐱+𝟏

√𝐱

𝐝𝐱

𝟏

𝟎

=

= 𝟏𝟐∫{√𝐱 + 𝟏 𝐥𝐨𝐠(√𝐱 + 𝟏) − √𝐱 + 𝟏 − √𝐱 𝐥𝐨𝐠(√𝐱) + √𝐱}𝐝𝐱

𝟏

𝟎

=

= 𝟏𝟐{
𝟐√𝟐

𝟑
𝐥𝐨𝐠(𝟐) −

𝟏𝟔√𝟐

𝟗
+
𝟏𝟔

𝟗
} = 𝟖√𝟐 𝐥𝐨𝐠(𝟐) − 𝟔𝟒(

√𝟐 − 𝟏

𝟑
) 

 
2370. Find: 

𝛀 = ∫ ∫ ∫
𝒅𝒙𝒅𝒚𝒅𝒛

√𝒙 + 𝟐𝒚 + 𝟑𝒛

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

 

Proposed by Ankush Kumar Parcha-India 
Solution by Mirsadix Muzefferov-Azerbaijan 
 

∫ ∫ ∫
𝒅𝒙𝒅𝒚𝒅𝒛

√𝒙 + 𝟐𝒚 + 𝟑𝒛
= ∫ ∫ (𝟐√𝒙 + 𝟐𝒚 + 𝟑𝒛

𝟏

𝟎

)
𝟏

𝟎

𝟏

𝟎
𝒅𝒚𝒅𝒛 = ∫ (𝟐√𝒙 + 𝟐𝒚 + 𝟑𝒛)

𝟏

𝟎

− √𝟐𝒚 + 𝟑𝒛)𝒅𝒚
𝟏

𝟎
𝒅𝒛

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

 

∫ 𝟐(
(𝟐𝒚 + 𝟑𝒛 + 𝟏)

𝟑
𝟐

𝟑
𝟐

.
𝟏

𝟐
−
(𝟐𝒚+ 𝟑𝒛)

𝟑
𝟐

𝟑
𝟐

.
𝟏

𝟐
)
𝟏

𝟎
𝒅𝒛

𝟏

𝟎

=∫ [(
𝟐

𝟑
(𝟑 + 𝟑𝒛)

𝟑
𝟐 −

𝟐

𝟑
(𝟑𝒛 + 𝟐)

𝟑
𝟐 − (

𝟐

𝟑
(𝟑𝒛 + 𝟏)

𝟑
𝟐 −

𝟐(𝟑𝒛)
𝟑
𝟐

𝟑
]𝒅𝒛

𝟏

𝟎

 

𝟐

𝟑
∫ [(𝟑 + 𝟑𝒛)

𝟑
𝟐 − (𝟑𝒛 + 𝟐)

𝟑
𝟐 − ((𝟑𝒛 + 𝟏)

𝟑
𝟐 − (𝟑𝒛)

𝟑
𝟐)] 𝒅𝒛 =

𝟐

𝟑
[
(𝟑 + 𝟑𝒛)

𝟓
𝟐

𝟓
𝟐

.
𝟏

𝟑
−
(𝟑𝒛 + 𝟐)

𝟓
𝟐

𝟓
𝟐

.
𝟏

𝟑
]
𝟏

𝟎
=

𝟏

𝟎

 

𝟒

𝟒𝟓
(𝟑𝟔√𝟔− 𝟐𝟓√𝟓 − 𝟏𝟔√𝟒+ 𝟗√𝟑− 𝟗√𝟑+ 𝟒√𝟐 + 𝟏) =

𝟒

𝟒𝟓
(𝟑𝟔√𝟔 − 𝟐𝟓√𝟓+ 𝟒√𝟐− 𝟑𝟏) 
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2371. Find: 

𝛀(𝒙) = ∫
√𝒍𝒐𝒈𝒙

√𝒍𝒐𝒈(𝟏 + 𝒆 − 𝒙) + √𝒍𝒐𝒈𝒙

𝒆

𝟏

𝒅𝒙 

Proposed by Khaled Abd Imouti-Syria 
Solution by Daniel Sitaru-Romania 

 

𝛀(𝒙) = ∫
√𝒍𝒐𝒈𝒙

√𝒍𝒐𝒈(𝟏 + 𝒆 − 𝒙) + √𝒍𝒐𝒈𝒙

𝒆

𝟏

𝒅𝒙 

𝒚 = 𝟏 + 𝒆 − 𝒙, 𝒅𝒙 = −𝒅𝒚 
𝒙 = 𝟏 ⟹ 𝒚 = 𝒆 
𝒙 = 𝒆 ⟹ 𝒚 = 𝟏 

𝛀(𝒙) = −∫
√𝒍𝒐𝒈(𝟏 + 𝒆 − 𝒚)

√𝒍𝒐𝒈(𝟏 + 𝒆 − (𝟏 + 𝒆 − 𝒚)) + √𝒍𝒐𝒈(𝟏 + 𝒆 − 𝒚)

𝟏

𝒆

(−𝒅𝒚) = 

= ∫
√𝒍𝒐𝒈(𝟏 + 𝒆 − 𝒚)

√𝒍𝒐𝒈𝒚 + √𝒍𝒐𝒈(𝟏 + 𝒆 − 𝒚)
𝒅𝒚 =

𝒆

𝟏

∫
√𝒍𝒐𝒈(𝟏 + 𝒆 − 𝒙)

√𝒍𝒐𝒈𝒙 + √𝒍𝒐𝒈(𝟏 + 𝒆 − 𝒙)
𝒅𝒙

𝒆

𝟏

 

 

𝛀(𝒙) = ∫
√𝒍𝒐𝒈𝒙

√𝒍𝒐𝒈(𝟏 + 𝒆 − 𝒙) + √𝒍𝒐𝒈𝒙

𝒆

𝟏

𝒅𝒙 

 

𝛀(𝒙) = ∫
√𝒍𝒐𝒈(𝟏 + 𝒆 − 𝒙)

√𝒍𝒐𝒈𝒙 + √𝒍𝒐𝒈(𝟏 + 𝒆 − 𝒙)
𝒅𝒙

𝒆

𝟏

 

 

𝟐𝛀(𝒙) = ∫
√𝒍𝒐𝒈𝒙

√𝒍𝒐𝒈(𝟏 + 𝒆 − 𝒙) + √𝒍𝒐𝒈𝒙

𝒆

𝟏

𝒅𝒙 +∫
√𝒍𝒐𝒈(𝟏 + 𝒆 − 𝒙)

√𝒍𝒐𝒈𝒙 + √𝒍𝒐𝒈(𝟏 + 𝒆 − 𝒙)
𝒅𝒙

𝒆

𝟏

 

 

𝟐𝛀(𝒙) = ∫
√𝒍𝒐𝒈𝒙 + √𝒍𝒐𝒈(𝟏 + 𝒆 − 𝒙)

√𝒍𝒐𝒈(𝟏 + 𝒆 − 𝒙) + √𝒍𝒐𝒈𝒙

𝒆

𝟏

𝒅𝒙 

𝟐𝛀(𝒙) = ∫𝒅𝒙

𝒆

𝟏

 

𝟐𝛀(𝒙) = 𝒆 − 𝟏 
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𝛀(𝒙) =
𝒆 − 𝟏

𝟐
 

2372. Find: 

𝛀 = ∫ (𝒔𝒊𝒏𝟒(𝒙) + 𝒄𝒐𝒔𝟐(𝒙) +
𝒙𝟐

`𝟏 + 𝒙𝟐
) 𝒅𝒙

𝝅

𝟎

 

Proposed by Shirvan Tahirov-Azerbaijan 
Solution 1 by Amin Hajiyev-Azerbaijan 

𝛀 = ∫ (𝒔𝒊𝒏𝟒(𝒙) + 𝒄𝒐𝒔𝟐(𝒙) +
𝒙𝟐

`𝟏 + 𝒙𝟐
)𝒅𝒙 = Ω𝟏 +Ω𝟐 + Ω𝟑

𝝅

𝟎

 

Ω𝟏 = ∫ 𝒔𝒊𝒏𝟒(𝒙)𝒅𝒙 =⏞

𝐜𝐨𝐬(𝒙)→𝒕,   
𝒅𝒕
𝒅𝒙
=−√𝟏−𝒕𝟐

∫
(𝟏 − 𝒕𝟐)𝟐

√𝟏 − 𝒕𝟐
𝒅𝒕 = 𝟐∫ (𝟏 − 𝒕𝟐)

𝟑
𝟐𝒅𝒕 =⏞

𝒕𝟐→𝒕𝟏

𝟎

𝟏

−𝟏

𝝅

𝟎

 

∫ 𝒕−
𝟏
𝟐

𝟏

𝟎

(𝟏 − 𝒕𝟐)
𝟑
𝟐𝒅𝒕 = 𝞫 (

𝟏

𝟐
;
𝟓

𝟐
) =

𝜞(
𝟓
𝟐)𝜞(

𝟏
𝟐)

𝜞(𝟑)
=
𝜞(𝟏 +

𝟑
𝟐)𝜞(𝟏 −

𝟑
𝟐)√𝝅

𝟐𝜞(−
𝟏
𝟐)

= −

𝟑𝝅
𝟐 𝐜𝐬𝐜

(
𝟑𝝅
𝟐
)

𝟒
=
𝟑𝝅

𝟖
 

Ω𝟐 = ∫ 𝒄𝒐𝒔𝟐(𝒙)𝒅𝒙 = 𝟐∫ 𝒕𝟐(𝟏 − 𝒕𝟐)
−
𝟏
𝟐𝒅𝒕 = ∫ 𝒕

𝟏
𝟐(𝟏 − 𝒕)−

𝟏
𝟐𝒅𝒕 = 𝜷(

𝟑

𝟐
;
𝟏

𝟐
) =

𝜞 (
𝟑
𝟐
)

𝜞(𝟐)

𝟏

𝟎

𝟏

𝟎

𝝅

𝟎

𝜞(
𝟏

𝟐
) =

𝝅

𝟐
 

Ω𝟑 = ∫
𝒙𝟐

𝟏 + 𝒙𝟐
𝒅𝒙 =

𝝅

𝟎

∫ 𝒅𝒙− ∫
𝟏

𝟏 + 𝒙𝟐
𝒅𝒙 = 𝝅− 𝐚𝐫𝐜𝐭𝐚𝐧 (𝒙)

𝝅

𝟎

𝝅

𝟎

 

Ω𝟏 +Ω𝟐 +Ω𝟑 =
𝟑𝝅

𝟖
+
𝝅

𝟐
+ 𝝅 − 𝐚𝐫𝐜𝐭𝐚𝐧(𝒙) =

𝟏𝟓𝝅

𝟖
− 𝐚𝐫𝐜𝐭𝐚𝐧 (𝒙) 

Solution 2 by Cosghun Mammedov-Azerbaijan 

Ω = ∫ (𝒔𝒊𝒏𝟒(𝒙) + 𝒄𝒐𝒔𝟐(𝒙) +
𝒙𝟐

`𝟏 + 𝒙𝟐
)𝒅𝒙 = ∫ ((𝒔𝒊𝒏𝟒(𝒙) − 𝒔𝒊𝒏𝟐(𝒙) + 𝟏) +

𝒙𝟐

`𝟏 + 𝒙𝟐
)𝒅𝒙 =

𝝅

𝟎

𝝅

𝟎

 

Ω = ∫ (𝒔𝒊𝒏𝟒(𝒙) − 𝒔𝒊𝒏𝟐(𝒙) + 𝟏)𝒅𝒙+ ∫
𝒙𝟐

`𝟏 + 𝒙𝟐
𝒅𝒙

𝝅

𝟎

= Ω𝟏 +Ω𝟐

𝝅

𝟎

 

Ω𝟏 = ∫ (𝒔𝒊𝒏𝟒(𝒙) − 𝒔𝒊𝒏𝟐(𝒙) +
𝟏

𝟒
+
𝟑

𝟒
)𝒅𝒙 = ∫ ((𝒔𝒊𝒏𝟐(𝒙) −

𝟏

𝟐
)
𝟐

+
𝟑

𝟒
)𝒅𝒙

𝝅

𝟎

𝝅

𝟎

= 

∫ ((
𝟏 − 𝐜𝐨𝐬(𝟐𝒙)

𝟐
−
𝟏

𝟐
)

𝟐

+
𝟑

𝟒
)𝒅𝒙 =

𝝅

𝟎

∫ ((−
𝐜𝐨𝐬(𝟐𝒙)

𝟐
)

𝟐

+
𝟑

𝟒
)𝒅𝒙 = ∫ (

𝒄𝒐𝒔𝟐(𝟐𝒙)

𝟒
+
𝟑

𝟒
)𝒅𝒙 =

𝝅

𝟎

𝝅

𝟎

 

∫ (
𝐜𝐨𝐬(𝟒𝒙)

𝟖
+
𝟕

𝟖
)𝒅𝒙 = (

𝟏

𝟑𝟐
𝐬𝐢𝐧(𝟒𝒙) +

𝟕

𝟖
𝒙)
𝝅
𝟎
=
𝟕

𝟖
𝝅

𝝅

𝟎

 

Ω𝟐 = ∫
𝒙𝟐

𝟏 + 𝒙𝟐
𝒅𝒙 =

𝝅

𝟎

∫ (𝟏 −
𝟏

𝟏 + 𝒙𝟐
)𝒅𝒙 = (𝒙 − 𝐚𝐫𝐜𝐭𝐚𝐧(𝒙))

𝝅
𝟎
= 𝝅 − 𝐚𝐫𝐜𝐭𝐚𝐧 (𝝅)

𝝅

𝟎

 

Ω = Ω𝟏 +Ω𝟐 =
𝟕

𝟖
𝝅+ 𝝅− 𝐚𝐫𝐜𝐭𝐚𝐧(𝝅) =

𝟏𝟓

𝟖
𝝅− 𝐚𝐫𝐜𝐭𝐚𝐧 (𝝅) 

 

2373. Find: 
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𝛀 = ∫
𝒙𝒄𝒐𝒔𝟐(𝟐𝒙)

(𝟏 + 𝐬𝐢𝐧(𝟐𝒙))(𝟏 + 𝐜𝐨𝐬(𝟐𝒙))
𝒅𝒙

𝝅
𝟒

𝟎

 

 
Proposed by Shirvan Tahirov-Azerbaijan 

Solution by Amin Hajiyev-Azerbaijan 
 

∫
𝒙𝒄𝒐𝒔𝟐(𝟐𝒙)

(𝟏 + 𝐬𝐢𝐧(𝟐𝒙))(𝟏 + 𝐜𝐨𝐬(𝟐𝒙))
𝒅𝒙

𝝅
𝟒

𝟎

= ∫
𝒙(𝟏 − 𝐬𝐢𝐧(𝟐𝒙))

𝟏 + 𝐜𝐨𝐬 (𝟐𝒙)
=⏞
𝟐𝒙→𝒕𝟏

𝟒
∫
𝒕(𝟏 − 𝐬𝐢𝐧(𝒕))

𝟏 + 𝐜𝐨𝐬 (𝒕)
𝒅𝒕 =

𝝅
𝟐

𝟎

𝝅
𝟒

𝟎

 

𝟏

𝟒
(∫

𝒕

𝟏 + 𝐜𝐨𝐬 (𝒕)
𝒅𝒕 − ∫

𝒕 𝐬𝐢𝐧(𝒕)

𝟏 + 𝐜𝐨𝐬 (𝒕)
𝒅𝒕)

𝝅
𝟐

𝟎

𝝅
𝟐

𝟎

 

Ω𝟏 = ∫
𝒕

𝟏 + 𝐜𝐨𝐬(𝒕)
𝒅𝒕 =⏞

𝑰𝑩𝑷

[𝒕𝒕𝒂𝒏 (
𝒕

𝟐
)]

𝝅
𝟐
𝟎
−∫ 𝐭𝐚𝐧 (

𝒕

𝟐
)𝒅𝒕 =

𝝅

𝟐
+ 𝟐 [𝐥𝐨 𝐠 (𝐜𝐨𝐬 (

𝒙

𝟐
))]

𝝅
𝟐
𝟎
=

𝝅
𝟐

𝟎

𝝅
𝟐

𝟎

𝝅

𝟐
− 𝐥𝐧 (𝟐) 

Ω𝟐 = ∫
𝒕𝒔𝒊𝒏(𝒕)

𝟏 + 𝐜𝐨𝐬 (𝒕)
𝒅𝒕

𝝅
𝟐

𝟎

= ∫ 𝒕𝒕𝒂𝒏 (
𝒕

𝟐
)𝒅𝒕 =⏞

𝑰𝑩𝑷

− [𝟐𝒕𝒍𝒏(𝐜𝐨𝐬 (
𝒕

𝟐
))]

𝝅
𝟐
𝟎
+ 𝟐∫ 𝐥𝐧 (𝐜𝐨𝐬 (

𝒕

𝟐
))𝒅𝒕 =

𝝅
𝟐

𝟎

𝝅
𝟐

𝟎

 

𝝅

𝟐
𝐥𝐧(𝟐) − 𝟐𝐥𝐧 (𝟐)∫ 𝒅𝒕 = −𝟐∑

(−𝟏)𝒏

𝒏
∫ 𝐜𝐨𝐬(𝒏𝒕) 𝒅𝒕=⏞

𝝅

𝟐

𝑰𝑩𝑷

𝐥𝐧(𝟐) − 𝝅 𝐥𝐧(𝟐) −

𝝅
𝟐

𝟎

∞

𝒏=𝟏

𝝅
𝟐

𝟎

 

𝟐∑
(−𝟏)𝒏

𝒏
[
𝐬𝐢𝐧 (𝒏𝒕)

𝒏
]

𝝅
𝟐
𝟎
= −

∞

𝒏=𝟏

𝝅

𝟐
𝐥𝐧(𝟐) − 𝟐∑

(−𝟏)𝒏𝐬𝐢𝐧 (
𝝅𝒏
𝟐 )

𝒏𝟐
= 𝟐𝑮−

𝝅

𝟐
𝐥𝐧 (𝟐)

∞

𝒏=𝟏

 

Ω =
𝟏

𝟒
(Ω𝟏 −Ω𝟐) =

𝟏

𝟒
(
𝝅

𝟐
− 𝐥𝐧(𝟐) − 𝟐𝑮 +

𝝅

𝟐
𝐥𝐧(𝟐)) =

𝝅

𝟖
−
𝐥𝐧(𝟐)

𝟒
−
𝑮

𝟐
+
𝝅

𝟖
𝐥𝐧 (𝟐) 

∫
𝒙𝒄𝒐𝒔𝟐(𝟐𝒙)

(𝟏 + 𝐬𝐢𝐧(𝟐𝒙))(𝟏 + 𝐜𝐨𝐬(𝟐𝒙))
𝒅𝒙

𝝅
𝟒

𝟎

=
𝝅

𝟖
−
𝐥𝐧(𝟐)

𝟒
−
𝑮

𝟐
+
𝝅

𝟖
𝐥𝐧 (𝟐) 

 

2374. Prove that: 

∫ ∫ ∫
𝒅𝒙𝒅𝒚𝒅𝒛

(𝟏 + 𝒙𝟐𝒚𝟐)(𝟏 + 𝒙𝟐𝒛𝟐)(𝟏 + 𝒚𝟐𝒛𝟐)
=
𝝅𝟑

𝟒√𝟐

∞

𝟎

∞

𝟎

∞

𝟎

 

Proposed by Ankush Kumar Parcha-India 
 
Solution 1 by Cosghun Memmedov-Azerbaijan 
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∫ ∫ ∫
𝒅𝒙𝒅𝒚𝒅𝒛

(𝟏 + 𝒙𝟐𝒚𝟐)(𝟏 + 𝒙𝟐𝒛𝟐)(𝟏 + 𝒚𝟐𝒛𝟐)
=⏞

𝒙→𝟏/𝒙∞

𝟎

∞

𝟎

∞

𝟎

∫ ∫ ∫
𝒅𝒙𝒅𝒚𝒅𝒛

(𝒙𝟐 + 𝒚𝟐)(𝒙𝟐 + 𝒛𝟐)(𝒚𝟐 + 𝒛𝟐)
=

∞

𝟎

∞

𝟎

∞

𝟎

 

 

∫ ∫ ∫ (
𝒛𝟐

𝒙𝟐 + 𝒛𝟐
−

𝒚𝟐

𝒙𝟐 + 𝒚𝟐
)

𝒅𝒙𝒅𝒚𝒅𝒛

(𝟏 + 𝒛𝟐𝒚𝟐)(𝒛𝟐 − 𝒚𝟐)

∞

𝟎

∞

𝟎

∞

𝟎

= ∫ ∫
𝟏

(𝟏 + 𝒛𝟐𝒚𝟐)(𝒛𝟐 − 𝒚𝟐)

∞

𝟎

∞

𝟎

(𝒛𝒕𝒂𝒏−𝟏 (
𝒙

𝒛
) − 𝒚𝒕𝒂𝒏−𝟏 (

𝒙

𝒚
))
∞

𝟎
𝒅𝒚𝒅𝒛 

 
𝝅

𝟐
∫ ∫

𝟏

(𝒚 + 𝒛)(𝟏 + 𝒛𝟐𝒚𝟐)
𝒅𝒚𝒅𝒛 =⏞

𝑰𝑩𝑷∞

𝟎

∞

𝟎

 

=
𝝅

𝟐
∫ ∫

𝒕𝒂𝒏−𝟏(𝒚𝒛)

𝒛(𝒚 + 𝒛)𝟐
𝒅𝒚𝒅𝒛 =⏞

(𝑩𝒚 𝒔𝒚𝒎𝒎𝒆𝒕𝒓𝒚)𝝅

𝟒
∫ ∫

𝒕𝒂𝒏−𝟏(𝒚𝒛)

𝒛𝒚(𝒚 + 𝒛)
𝒅𝒚𝒅𝒛

∞

𝟎

∞

𝟎

∞

𝟎

∞

𝟎

 

=⏟

(
𝒅𝒕
𝒅𝒚
=𝒛)

⏞  
(𝒚𝒛=𝒕) 𝝅

𝟒
∫ ∫

𝒕𝒂𝒏−𝟏(𝒕)

𝒕(𝒕 + 𝒛𝟐)
𝒅𝒚𝒅𝒛

∞

𝟎

∞

𝟎

=
𝝅

𝟒
∫

𝒕𝒂𝒏−𝟏

𝒕
𝒅𝒕∫

𝟏

𝒛𝟐 + 𝒕
𝒅𝒛 =

𝝅𝟐

𝟖
∫

𝒕𝒂𝒏−𝟏(𝒕)

𝒕
𝟑
𝟐

𝒅𝒕 =
∞

𝟎

∞

𝟎

∞

𝟎

 

−
𝝅𝟐

𝟒
∫ 𝒕𝒂𝒏−𝟏(𝒕)𝒅(𝒕−

𝟏
𝟐) =⏞
𝑰𝑩𝑷𝝅𝟐

𝟒
∫

𝒕−
𝟏
𝟐

𝟏 + 𝒕𝟐
𝒅𝒕 =

𝝅𝟐

𝟐
∫

𝟏

𝟏 + 𝒕𝟒
𝒅𝒕 =

∞

𝟎

∞

𝟎

∞

𝟎

𝝅𝟑

𝟒√𝟐
 

 

Solution 2 by Pham Duc Nam-Vietnam 
 

𝑰 = ∫ ∫ ∫
𝟏

(𝟏 + 𝒙𝟐𝒚𝟐)(𝟏 + 𝒚𝟐𝒛𝟐)(𝟏 + 𝒙𝟐𝒛𝟐)

∞

𝟎

∞

𝟎

∞

𝟎

𝒅𝒙𝒅𝒚𝒅𝒛 =
𝝅𝟑

𝟒√𝟐
? 

=
𝟏

𝟐
∫ ∫

𝟏

𝟏 + 𝒚𝟐𝒛𝟐

∞

𝟎

∞

𝟎

𝒅𝒚𝒅𝒛∫
𝟏

(𝟏 + 𝒙𝟐𝒚𝟐)(𝟏 + 𝒙𝟐𝒛𝟐)

∞

−∞

𝒅𝒙 

= ∫ ∫
𝟏

𝟏 + 𝒚𝟐𝒛𝟐

∞

𝟎

∞

𝟎

𝒅𝒚𝒅𝒛(𝝅𝒊. 𝑹𝒆𝒔 (
𝟏

(𝟏 + 𝒙𝟐𝒚𝟐)(𝟏 + 𝒙𝟐𝒛𝟐)
, 𝒙 =

𝒊

𝒚
, 𝒙 =

𝒊

𝒛
)) 

= ∫ ∫
𝟏

𝟏 + 𝒚𝟐𝒛𝟐

∞

𝟎

∞

𝟎

𝒅𝒚𝒅𝒛

(

 
 
 
𝝅𝒊.

(

 
 
𝐥𝐢𝐦
𝒙→
𝒊
𝒚

(𝒙 −
𝒊

𝒚
)

𝟏

(𝟏 + 𝒙𝟐𝒚𝟐)(𝟏 + 𝒙𝟐𝒛𝟐)
+

+ 𝐥𝐢𝐦
𝒙→
𝒊
𝒛

(𝒙 −
𝒊

𝒛
)

𝟏

(𝟏 + 𝒙𝟐𝒚𝟐)(𝟏 + 𝒙𝟐𝒛𝟐))

 
 

)

 
 
 

 

= ∫ ∫
𝟏

𝟏 + 𝒚𝟐𝒛𝟐

∞

𝟎

∞

𝟎

𝒅𝒚𝒅𝒛(𝝅𝒊 (−
𝒊

𝟐(𝒚 + 𝒛)
)) =

𝝅

𝟐
∫ ∫

𝟏

(𝒚 + 𝒛)(𝟏 + 𝒚𝟐𝒛𝟐)

∞

𝟎

∞

𝟎

𝒅𝒚𝒅𝒛 

𝒕 = 𝒚𝒛 ⇒ 𝒚 =
𝒕

𝒛
⇒ 𝒅𝒚 =

𝟏

𝒛
𝒅𝒕 ⇒ 𝑰 =

𝝅

𝟐
∫ ∫

𝟏

(
𝒕
𝒛 + 𝒛)

(𝟏 + 𝒕𝟐)

∞

𝟎

∞

𝟎

𝟏

𝒛
𝒅𝒕 𝒅𝒛 = 
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=
𝝅

𝒛
∫ ∫

𝟏

(𝒕 + 𝒛𝟐)(𝟏 + 𝒕𝟐)

∞

𝟎

∞

𝟎

𝒅𝒕𝒅𝒛 

=
𝝅

𝟐
∫

𝟏

𝟏 + 𝒕𝟐

∞

𝟎

𝒅𝒕∫
𝟏

𝒕 + 𝒛𝟐

∞

𝟎

𝒅𝒛 =
𝝅

𝟐
∫

𝟏

𝟏 + 𝒕𝟐

∞

𝟎

𝒅𝒕 (
𝝅

𝟐

𝟏

√𝒕
) =

𝝅𝟐

𝟒
∫

𝟏

√𝒕(𝟏 + 𝒕𝟐)

∞

𝟎

𝒅𝒕 = 

=
𝝅𝟐

𝟐
∫

𝟏

𝟐√𝒕(𝟏 + 𝒕𝟐)

∞

𝟎

𝒅𝒕 

=
𝝅𝟐

𝟐
∫

𝟏

(𝟏 + 𝒕𝟐)

∞

𝟎

𝒅(√𝒕) =
𝝅𝟐

𝟐
∫

𝟏

𝟏 + 𝒕𝟒

∞

𝟎

𝒅𝒕 =
𝝅𝟐

𝟒
∫

𝒕𝟐

𝟏 + 𝒕𝟒

∞

−∞

𝒅𝒕 = 

=
𝝅𝟐

𝟒
∫

𝟏

(𝒕 −
𝟏
𝒕)
𝟐

+ 𝟐

∞

−∞

𝒅𝒕 →
𝑮𝒍𝒂𝒔𝒔𝒆𝒓′𝒔 𝒎𝒂𝒔𝒕𝒆𝒓 𝒕𝒉𝒆𝒐𝒓𝒆𝒎 𝝅𝟐

𝟒
∫

𝟏

𝒕𝟐 + 𝟐

∞

−∞

𝒅𝒕 

=
𝝅𝟐

𝟒

𝟏

√𝟐
𝐚𝐫𝐜𝐭𝐚𝐧 (

𝟏

√𝟐
𝒕)|

−∞

∞

=
𝝅𝟑

𝟒√𝟐
 

2375. Find a closed form: 

𝛀 = ∫∫ 𝒍𝒏 (
𝒙√𝒙

𝒚√𝒚
+
𝒚√𝒚

𝒙√𝒙
)

𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚 

 
Proposed by Ankush Kumar Parcha-India 

Solution by Cosghun Memmedov-Azerbaijan 
 

Ω=∫ ∫ 𝐥𝐧 (
𝒙√𝒙

𝒚√𝒚

𝟏

𝟎

𝟏

𝟎
+
𝒚√𝒚

𝒙√𝒙
)dxdy = 

 

= ∫ ∫ 𝐥𝐧 (𝒙𝟑 + 𝒚𝟑
𝟏

𝟎

𝟏

𝟎
)dxdy−

𝟑

𝟐
∫ ∫ 𝐥𝐧 (𝒙𝒚)

𝟏

𝟎

𝟏

𝟎
dxdy=M−

𝟑

𝟐
K 

 

M=∫ ∫ 𝒍𝒏
𝟏

𝟎

𝟏

𝟎
(𝒙𝟑 + 𝒚𝟑)dxdy =   ∫ 𝐥𝐧 (𝟏 + 𝒚𝟑

𝟏

𝟎
)dy−3∫ ∫

𝒙𝟑

𝒙𝟑+𝒚𝟑

𝟏

𝟎

𝟏

𝟎
dxdy=P−𝟑𝑸 

 

P=∫ 𝐥𝐧 (𝟏 + 𝒚𝟑
𝟏

𝟎
)dy  =ln2  −3∫

𝒚𝟑

𝟏+𝒚𝟑

𝟏

𝟎
𝒅𝒚=ln(2)−3+3∫

𝟏

𝟏+𝒚𝟑

𝟏

𝟎
𝒅𝒚= 

 

=ln(2)-3+3(
𝟏

𝟑
𝐥𝐧(𝟐) +

√𝟑

𝟗
π=2ln(2)+

𝝅

√𝟑
−3 

 

Q=∫ ∫
𝒙𝟑

𝒙𝟑+𝒚𝟑

𝟏

𝟎

𝟏

𝟎
dxdy  = ∫ ∫

𝒚𝟑

𝒙𝟑+𝒚𝟑

𝟏

𝟎

𝟏

𝟎
𝒅𝒙𝒅𝒚 
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2Q=∫ ∫
𝒙𝟑+𝒚𝟑

𝒙𝟑+𝒀𝟑

𝟏

𝟎

𝟏

𝟎
𝒅𝒙𝒅𝒚 =1  ↔ Q= 

𝟏

𝟐
 

 

M=P−3Q=2ln(2)+
𝝅

√𝟑
 −3−

𝟑

𝟐
=2ln(2)+

𝝅

√𝟑
−
𝟗

𝟐
 

 

K=∫ ∫ 𝐥𝐧(𝒙𝒚)𝒅𝒙𝒅𝒚 = ∫ ∫ 𝐥𝐧(𝒙)𝒅𝒙𝒅𝒚 + ∫ ∫ 𝐥𝐧(𝒚)𝒅𝒙𝒅𝒚 = 
𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎
−2 

 

Ω=M−
𝟑

𝟐
K=2ln(2)+ 

𝝅

√𝟑
−
𝟗

𝟐
+
𝟑

𝟐
𝗑2=2ln(2)+

𝝅

√𝟑
−
𝟑

𝟐
 

 

2376. Find: 

𝛀(𝒙) =
∑ (

𝐬𝐢𝐧 𝒌
𝒌
)∞

𝒌=𝟏 𝒙𝒌

∏
(𝟐𝒌 − 𝟏)(𝟐𝒌 + 𝟏)

𝟒𝒌𝟐
∞
𝒌=𝟏

, 𝒙 ∈ [−𝟏, 𝟏] 

Proposed by Khaled Abd Imouti-Damascus-Syria 
Solution by Pham Duc Nam-Vietnam 
 

𝛀(𝒙) =
∑

𝐬𝐢𝐧(𝒌)
𝒌

∞
𝒌=𝟏 𝒙𝒌

∏
(𝟐𝒌 − 𝟏)(𝟐𝒌 + 𝟏)

𝟒𝒌𝟐
∞
𝒌=𝟏

, 𝒙 ∈ [−𝟏, 𝟏] 

∗∑
𝐬𝐢𝐧(𝒌)

𝒌

∞

𝒌=𝟏

𝒙𝒌 = 𝕴∑
𝒆𝒊𝒌

𝒌

∞

𝒌=𝟏

𝒙𝒌 = 𝕴∑
(𝒙𝒆𝒊)𝒌

𝒌

∞

𝒌=𝟏

= 𝕴(− 𝐥𝐧(𝟏 − 𝒙𝒆𝒊)) 

= 𝕴(−𝐥𝐧(𝟏 − 𝒙𝐜𝐨𝐬(𝟏) − 𝒊𝒙 𝐬𝐢𝐧(𝟏))) = 𝐚𝐫𝐜𝐭𝐚𝐧 (
𝒙 𝐬𝐢𝐧(𝟏)

𝟏 − 𝒙𝐜𝐨𝐬(𝟏)
) 

∗∏
(𝟐𝒌 − 𝟏)(𝟐𝒌 + 𝟏)

𝟒𝒌𝟐

∞

𝒌=𝟏

=∏
𝟒𝒌𝟐 − 𝟏

𝟒𝒌𝟐

∞

𝒌=𝟏

=∏(𝟏 − (
𝟏

𝟐𝒌
)
𝟐

)

∞

𝒌=𝟏

 

𝐬𝐢𝐧(𝝅𝒛)

𝝅𝒛
= ∏ (𝟏 − (

𝒛

𝒌
)
𝟐

)∞
𝒌=𝟏 ,  let: 𝒛 =

𝟏

𝟐
⇒ ∏ (𝟏 − (

𝟏

𝟐𝒌
)
𝟐

)∞
𝒌=𝟏 =

𝐬𝐢𝐧(
𝝅

𝟐
)

𝝅

𝟐

=
𝟐

𝝅
 

⇒ 𝛀(𝒙) =
∑

𝐬𝐢𝐧(𝒌)
𝒌 𝒙𝒌∞

𝒌=𝟏

∏
(𝟐𝒌 − 𝟏)(𝟐𝒌 + 𝟏)

𝟒𝒌𝟐
∞
𝒌=𝟏

=
𝝅

𝟐
𝐚𝐫𝐜𝐭𝐚𝐧 (

𝒙 𝐬𝐢𝐧(𝟏)

𝟏 − 𝒙𝐜𝐨𝐬(𝟏)
) 

2377. Find: 
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𝛀(𝒂, 𝒃, 𝒄) = 𝐥𝐢𝐦
𝒙→𝟎

𝒙 (𝒙 𝐬𝐢𝐧
𝟏
𝒙
+ 𝟏) (𝒂𝒙 + 𝒃𝒙 + 𝒄𝒙)

𝟏
𝒙

𝟑
𝟏
𝒙 ((𝟏 + 𝒙)

𝟏
𝒙 − 𝒆)

, 𝒂, 𝒃, 𝒄 > 0 

Proposed by Khaled Abd Imouti-Damascus-Syria 

Solution 1 by Pham Duc Nam-Vietnam 

𝛀(𝒂, 𝒃, 𝒄) = 𝐥𝐢𝐦
𝒙→𝟎

𝒙 (𝒙𝐬𝐢𝐧 (
𝟏
𝒙
) + 𝟏)

(𝟏 + 𝒙)
𝟏
𝒙 − 𝒆

(
𝒂𝒙 + 𝒃𝒙 + 𝒄𝒙

𝟑
)

𝟏
𝒙

, 𝒂, 𝒃, 𝒄 > 0 

=
𝟏

𝒆
𝐥𝐢𝐦
𝒙→𝟎

𝒙 (𝒙 𝐬𝐢𝐧 (
𝟏
𝒙) + 𝟏)

𝟏

𝒙 𝐬𝐢𝐧(
𝟏
𝒙
)
𝒙𝐬𝐢𝐧(

𝟏
𝒙
)

𝒆
𝟏
𝒙
𝐥𝐧(𝟏+𝒙)−𝟏 − 𝟏

(𝒙

𝒂𝒙 − 𝟏
𝒙 +

𝒃𝒙 − 𝟏
𝒙 +

𝒄𝒙 − 𝟏
𝒙 +

𝟑
𝒙

𝟑
)

𝟏
𝒙

= 

=
𝟏

𝒆
𝐥𝐢𝐦
𝒙→𝟎

𝒙𝒆𝒙 𝐬𝐢𝐧(
𝟏
𝒙
)

𝒆
𝟏
𝒙
𝐥𝐧(𝟏+𝒙)−𝟏 − 𝟏

𝟏
𝒙
𝐥𝐧(𝟏 + 𝒙) − 𝟏

𝟏

𝟏
𝒙 𝐥𝐧

(𝟏 + 𝒙) − 𝟏
(𝒙
𝐥𝐧(𝒂𝒃𝒄) +

𝟑
𝒙

𝟑
)

𝟏
𝒙

 

=
𝟏

𝒆
𝐥𝐢𝐦
𝒙→𝟎

𝒆𝒙 𝐬𝐢𝐧(
𝟏
𝒙
) 𝒙

𝟏
𝒙 𝐥𝐧

(𝟏 + 𝒙) − 𝟏
(𝟏 +

𝟏

𝟑
𝒙 𝐥𝐧(𝒂𝒃𝒄))

𝟏
𝒙
= 

=
𝟏

𝒆
𝐥𝐢𝐦
𝒙→𝟎

𝒙𝟐

𝐥𝐧(𝟏 + 𝒙) − 𝒙
(𝟏 +

𝟏

𝟑
𝒙 𝐥𝐧(𝒂𝒃𝒄))

𝟑
𝒙 𝐥𝐧(𝒂𝒃𝒄)

𝟏
𝟑
𝐥𝐧(𝒂𝒃𝒄)

 

= √𝒂𝒃𝒄
𝟑 𝟏

𝒆
𝐥𝐢𝐦
𝒙→𝟎

𝒙𝟐

𝐥𝐧(𝟏 + 𝒙) − 𝒙
(
𝟎

𝟎
) →
𝑳′𝑯
− √𝒂𝒃𝒄

𝟑 𝟏

𝒆
𝐥𝐢𝐦
𝒙→𝟎

𝟐𝒙
𝒙

𝟏 + 𝒙

= 

= −𝟐√𝒂𝒃𝒄
𝟑 𝟏

𝒆
𝐥𝐢𝐦
𝒙→𝟎
(𝟏 + 𝒙) = −

𝟐√𝒂𝒃𝒄
𝟑

𝒆
 

 

 

 

Solution 2 by Yen Tung Chung-Taichung-Taiwan 
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𝐥𝐢𝐦
𝒙→𝟎

𝒙 (𝒙𝐬𝐢𝐧
𝟏
𝒙 + 𝟏)

(𝒂𝒙 + 𝒃𝒙 + 𝒄𝒙)
𝟏
𝒙

𝟑
𝟏
𝒙 ((𝟏 + 𝒙)

𝟏
𝒙 − 𝒆)

= (𝐥𝐢𝐦
𝒙→𝟎

𝒙 (𝒙𝐬𝐢𝐧
𝟏
𝒙 − 𝟏)

(𝟏 + 𝒙)
𝟏
𝒙 − 𝒆

)

⏟              
𝟎
𝟎

𝐥𝐢𝐦
𝒙→𝟎

(
𝒂𝒙 + 𝒃𝒙 + 𝒄𝒙

𝟑
)

𝟏
𝒙

⏟            
𝟏∞

= 

= (−
𝟐

𝒆
) (√𝒂𝒃𝒄

𝟑
) = −

𝟐√𝒂𝒃𝒄
𝟑

𝒆
 

where 

(i) 𝐥𝐢𝐦
𝒙→𝟎

𝒙(𝒙 𝐬𝐢𝐧
𝟏

𝒙
+𝟏)

(𝟏+𝒙)
𝟏
𝒙−𝒆

= 𝐥𝐢𝐦
𝒙→𝟎

𝒙(𝒙 𝐬𝐢𝐧
𝟏

𝒙
+𝟏)

𝒆
𝟏
𝒙
𝐥𝐧(𝟏+𝒙)

−𝒆

= 𝐥𝐢𝐦
𝒙→𝟎

𝒙(𝒙 𝐬𝐢𝐧
𝟏

𝒙
+𝟏)

𝒆

𝟏
𝒙
(𝒙−

𝟏
𝟐
𝒙𝟐+𝑶(𝒙𝟑))

−𝒆

= 

= 𝐥𝐢𝐦
𝒙→𝟎

𝒙 (𝒙 𝐬𝐢𝐧
𝟏
𝒙 + 𝟏)

𝒆𝟏−
𝟏
𝟐
𝒙+𝑶(𝒙𝟐) = 𝒆

= 𝐥𝐢𝐦
𝒙→𝟎

𝒙 (𝒙𝐬𝐢𝐧
𝟏
𝒙 + 𝟏)

𝒆 (𝒆−
𝟏
𝟐
𝒙+𝑶(𝒙𝟐) − 𝟏)

 

= 𝐥𝐢𝐦
𝒙→𝟎

𝒙 (𝒙 𝐬𝐢𝐧
𝟏
𝒙 + 𝟏)

𝒆 ((𝟏 −
𝟏
𝟐 𝒙 + 𝑶

(𝒙𝟐) − 𝟏))

= 𝐥𝐢𝐦
𝒙→𝟎

𝒙 (𝒙𝐬𝐢𝐧
𝟏
𝒙 + 𝟏)

𝒆 (−
𝟏
𝟐 𝒙 + 𝑶

(𝒙𝟐))

= 

= 𝐥𝐢𝐦
𝒙→𝟎

𝒙 𝐬𝐢𝐧
𝟏
𝒙 + 𝟏

𝒆(−
𝟏
𝟐 + 𝑶

(𝒙))

=
𝟎 + 𝟏

𝒆 (−
𝟏
𝟐)
= −

𝟐

𝒆
 

(ii) 𝐥𝐢𝐦
𝒙→𝟎

(
𝒂𝒙+𝒃𝒙+𝒄𝒙

𝟑
)

𝟏

𝒙
 = 𝐞𝐱𝐩

{
 
 

 
 

𝐥𝐢𝐦
𝒙→𝟎

𝐥𝐧(𝒂𝒙+𝒃𝒙+𝒄𝒙)−𝐥𝐧 𝟑

𝒙⏟            
𝟎

𝟎 }
 
 

 
 

= 𝐞𝐱𝐩{𝐥𝐢𝐦
𝒙→𝟎

𝒂𝒙 𝐥𝐧 𝒂+𝒃𝒙 𝐥𝐧 𝒃+𝒄𝒙 𝐥𝐧 𝒄

𝒂𝒙+𝒃𝒙+𝒄𝒙

𝟏⏟            
𝑳′𝑯𝒐𝒑𝒊𝒕𝒂𝒍 𝑹𝒖𝒍𝒆

} 

= 𝐞𝐱𝐩 {
𝐥𝐧𝒂 + 𝐥𝐧𝒃 + 𝐥𝐧 𝒄

𝟑
} = 𝒆𝐥𝐧(𝒂𝒃𝒄)

𝟏
𝟑 = √𝒂𝒃𝒄

𝟑
 

2378. Prove that: 

∑∑
(−𝟏)𝒏+𝒌

𝟐𝒏+𝒌(𝒏 + 𝒌)𝟑
= 𝑳𝒊𝟐 (−

𝟏

𝟐
) − 𝑳𝒊𝟑(−

𝟏

𝟐
)

∞

𝒌=𝟏

∞

𝒏=𝟏

 

Proposed by Shirvan Tahirov-Azerbaijan 
 
 
Solution 1 by Amin Hajiyev-Azerbaijan 
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∑∑
(−𝟏)𝐧+𝐤

𝟐𝐧+𝐤(𝐧 + 𝐤)𝟑
=
𝟏

𝟐
∑
(−𝟏)𝒌

𝟐𝒌
∑
(−𝟏)𝒏

𝟐𝒏
∫ 𝒙𝒏+𝒌−𝟏𝒍𝒐𝒈𝟐(𝒙)𝒅𝒙 =
𝟏

𝟎

∞

𝒏=𝟏

∞

𝒌=𝟏

∞

𝐤=𝟏

∞

𝐧=𝟏

 

 

=
𝟏

𝟐
∑
(−𝟏)𝒌

𝟐𝒌
∫ 𝒙𝒌−𝟏𝒍𝒐𝒈𝟐(𝒙)
𝟏

𝟎

∞

𝒌=𝟏

∑
(−𝟏)𝒏𝒙𝒏

𝟐𝒏

∞

𝒏=𝟏⏟        
𝑮𝑺

𝒅𝒙

=
𝟏

𝟐
∑
(−𝟏)𝒌

𝟐𝒌
∫ (−

𝒙
𝟐

𝟏 +
𝒙
𝟐

)𝒙𝒌−𝟏𝒍𝒐𝒈𝟐(𝒙)𝒅𝒙 =
𝟏

𝟎

∞

𝒌=𝟏

 

 

−
𝟏

𝟐
∫
𝒍𝒐𝒈𝟐(𝒙)

𝒙 + 𝟐
∑
(−𝟏)𝒌𝒙𝒌

𝟐𝒌
𝒅𝒙 =

𝟏

𝟐

∞

𝒌=𝟏

∫
𝒙𝒍𝒐𝒈𝟐(𝒙)

(𝒙 + 𝟐)𝟐
𝒅𝒙;  

𝟏

𝟎

𝟏

𝟎

𝒇(𝒙) = ∑(−
𝒙

𝟐
)𝒏 = −

𝒙

𝒙 + 𝟐

∞

𝒏=𝟏

 

 

*{
𝝏

𝝏𝒙
𝒇(𝒙) = ∑

𝒏(−𝟏)𝒏𝒙𝒏−𝟏

𝟐𝒏
= −

𝟐

(𝒙+𝟐)𝟐
  ∑

𝒏(−𝟏)𝒏𝒙𝒏

𝟐𝒏
= −

𝟐𝒙

(𝒙+𝟐)𝟐
∞
𝒏=𝟏  ∞

𝒏=𝟏 } 

 

−
𝟏

𝟒
∑
𝒏(−𝟏)𝒏

𝟐𝒏
∫ 𝒙𝒏𝒍𝒐𝒈𝟐(𝒙)𝒅𝒙 =⏞

𝑰𝑩𝑷

−
𝟏

𝟐

𝟏

𝟎

∑
𝒏(−𝟏)𝒏

𝟐𝒏(𝒏 + 𝟏)𝟑
=

∞

𝒏=𝟏

∞

𝒏=𝟏

 

 

−
𝟏

𝟐
(∑

(−𝟏)𝒏

𝟐𝒏(𝒏 + 𝟏)𝟐
−∑

(−𝟏)𝒏

𝟐𝒏(𝒏 + 𝟏)𝟑
) = −

𝟏

𝟐
(−𝟐𝑳𝒊𝟐 (−

𝟏

𝟐
) − 𝟏 + 𝟐𝑳𝒊𝟑 (−

𝟏

𝟐
) + 𝟏) =

∞

𝒏=𝟏

∞

𝒏=𝟏

 

= 𝑳𝒊𝟐 (−
𝟏

𝟐
) − 𝑳𝒊𝟑 (−

𝟏

𝟐
)    

Solution 2 by Ankush Kumar Parcha-India 

∑∑
(−𝟏)𝒏+𝒌

𝟐𝒏+𝒌(𝒏 + 𝒌)𝟑
= ∑(−𝟏)𝒏

(𝒎 − 𝟏)

𝟐𝒎𝒎𝟑
=

𝒎∈𝑵

∞

𝒌=𝟏

∞

𝒏=𝟏

 

∑(−
𝟏

𝟐
)𝒎.

𝟏

𝒎𝟐
− ∑(−

𝟏

𝟐
)𝒎.

𝟏

𝒎𝟑
= 𝑳𝒊𝟐 (−

𝟏

𝟐
) − 𝑳𝒊𝟑(−

𝟏

𝟐
)

𝒎∈𝑵𝒎∈𝑵

 

𝑵𝒐𝒕𝒆 ∶  

{
 
 

 
 ∑ 𝒇(𝒂 + 𝒃) = ∑(𝒏 − 𝟏)𝒇(𝒏)

𝒏∈𝑵𝒂 ,𝒃∈𝑵

𝑨𝒏𝒅 ,   ∑ 𝒇(𝒂 + 𝒃) = ∑∑𝒇(𝒂 + 𝒃)

𝒃∈𝑵𝒂∈𝑵𝒂 ,𝒃∈𝑵

 

 

 

2379. Prove the below closed form 
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∫
𝐭𝐚𝐧−𝟏(𝒙)

√𝟏 + 𝒙

𝟏

𝟎

𝒅𝒙 =
𝝅

√𝟐
− √𝟐 + 𝟐√𝟐 𝐭𝐚𝐧−𝟏 (

𝟐√𝟐 + 𝟏𝟎√𝟐

𝟕
) 

Proposed by Ankush Kumar Parcha-India 

Solution 1 by Rana Ranino-Algerie 

𝛀 = ∫
𝐭𝐚𝐧−𝟏 𝒙

√𝟏 + 𝒙

𝟏

𝟎

𝒅𝒙 

𝛀 = [𝟐 𝐭𝐚𝐧−𝟏(𝒙) √𝟏 + 𝒙]
𝟎

𝟏
− 𝟐∫

√𝟏+ 𝒙

𝟏 + 𝒙𝟐

𝟏

𝟎

𝒅𝒙 =
𝝅

√𝟐
− 𝟐∫

√𝟏+ 𝒙

𝟏 + 𝒙𝟐

𝟏

𝟎

𝒅𝒙 

𝛀 =⏞
𝟏+𝒙=𝒕𝟐 𝝅

√𝟐
− 𝟒∫

𝒕𝟐

𝒕𝟒 − 𝟐𝒕𝟐 + 𝟐

√𝟐

𝟏

𝒅𝒕 = 

=
𝝅

√𝟐
− 𝟐∫

𝒕𝟐 + √𝟐

𝒕𝟒 − 𝟐𝒕𝟐 + 𝟐

√𝟐

𝟏

𝒅𝒕 − 𝟐∫
𝒕𝟐 − √𝟐 

𝒕𝟒 − 𝟐𝒕𝟐 + 𝟐

√𝟐

𝟎

𝒅𝒕 

𝛀 =
𝝅

√𝟐
− 𝟐∫

(𝟏+
√𝟐
𝒕𝟐
)

(𝒕 −
√𝟐
𝒕 )

𝟐

− 𝟐 + 𝟐√𝟐

√𝟐

𝟏

𝒅𝒕 − 𝟐∫

(𝟏−
√𝟐
𝒕𝟐
)

(𝒕 +
√𝟐
𝒕 )

𝟐

− 𝟐 − 𝟐√𝟐

√𝟐

𝟏

𝒅𝒕 

𝛀 =
𝝅

√𝟐
− 𝟐∫

𝟏

𝒖𝟐 + 𝟐(√𝟐 − 𝟏)

√𝟐−𝟏

𝟏−√𝟐

𝒅𝒖 − 𝟐∫
𝟏

𝒗𝟐 − 𝟐(𝟐√𝟐 + 𝟏)

𝟏−√𝟐

𝟏+√𝟐

𝒅𝒗 = 

=
𝝅

√𝟐
− 𝟒∫

𝟏

𝒖𝟐 + 𝟐(√𝟐 − 𝟏)

√𝟐−𝟏

𝟎

𝒅𝒖 

𝛀 =
𝝅

√𝟐
− 𝟒

[
 
 
 

𝟏

√𝟐(√𝟐 − 𝟏)

𝐭𝐚𝐧−𝟏

(

 
𝒖

√𝟐(√𝟐 − 𝟏))

 

]
 
 
 

𝟎

√𝟐−𝟏

= 

=
𝝅

√𝟐
− 𝟐√𝟐√𝟐+ 𝟐 𝐭𝐚𝐧−𝟏(√

√𝟐 − 𝟏

𝟐
) 

Using identity: 𝟐 𝐭𝐚𝐧−𝟏(𝒂) = 𝐭𝐚𝐧−𝟏 (
𝟐𝒂

𝟏−𝒂𝟐
) 
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𝛀 =
𝝅

√𝟐
−√𝟐√𝟐+ 𝟐 𝐭𝐚𝐧−𝟏

(

 
𝟐√
√𝟐− 𝟏
𝟐

𝟏 −
√𝟐 − 𝟏
𝟐 )

 =
𝝅

√𝟐
− √𝟐√𝟐+ 𝟐 𝐭𝐚𝐧−𝟏 (

𝟒√√𝟐 − 𝟏

𝟑√𝟐− 𝟐
) 

𝛀 =
𝝅

√𝟐
− √𝟐√𝟐+ 𝟐 𝐭𝐚𝐧−𝟏

(

 
𝟐√(√𝟐− 𝟏)(𝟐𝟐 + 𝟏𝟐√𝟐)

𝟕

)

 = 

=
𝝅

√𝟐
− √𝟐√𝟐+ 𝟐 𝐭𝐚𝐧−𝟏 (

𝟐√𝟐 + 𝟏𝟎√𝟐

𝟕
) 

∫
𝐭𝐚𝐧−𝟏 𝒙

√𝟏 + 𝒙

𝟏

𝟎

𝒅𝒙 =
𝝅

√𝟐
−√𝟐√𝟐+ 𝟐 𝐭𝐚𝐧−𝟏 (

𝟐√𝟐 + 𝟏𝟎√𝟐

𝟕
) 

Solution 2 by Cosghun Memmedov-Azerbaijan 

𝛀 = ∫
𝐭𝐚𝐧−𝟏 𝒙

√𝒙 + 𝟏

𝟏

𝟎

𝒅𝒙 =
𝑰𝑩𝑷
𝟐(𝐭𝐚𝐧−𝟏(𝒙)√𝒙 + 𝟏)|

𝟎

𝟏
− 𝟐∫

√𝒙 + 𝟏

𝒙𝟐 + 𝟏

𝟏

𝟎

𝒅𝒙 =
𝝅

√𝟐
− 𝟐𝑨 

𝑨 = ∫
√𝒙 + 𝟏

𝒙𝟐 + 𝟏

𝟏

𝟎

𝒅𝒙 =
√𝒙+𝟏=𝒕

𝟐∫
𝒕𝟐

𝒕𝟒 − 𝟐𝒕𝟐 + 𝟐

√𝟐

𝟎

𝒅𝒕 =
𝒕→
√𝟐
𝒕
𝟐∫

√𝟐

𝒕𝟒 − 𝟐𝒕𝟐 + 𝟐

√𝟐

𝟎

𝒅𝒕 = 

= ∫
𝒕𝟐

𝒕𝟒 − 𝟐𝒕𝟐 + 𝟐

√𝟐

𝟎

𝒅𝒕 = ∫
√𝟐

𝒕𝟒 − 𝟐𝒕𝟐 + 𝟐

√𝟐

𝟎

𝒅𝒕 = |→ 𝟐| = ∫
𝒕𝟐 + √𝟐

𝒕𝟒 − 𝟐𝒕𝟐 + 𝟐

√𝟐

𝟎

𝒅𝒕 

𝑨 = 𝟐| = ∫
𝒕𝟐 + √𝟐

𝒕𝟒 − 𝟐𝒕𝟐 + 𝟐

√𝟐

𝟎

𝒅𝒕 = ∫

(𝟏 +
√𝟐
𝒕𝟐
)

𝒕𝟐 + (
√𝟐
𝒕 )

𝟐

− 𝟐

√𝟐

𝟎

𝒅𝒕 = 

= ∫

𝒅(𝒕 −
√𝟐
𝒕 )

(𝒕 −
√𝟐
𝒕 )

𝟐

+ (√𝟐√𝟐− 𝟐)
𝟐

√𝟐

𝟎

=
𝟏

√𝟐√𝟐 − 𝟐
𝐭𝐚𝐧−𝟏

(

 
 
(𝒕 −

√𝟐
𝒕 )

√𝟐√𝟐 − 𝟐

)

 
 
|
|

𝟏

√𝟐

= 

=
√𝟐 + √𝟐

𝟐
(𝐭𝐚𝐧−𝟏

√𝟐 − 𝟏

√𝟐√𝟐− 𝟐
) − 𝐭𝐚𝐧−𝟏 (

𝟏 − √𝟐

√𝟐√𝟐− 𝟐
) = 
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=
√𝟐 + √𝟐

𝟐
𝐭𝐚𝐧−𝟏

(

 
 

𝟐√𝟐 − 𝟏

√𝟐√𝟐− 𝟐

𝟏 −
(√𝟐 − 𝟏)

𝟐

𝟐√𝟐 − 𝟐 )

 
 
=
√𝟐 + √𝟐

𝟐
𝐭𝐚𝐧−𝟏

(

 
√(𝟐√𝟐− 𝟐)(𝟏𝟐 − 𝟖√𝟐)

𝟒√𝟐− 𝟓
)

 = 

𝛀 =
𝝅

√𝟐
− 𝟐𝑨 =

𝝅

√𝟐
−√𝟐 + 𝟐√𝟐 𝐭𝐚𝐧−𝟏 (

𝟐√𝟐 + 𝟏𝟎√𝟐

𝟕
) 

Notes: 𝐭𝐚𝐧−𝟏(𝒙) ± 𝐭𝐚𝐧−𝟏(𝒚) = 𝐭𝐚𝐧 (
𝒙±𝒚

𝟏∓𝒙𝒚
) 

Answer: 

∫
𝐭𝐚𝐧−𝟏 𝒙

√𝒙 + 𝟏

𝟏

𝟎

𝒅𝒙 =
𝝅

√𝟐
−√𝟐 + 𝟐√𝟐 𝐭𝐚𝐧−𝟏 (

𝟐√𝟐 + 𝟏𝟎√𝟐

𝟕
) 

2380. Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏𝟐
∑𝐥𝐧(

𝒏
𝒌
)

𝒏

𝒌=𝟎

 

Proposed by Khaled Abd Imouti-Damascus-Syria 
Solution by Pham Duc Nam-Vietnam 
 

𝑳 = 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏𝟐
∑𝐥𝐧(𝑪𝒏

𝒌)

𝒏

𝒌=𝟎

= 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏𝟐
𝐥𝐧 (∏𝑪𝒏

𝒌

𝒏

𝒌=𝟎

) 

∗ 𝐥𝐢𝐦
𝒏→∞

𝐥𝐧(∏ 𝑪𝒏+𝟏
𝒌𝒏+𝟏

𝒌=𝟎 ) − 𝐥𝐧(∏ 𝑪𝒏
𝒌𝒏

𝒌=𝟎 )

(𝒏 + 𝟏)𝟐 − 𝒏𝟐
= 𝐥𝐢𝐦
𝒏→∞

𝐥𝐧 (∏
𝒏 + 𝟏

𝒏 + 𝒌 − 𝟏
𝒏
𝒌=𝟎 )

𝟐𝒏 + 𝟏
 

= 𝐥𝐢𝐦
𝒏→∞

𝐥𝐧 (
(𝒏 + 𝟏)𝒏+𝟏

(𝒏 + 𝟏)!
)

𝟐𝒏 + 𝟏
= 𝐥𝐢𝐦
𝒏→∞

(𝒏 + 𝟏) 𝐥𝐧(𝒏 + 𝟏) − 𝐥𝐧((𝒏 + 𝟏)!)

𝟐𝒏 + 𝟏
 

∗ 𝐥𝐢𝐦
𝒏→∞

(𝒏 + 𝟐) 𝐥𝐧(𝒏 + 𝟐) − 𝐥𝐧((𝒏 + 𝟐)!) − (𝒏 + 𝟏) 𝐥𝐧(𝒏 + 𝟏) + 𝐥𝐧((𝒏 + 𝟏)!)

𝟐𝒏 + 𝟑 − 𝟐𝒏 − 𝟏
 

=
𝟏

𝟐
𝐥𝐢𝐦
𝒏→∞

(𝒏 𝐥𝐧 (
𝒏 + 𝟐

𝒏 + 𝟏
) + 𝟐 𝐥𝐧 (

𝒏 + 𝟐

𝒏 + 𝟏
)) =

𝟏

𝟐
𝐥𝐢𝐦
𝒏→∞

(𝐥𝐧 (𝟏 +
𝟏

𝒏 + 𝟏
)
𝒏+𝟏

𝒏
𝒏+𝟏

+ 𝟐 𝐥𝐧 (
𝒏 + 𝟐

𝒏 + 𝟏
)) 

=
𝟏

𝟐
𝐥𝐢𝐦
𝒏→∞

(𝐥𝐧 (𝒆
𝒏
𝒏+𝟏) + 𝟐 𝐥𝐧 (𝟏 +

𝟏

𝒏 + 𝟏
)) =

𝟏

𝟐
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⇒ 𝑳 =
𝟏

𝟐
 by Stolz – Cesaro theorem 

2381. Find a closed form: 

∫
𝒙𝟐 + 𝐬𝐢𝐧 (𝝅𝒙)

𝟏 + 𝐞𝐱𝐩 (𝝅𝒙)
𝒅𝒙

∞

𝟎

 

 
Proposed by Shirvan Tahirov-Azerbaijan 

Solution 1 by Amin Hajiyev-Azerbaijan 

∫
𝒙𝟐 + 𝐬𝐢𝐧 (𝝅𝒙)

𝟏 + 𝒆𝝅𝒙
𝒅𝒙 = ∫

𝒙𝟐

𝟏 + 𝒆𝝅𝒙
𝒅𝒙 +∫

𝐬𝐢𝐧 (𝝅𝒙)

𝟏 + 𝒆𝝅𝒙
𝒅𝒙 = Ω𝟏 + Ω𝟐

∞

𝟎

∞

𝟎

∞

𝟎

 

Ω𝟏 = ∫
𝒙𝟐

𝟏 + 𝒆𝝅𝒙
𝒅𝒙  { 𝒆𝝅𝒙 =

𝟏

𝒕
 𝝅𝒙 = − 𝐥𝐧(𝒕)  𝒅𝒙 = −

𝟏

𝝅𝒕
  }

∞

𝟎

 

Ω𝟏 = −
𝟏

𝝅𝟑
∫
𝒍𝒏𝟐(𝒕)

𝟏 +
𝟏
𝒕

𝒅𝒕

𝒕

𝟏

𝟎

= −
𝟏

𝝅𝟑
∫
𝒍𝒏𝟐(𝒕)

𝟏 + 𝒕
𝒅𝒕 = −

𝟏

𝝅𝟑
∑(−𝟏)𝒏∫ 𝒕𝒏𝒍𝒏𝟐(𝒕)𝒅𝒕

𝟏

𝟎

∞

𝒏=𝟎

𝟏

𝟎

 

=⏞
𝑰𝑩𝑷

−
𝟐

𝝅𝟑
∑

(−𝟏)𝒏

(𝒏 + 𝟏)𝟑
=
𝟑𝜻(𝟑)

𝟐𝝅𝟑

∞

𝒏=𝟎

 

Ω𝟐 = ∫
𝐬𝐢𝐧 (𝝅𝒙)

𝟏 + 𝒆𝝅𝒙
𝒅𝒙 =⏞

{ 𝝅𝒙=𝒕 }∞

𝟎

𝟏

𝝅
∫

𝐬𝐢𝐧 (𝒕)

𝟏 + 𝒆𝒕
𝒅𝒕 =

𝟏

𝝅
𝑰 ;  𝒏𝒐𝒕𝒆 {𝐬𝐢𝐧𝐡(𝒊𝒕) = 𝒊𝒔𝒊𝒏(𝒕)} 

∞

𝟎

 

𝑰(𝒂) = ∫
𝐬𝐢𝐧𝐡 (𝒂𝒕)

𝟏 + 𝒆𝒕
𝒅𝒕 =⏞

𝒆𝒕→ 𝒕∞

𝟎

𝟏

𝟐
∫

𝒕𝒂

𝒕(𝒕 + 𝟏)
𝒅𝒕

∞

𝟏⏟          

𝒕→ 
𝟏
𝒕

−
𝟏

𝟐
∫

𝒕−𝒂

𝒕(𝒕 + 𝟏)
𝒅𝒕 =

∞

𝟏

 

𝟏

𝟐
∫

𝒕−𝒂

𝟏 + 𝒕
𝒅𝒕 −

𝟏

𝟐
∫ 𝒕−𝒂 (

𝟏

𝒕
−

𝟏

𝟏 + 𝒕
)𝒅𝒕 =

𝟏

𝟐
( ∫

𝒕−𝒂

𝟏 + 𝒕
𝒅𝒕

∞

𝟎⏟        
{𝝅 𝐜𝐬𝐜(𝝅𝒂) 𝕽{𝒂}<1}

−∫ 𝒕−𝒂−𝟏𝒅𝒕
∞

𝟏

) =
∞

𝟏

𝟏

𝟎

 

𝟏

𝟐
(𝝅𝐜𝐬𝐜(𝝅𝒂) −

𝟏

𝒂
) ; 𝑰(𝒊) =

𝟏

𝟐
(𝝅𝐜𝐬𝐜(𝝅𝒊) −

𝟏

𝒊
) =

𝒊

𝟐
(𝟏 − 𝝅𝐜𝐬𝐜𝐡(𝝅)) 

Ω𝟐 =
𝟏

𝝅
(∫

𝐬𝐢𝐧(𝒕)

𝟏 + 𝒆𝒕
𝒅𝒕) = −

𝒊

𝝅

∞

𝟎

(∫
𝐬𝐢𝐧𝐡(𝒊𝒕)

𝟏 + 𝒆𝒕
𝒅𝒕 ) =

𝟏

𝟐𝝅
(𝟏 −

∞

𝒐

𝝅𝐜𝐬𝐜𝐡(𝝅)) 

∫
𝒙𝟐 + 𝐬𝐢𝐧 (𝝅𝒙)

𝟏 + 𝒆𝝅𝒙
𝒅𝒙 = ∫

𝒙𝟐

𝟏 + 𝒆𝝅𝒙
𝒅𝒙

∞

𝟎

+∫
𝐬𝐢𝐧 (𝝅𝒙)

𝟏 + 𝒆𝝅𝒙
𝒅𝒙 =

∞

𝒐

∞

𝟎

 

𝟑𝜻(𝟑)

𝟐𝝅𝟑
+
𝟏

𝟐𝝅
−
𝟏

𝟐
𝐜𝐬𝐜𝐡 (𝝅) 

𝑵𝒐𝒕𝒆 ∶  𝜻(𝟑)  → 𝑨𝒑𝒆𝒓𝒚′𝒔 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕 
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Solution 2 by Ankush Kumar Parcha-India 

 

𝑾𝒆 𝒉𝒂𝒗𝒆,∫
𝒙𝟐

𝟏 + 𝐞𝐱𝐩 (𝝅𝒙)

∞

𝟎⏟          
Ω𝟏

𝒅𝒙 +∫
𝐬𝐢𝐧 (𝝅𝒙)

𝟏 + 𝐞𝐱𝐩 (𝝅𝒙)

∞

𝟎⏟          
Ω𝟐

𝒅𝒙   

Ω𝟏 = ∫
𝒙𝟐

𝟏 + 𝐞𝐱𝐩 (𝝅𝒙)

∞

𝟎

𝒅𝒙 =⏞
𝝅𝒙→𝒙 𝟏

𝝅𝟑
∫

𝒙𝟐

𝟏 + 𝐞𝐱𝐩 (𝒙)
𝒅𝒙

∞

𝟎

=⏞
𝑵𝒐𝒕𝒆 𝒔𝒆𝒄𝒕𝒊𝒐𝒏 𝟏

𝝅𝟑
∑(−𝟏)𝒏𝓛𝒙{𝒙

𝟐}(𝒏)

𝒏⦓𝑵

 

=⏟
(𝟐)

⏞
𝑵𝒐𝒕𝒆 𝑺𝒆𝒄𝒕𝒊𝒐𝒏 𝟐

𝝅𝟑
∑
(−𝟏)𝒏−𝟏

𝒏𝟑
=>

𝟐

𝝅𝟑
𝜼(𝟑) =⏞

𝒏𝒐𝒕𝒆 𝜼(𝒔)=(𝟏−𝟐𝟏−𝒔).𝜻(𝒔)  

 

𝒏⦓𝑵

∫
𝒙𝟐

𝟏 + 𝐞𝐱𝐩 (𝝅𝒙)
𝒅𝒙 =

𝟑𝜻(𝟑)

𝟐𝝅𝟑

∞

𝟎

 

Ω𝟐 = ∫
𝐬𝐢𝐧 (𝝅𝒙)

𝟏 + 𝐞𝐱𝐩 (𝝅𝒙)

∞

𝟎

𝒅𝒙 =⏞
𝝅𝒙→𝒙 𝟏

𝝅
∫

𝐬𝐢𝐧 (𝒙)

𝟏 + 𝐞𝐱𝐩 (𝒙)
𝒅𝒙 =>⏞

𝒏𝒐𝒕𝒆 𝒔𝒆𝒄𝒕𝒊𝒐𝒏 (𝟏)∞

𝟎

 

𝟏

𝝅
∑(−𝟏)𝒏−𝟏𝓛𝒙{𝐬𝐢𝐧 (𝒙)}(𝒏) =⏟

(𝟑)

⏞
𝑵𝒐𝒕𝒆 𝑺𝒆𝒄𝒕𝒊𝒐𝒏 𝟏

𝝅
∑
(−𝟏)𝒏−𝟏

𝒏𝟐 + 𝟏
=

∞

𝒏=𝟏𝒏⦓𝑵

𝟏

𝝅
𝕴∑

(−𝟏)𝒏−𝟏

𝒏− 𝒊
=⏟
(𝟒)

⏞
𝑵𝒐𝒕𝒆 𝑺𝒆𝒄𝒕𝒊𝒐𝒏

𝒏⦓𝑵

 

𝟏

𝟐𝝅
𝕴 [𝝍(𝟎) (𝟏 −

𝒊

𝟐
) − 𝝍(𝟎)(

𝟏

𝟐
−
𝒊

𝟐
)] 

𝑵𝒐𝒕𝒆 ∶ (  𝕴{𝝍(𝟎)(𝒛)} =
𝝍(𝟎)(𝒛) − 𝝍(𝟎)(𝒛)̅̅ ̅̅ ̅̅ ̅̅ ̅̅

𝟐𝒊
 ;  𝝍(𝟎)(𝒛)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = 𝝍(𝟎)(𝒛)̅̅ ̅̅    ) 

=>
−𝒊

𝟒𝝅
[𝝍(𝟎) (𝟏 −

𝒊

𝟐
) − 𝝍(𝟎) (𝟏 +

𝒊

𝟐
)+𝝍(𝟎) (

𝟏

𝟐
+
𝒊

𝟐
) − 𝝍(𝟎) (

𝟏

𝟐
−
𝒊

𝟐
)]  =>⏞

𝑵𝒐𝒕𝒆 𝒔𝒆𝒄𝒕𝒊𝒐𝒏 (𝟓,𝟔,𝟕)

 

−𝒊

𝟒𝝅
[𝟐𝒊 + 𝝅 𝐜𝐨𝐭 (

𝒊𝝅

𝟐
)+ 𝝅 𝐭𝐚𝐧 (

𝒊𝝅

𝟐
)] => 

𝟏

𝟐𝝅
+
𝟏

𝟒
[𝐭𝐚𝐧𝐡 (

𝝅

𝟐
) − 𝒄𝒐𝒕𝒉(

𝝅

𝟐
)] → 

Ω𝟐 = ∫
𝐬𝐢𝐧 (𝝅𝒙)

𝟏 + 𝐞𝐱𝐩 (𝝅𝒙)

∞

𝟎

𝒅𝒙 =
𝟏

𝟐𝝅
−
𝐜𝐬𝐜𝐡 (𝝅)

𝟐
 

𝑷𝒖𝒕 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆𝒔 𝒐𝒇 Ω𝟏 𝒂𝒏𝒅 Ω𝟐 𝒊𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 − (𝟏).  𝑾𝒆 𝒈𝒆𝒕,  

Ω𝟏 +Ω𝟐 = ∫
𝒙𝟐 + 𝐬𝐢𝐧 (𝝅𝒙)

𝟏 + 𝐞𝐱𝐩 (𝝅𝒙)
𝒅𝒙 =

𝟏

𝟐𝝅
−
𝐜𝐬𝐜𝐡 (𝝅)

𝟐

∞

𝟎

+
𝟑𝜻(𝟑)

𝟐𝝅𝟑
 

𝑵𝒐𝒕𝒆  𝑺𝒆𝒄𝒕𝒊𝒐𝒏 ∶  

𝟏.𝑴𝒂𝒛 𝑺𝒖𝒎𝒎𝒂𝒕𝒊𝒐𝒏 𝑰𝒅𝒆𝒏𝒕𝒊𝒕𝒚 ∶  ∑(−𝟏)𝒏−𝟏𝓛𝒕{𝐟 (𝒕)}(𝒏)

𝒏⦓𝑵

= ∫
𝒇(𝒕)

𝟏 + 𝒆𝒕

∞

𝟎

  

𝟐.𝓛𝒕{𝒕
𝒂}(𝒔) =

𝜞(𝒂 + 𝟏)

𝒔𝒂+𝟏
 , 𝕽(𝒂) > −1 

𝟑𝓛𝒕(𝐬𝐢𝐧(𝝎𝒕))(𝒔) =
𝝎

𝒔𝟐 +𝝎𝟐
  𝒔 > |𝕴(𝝎)|  

𝟒.∑
(−𝟏)𝒏−𝟏

𝒏 − 𝒂
=
𝟏

𝟐
𝒏⦓𝑵

[𝝍(𝟎) (𝟏 −
𝒂

𝟐
) −𝝍(𝟎)(

𝟏

𝟐
−
𝒂

𝟐
)] 

𝟓.𝝍(𝟎) (
𝟏

𝟐
+ 𝒛) −𝝍(𝟎) (

𝟏

𝟐
− 𝒛) = 𝝅𝐭𝐚𝐧 (𝝅𝒛) 

𝟔.𝝍(𝟎)(𝟏 + 𝒛) = 𝝍(𝟎)(𝒛) +
𝟏

𝒛
 

𝟕.𝝍(𝟎)(𝟏 − 𝒛) = 𝝍(𝟎)(𝒛) + 𝝅𝐜𝐨𝐭 (𝝅𝒛) 
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Solution 3 by Cosghun Memmedov-Azerbaijan 

 

Ω = ∫
𝒙𝟐 + 𝐬𝐢𝐧 (𝝅𝒙)

𝟏 + 𝒆𝝅𝒙
𝒅𝒙 = ∫

𝒙𝟐

𝟏 + 𝒆𝝅𝒙
𝒅𝒙 +∫

𝐬𝐢𝐧 (𝝅𝒙)

𝟏 + 𝒆𝝅𝒙
𝒅𝒙 = 𝑴+𝑲

∞

𝟎

∞

𝟎

∞

𝟎

 

𝑴 = ∫
𝒙𝟐

𝟏 + 𝒆𝝅𝒙
𝒅𝒙 =⏞

{𝝅𝒙→𝒙}∞

𝟎

𝟏

𝝅𝟑
∫

𝒙𝟐

𝟏 + 𝒆𝒙
𝒅𝒙 =

𝟏

𝝅𝟑
∫

𝒙𝟐𝒆−𝒙

𝟏 + 𝒆−𝒙
𝒅𝒙 =

∞

𝟎

∞

𝟎

 

𝟏

𝝅𝟑
∑(−𝟏)𝒏∫ 𝒆−𝒙(𝒏+𝟏)𝒙𝟐𝒅𝒙

∞

𝟎

∞

𝒏=𝟎

=⏟

{
𝒅𝒙
𝒅𝒕
=
𝟏
𝒏+𝟏

}

⏞    
{𝒙(𝒏+𝟏)=𝒕} 𝟏

𝝅𝟑
∑

(−𝟏)𝒏

(𝒏 + 𝟏)𝟑
∫ 𝒆−𝒕𝒕𝟐𝒅𝒕 =
∞

𝟎

∞

𝒏=𝟎

 

𝟏

𝝅𝟑
𝜞(𝟑)∑

(−𝟏)𝒏

(𝒏 + 𝟏)𝟑
=

∞

𝒏=𝟎

𝟐

𝝅𝟑
𝜼(𝟑) =

𝟑

𝟐𝝅𝟑
𝜻(𝟑) 

𝑲 = ∫
𝐬𝐢𝐧 (𝝅𝒙)

𝟏 + 𝒆𝝅𝒙
𝒅𝒙 =⏞

{𝝅𝒙→𝒙}∞

𝟎

𝟏

𝝅
∫

𝐬𝐢𝐧 (𝒙)

𝟏 + 𝒆𝒙
𝒅𝒙 =

𝟏

𝝅
𝓘∫

𝒆𝒊𝒙

𝟏 + 𝒆𝒙
𝒅𝒙 =

∞

𝟎

∞

𝟎

 

𝟏

𝝅
𝓘∫

𝒆𝒙(𝒊−𝟏)

𝒆−𝒙 + 𝟏
𝒅𝒙 =

∞

𝟎

𝟏

𝝅
𝓘 {∑(−𝟏)𝒏∫ 𝒆−𝒙(𝒏+𝟏−𝒊)𝒅𝒙

∞

𝟎

∞

𝒏=𝟎

} =
𝟏

𝝅
𝓘 {∑

(−𝟏)𝒏

𝒏 + 𝟏− 𝒊

∞

𝒏=𝟎

} = 

𝟏

𝝅
∑

(−𝟏)𝒏

(𝒏 + 𝟏)𝟐 + 𝟏
= −

𝟏

𝝅
∑

(−𝟏)𝒏

𝒏𝟐 + 𝟏
=
𝟏

𝝅

∞

𝒏=𝟏

∞

𝒏=𝟎

∑
𝟏

𝒏𝟐 + 𝟏

∞

𝒏=𝟏

−
𝟐

𝝅
∑

𝟏

𝟒𝒏𝟐 + 𝟏

∞

𝒏=𝟏

= 

𝟏

𝟐𝝅
(𝝅 𝐜𝐨𝐭𝐡(𝝅) − 𝟏) −

𝟐

𝝅
(
𝝅

𝟒
𝐜𝐨𝐭𝐡 (

𝝅

𝟐
)−

𝟏

𝟐
) =

𝟏

𝟐
(𝐜𝐨𝐭𝐡(𝝅) − 𝐜𝐨𝐭𝐡 (

𝝅

𝟐
))+

𝟏

𝟐𝝅
= 

𝟏

𝟐
(
𝒆𝝅 + 𝒆−𝝅

𝒆𝝅 − 𝒆−𝝅
−
𝒆
𝝅
𝟐 + 𝒆−

𝝅
𝟐

𝒆
𝝅
𝟐 − 𝒆−

𝝅
𝟐

)+
𝟏

𝟐𝝅
=
𝟏

𝟐
(
𝒆𝝅 + 𝒆−𝝅

𝒆𝝅 − 𝒆−𝝅
−
𝒆𝝅 + 𝒆−𝝅 + 𝟐

𝒆𝝅 − 𝒆−𝝅
) +

𝟏

𝟐𝝅
= 

−
𝟏

𝒆𝝅 − 𝒆−𝝅
+
𝟏

𝟐𝝅
= −

𝐜𝐬𝐜𝐡(𝝅)

𝟐
+
𝟏

𝟐𝝅
 

Ω = 𝑴+𝑲 =
𝟑

𝟐𝝅𝟑
𝜻(𝟑) −

𝐜𝐬𝐜𝐡(𝝅)

𝟐
+
𝟏

𝟐𝝅
=
𝝅𝟐 + 𝟑𝜻(𝟑) − 𝝅𝟑𝐜𝐬𝐜𝐡 (𝝅)

𝟐𝝅𝟑
 

 

Solution 4 by Nelson Javier Villaherrera Lopez-El Salvador 

𝑰 = ∫
𝒙𝟐 + 𝐬𝐞𝐧 (𝝅𝒙)

𝟏 + 𝐞𝐱𝐩 (𝝅𝒙)
𝒅𝒙

∞

𝟎

= ∫
𝒙𝟐 + 𝐬𝐞𝐧(𝝅𝒙)

𝟏 + 𝒆𝝅𝒙
.
𝒆−𝝅𝒙

𝒆−𝝅𝒙
𝒅𝒙 = ∫

𝒙𝟐 + 𝐬𝐞𝐧(𝝅𝒙)

𝒆−𝝅𝒙 + 𝟏

∞

𝟎

∞

𝟎

𝒆−𝝅𝒙𝒅𝒙 = 

∫ [𝒙𝟐 + 𝐬𝐞𝐧(𝝅𝒙)]
𝒆−𝝅𝒙

𝟏 + 𝒆−𝝅𝒙
𝒅𝒙 = ∫ [𝒙𝟐 + 𝐬𝐞𝐧(𝝅𝒙)]∑(−𝟏)𝒌−𝟏

∞

𝒌=𝟏

∞

𝟎

∞

𝟎

𝒆−𝝅𝒙𝒌𝒅𝒙 = 

∫ ∑(−𝟏)𝒌−𝟏
∞

𝒌=𝟏

∞

𝟎

[𝒙𝟐 + 𝐬𝐞𝐧(𝝅𝒙)]𝒆−𝝅𝒙𝒌𝒅𝒙 = ∑(−𝟏)𝒌−𝟏
∞

𝒌=𝟏

∫ [𝒙𝟐 + 𝐬𝐞𝐧(𝝅𝒙)]
∞

𝟎

𝒆−𝝅𝒙𝒌𝒅𝒙 = 

∑(−𝟏)𝒌−𝟏
∞

𝒌=𝟏

𝑳[𝒙𝟐 + 𝐬𝐞𝐧(𝝅𝒙)]
𝑱=𝝅𝒌

= ∑(−𝟏)𝒌−𝟏 [
𝟐!

(𝝅𝒌)𝟑
+

𝝅

(𝝅𝒌)𝟐 + 𝝅𝟐
] =

∞

𝒌=𝟏
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= ∑(−𝟏)𝒌−𝟏 [
𝟐!

𝝅𝟑𝒌𝟑
+

𝝅

𝝅𝟐𝒌𝟐 +𝝅𝟐
]

∞

𝒌=𝟏

= ∑(−𝟏)𝒌−𝟏 [
𝟐

𝝅𝟑𝒌𝟑
+

𝝅

𝝅𝟐(𝒌𝟐 + 𝟏)
] = ∑[

𝟐. (−𝟏)𝒌−𝟏

𝝅𝟑𝒌𝟑
+
𝟏

𝝅

(−𝟏)𝒌−𝟏

𝒌𝟐 − 𝒋𝟐
] =

∞

𝒌=𝟏

∞

𝒌=𝟏

 

𝟐

𝝅𝟑
∑
(−𝟏)𝒌−𝟏

𝒌𝟑
+
𝟏

𝝅
∑

(−𝟏)𝒌−𝟏

(𝒌 − 𝒋)(𝒌 + 𝒋)
=

∞

𝒌=𝟏

∞

𝒌=𝟏

𝟐

𝝅𝟑
[∑

𝟏

𝒌𝟑
−∑

𝟐

(𝟐𝒌)𝟑

∞

𝒌=𝟏

∞

𝒌=𝟏

] +
𝟏

𝝅
∑
(−𝟏)𝒌−𝟏(𝒋𝟐 + 𝒌 − 𝒌)

𝒋𝟐(𝒌 − 𝒋)(𝒌 + 𝒋)
=

∞

𝒌=𝟏

 

𝟐

𝝅𝟑
(∑

𝟏

𝒌𝟑
−∑

𝟐

𝟐𝟑𝒌𝟑
) +

𝟏

𝒋𝟐𝝅
∑
(−𝟏)𝒌−𝟏(𝒋 + 𝒌 − 𝒌 + 𝒋)

(𝒌 − 𝒋)(𝒌 + 𝒋)
=

∞

𝒌=𝟏

∞

𝒌=𝟏

∞

𝒌=𝟏

𝟐

𝝅𝟑
(∑

𝟏

𝒌𝟑
−∑

𝟐

𝟐𝟑𝒌𝟑
) +

∞

𝒌=𝟏

∞

𝒌=𝟏

 

𝟏

𝒋𝟐𝝅
∑(−𝟏)𝒌−𝟏 (

𝟏

𝒌 − 𝒋
−

𝟏

𝒌 + 𝒋
) =

∞

𝒌=𝟏

𝟐

𝝅𝟑
(∑

𝟏

𝒌𝟑
−
𝟏

𝟒
∑

𝟏

𝒌𝟑
) +

𝟏

𝒋𝟐𝝅
∑(

(−𝟏)𝒌−𝟏

𝒌 − 𝒋
−
(−𝟏)𝒌−𝟏

𝒌 + 𝒋
) =

∞

𝒌=𝟏

∞

𝒌=𝟏

∞

𝒌=𝟏

 

𝟐

𝝅𝟑
.
𝟑

𝟒
∑

𝟏

𝒌𝟑
+
𝟏

𝒋𝟐𝝅
[∑

(−𝟏)𝒌−𝟏

𝒌 − 𝒋
−∑

(−𝟏)𝒌−𝟏

𝒌 + 𝒋

∞

𝒌=𝟏

∞

𝒌=𝟏

] =
𝟑𝜻(𝟑)

𝟐𝝅𝟑
+
𝟏

𝒋𝟐𝝅
([∑

𝟏

𝒌 − 𝒋
−∑

𝟐

𝟐𝒌 − 𝒋

∞

𝒌=𝟏

∞

𝒌=𝟏

] −

∞

𝒌=𝟏

 

−[∑
𝟏

𝒌 + 𝒋
−

∞

𝒌=𝟏

∑
𝟐

𝟐𝒌+ 𝒋

∞

𝒌=𝟏

]) =
𝟑𝜻(𝟑)

𝟐𝝅𝟑
+
𝟏

𝒋𝟐𝝅
(∑

𝟏

𝒌− 𝒋
−∑

𝟏

𝒌+ 𝒋
− (∑

𝟏

𝒌 −
𝒋
𝟐

−∑
𝟏

𝒌 +
𝒋
𝟐

)) =

∞

𝒌=𝟏

∞

𝒌=𝟏

∞

𝒌=𝟏

∞

𝒌=𝟏

 

𝟑𝜻(𝟑)

𝟐𝝅𝟑
+
𝟏

𝒋𝟐𝝅
{−∑(

𝟏

𝒌
−

𝟏

𝒌 − 𝒋
) +∑(

𝟏

𝒌
−

𝟏

𝒌 + 𝒋
) − (−∑(

𝟏

𝒌
−

𝟏

𝒌 −
𝒋
𝟐

) +∑(
𝟏

𝒌
−

𝟏

𝒌 +
𝒋
𝟐

)

∞

𝒌=𝟏

∞

𝒌=𝟏

∞

𝒌=𝟏

∞

𝒌=𝟏

)}

= 
𝟑𝜻(𝟑)

𝟐𝝅𝟑
+
𝟏

𝒋𝟐𝝅
[ᵧ + 𝝍(𝒋 + 𝟏) − ᵧ − 𝝍(−𝒋 + 𝟏) + ᵧ +𝝍(−

𝒋

𝟐
+ 𝟏) − ᵧ − 𝝍(

𝒋

𝟐
+ 𝟏)] =

𝟑𝜻(𝟑)

𝟐𝝅𝟑
+ 

[𝝍(𝒋 + 𝟏) − 𝝍(𝟏 − 𝒋) + 𝝍(𝟏 −
𝒋

𝟐
) −𝝍(

𝒋

𝟐
+ 𝟏)]

=
𝟑𝜻(𝟑)

𝟐𝝅𝟑
+
𝟏

𝒋𝟐𝝅
(
𝟏

𝒋
+ 𝝍(𝒋) − 𝝍(𝟏 − 𝒋) + 𝝍(𝟏 −

𝒋

𝟐
) − 

−
𝟏

𝒋
𝟐

−𝝍(
𝒋

𝟐
)) =

𝟑𝜻(𝟑)

𝟐𝝅𝟑
+
𝟏

𝒋𝟐𝝅
(
𝟏

𝒋
−
𝟐

𝒋
+ 𝑫𝒙{𝒍𝒏[𝜞(𝒙)𝜞(𝟏 − 𝒙)]}𝒙=𝒋 − 𝝍(

𝒋

𝟐
) +𝝍(𝟏 −

𝒋

𝟐
)) = 

𝟑𝜻(𝟑)

𝟐𝝅𝟑
+
𝟏

𝒋𝟐𝝅
|−
𝟏

𝒋
+ 𝑫𝒙 {𝒍𝒏 [

𝝅

𝒔𝒆𝒏(𝝅𝒙)
]}|
𝒙=𝒋

−𝑫𝒚{𝒍𝒏[𝜞(𝒚)𝜞(𝟏− 𝒚)]}
𝒚=
𝒋
𝟐

) =
𝟑𝜻(𝟑)

𝟐𝝅𝟑
+ 

𝟏

𝒋𝟐𝝅
[𝑫𝒙{𝐥𝐧(𝝅) − 𝒍𝒏[𝒔𝒆𝒏(𝝅𝒙)]}𝒙=𝒋 − 𝑫𝒚 {𝐥𝐧(

𝝅

𝒔𝒆𝒏(𝝅𝒚)
)}
𝒚=
𝒋
𝟐

−
𝟏

𝒋
] =

𝟑𝜻(𝟑)

𝟐𝝅𝟑
+ 

𝟏

𝒋𝟐𝝅
[−𝝅

𝐜𝐨𝐬(𝝅𝒋)

𝐬𝐞𝐧(𝝅𝒋)
− 𝑫𝒚{𝐥𝐧(𝝅) − 𝒍𝒏[𝒔𝒆𝒏(𝝅𝒚)]}

𝒚=
𝒋
𝟐

−
𝟏

𝒋
] =

𝟑𝜻(𝟑)

𝟐𝝅𝟑
+
𝟏

𝒋𝟐𝝅
(−𝝅

𝐜𝐨𝐬(𝝅𝒋)

𝐬𝐞𝐧(𝝅𝒋)
+ 

+𝝅
𝐜𝐨𝐬 (𝝅

𝒋
𝟐
)

𝐬𝐞𝐧(𝝅
𝒋
𝟐
)
−
𝟏

𝒋
) =

𝟑𝜻(𝟑)

𝟐𝝅𝟑
+
𝟏

𝒋𝟐𝝅
{𝝅 [

𝟐𝒄𝒐𝒔𝟐 (𝝅
𝒋
𝟐
)

𝟐𝒔𝒊𝒏 (𝝅
𝒋
𝟐
) 𝒄𝒐𝒔(𝝅

𝒋
𝟐
)
−
𝐜𝐨𝐬(𝝅𝒋)

𝐬𝐞𝐧(𝝅𝒋)
] −
𝟏

𝒋
} = 

𝟑𝜻(𝟑)

𝟐𝝅𝟑
+
𝟏

𝒋𝟐𝝅
{𝝅 [

𝟏 + 𝐜𝐨𝐬 (𝝅𝒋)

𝒔𝒆𝒏 (𝝅𝒋)
−
𝐜𝐨𝐬(𝝅𝒋)

𝐬𝐞𝐧(𝝅𝒋)
] −
𝟏

𝒋
} =

𝟑𝜻(𝟑)

𝟐𝝅𝟑
+
𝟏

𝒋𝟐𝝅
[

𝝅

𝒔𝒆𝒏 (𝝅𝒋)
−
𝟏

𝒋
] = 
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𝟑𝜻(𝟑)

𝟐𝝅𝟑
+
𝟏

𝟐𝝅
[

𝝅

(𝒆−𝝅 − 𝒆𝝅)/𝟐
−
𝟏

−𝟏
] =

𝟑𝜻(𝟑)

𝟐𝝅𝟑
+
𝟏

𝟐𝝅
[

𝝅

(𝒆−𝝅 − 𝒆𝝅)/𝟐
+ 𝟏]

=
𝟑𝜻(𝟑)

𝟐𝝅𝟑
+
𝟏

𝟐𝝅
[𝟏 −

𝝅

𝒔𝒆𝒏 𝐡(𝝅)
] 

2382. Find: 

∫ ∫ ∫
𝐬𝐢𝐧 (𝒙)𝒔𝒊𝒏𝟐(𝟐𝒚)𝒔𝒊𝒏𝟑(𝟑𝒛)

𝒙𝒚𝟐𝒛𝟑
𝒅𝒙𝒅𝒚𝒅𝒛

∞

−∞

∞

−∞

∞

−∞

 

Proposed by Ankush Kumar Parcha-India 
Solution by Shirvan Tahirov-Azerbaijan 

∫ ∫ ∫
𝐬𝐢𝐧 (𝒙)𝒔𝒊𝒏𝟐(𝟐𝒚)𝒔𝒊𝒏𝟑(𝟑𝒛)

𝒙𝒚𝟐𝒛𝟑
𝒅𝒙𝒅𝒚𝒅𝒛

∞

−∞

∞

−∞

∞

−∞

= ∫
𝐬𝐢𝐧 (𝒙)

𝒙
𝒅𝒙.∫

𝒔𝒊𝒏𝟐(𝟐𝒚)

𝒚𝟐
𝒅𝒚.∫

𝒔𝒊𝒏𝟑(𝟑𝒛)

𝒛𝟑
𝒅𝒛

∞

−∞

∞

−∞

∞

−∞

 

{∗∫
𝐬𝐢𝐧 (𝒙)

𝒙
𝒅𝒙.∫

𝒔𝒊𝒏𝟐(𝟐𝒚)

𝒚𝟐
𝒅𝒚.∫

𝒔𝒊𝒏𝟑(𝟑𝒛)

𝒛𝟑
𝒅𝒛 = 𝑴 .  𝑵 .  𝑲 ∗}

∞

−∞

∞

−∞

∞

−∞

 

𝑴 = ∫
𝐬𝐢𝐧 (𝒙)

𝒙
𝒅𝒙 = 𝟐.∫

𝐬𝐢𝐧 (𝒙)

𝒙
𝒅𝒙 = 𝟐.

𝝅

𝟐
= 𝝅

∞

𝟎

∞

−∞

 

𝑵 = ∫
𝒔𝒊𝒏𝟐(𝟐𝒚)

𝒚𝟐
𝒅𝒚 = 𝟐∫

𝒔𝒊𝒏𝟐(𝟐𝒚)

𝒚𝟐
𝒅𝒚 = 𝟒.

𝝅

𝟐
= 𝟐𝝅

∞

𝟎

∞

−∞

 

𝑲 = ∫
𝒔𝒊𝒏𝟑(𝟑𝒛)

𝒛𝟑
𝒅𝒛

∞

−∞

= 𝟐∫
𝒔𝒊𝒏𝟑(𝟑𝒛)

𝒛𝟑
𝒅𝒛 =

𝟑𝒛=𝒕 ,
𝒅𝒕
𝒅𝒛
=𝟑∞

𝟎

𝟏𝟖∫
𝒔𝒊𝒏𝟑(𝒕)

𝒕𝟑
𝒅𝒕 =

𝟖𝟏

𝟒
∫

𝐬𝐢𝐧 (𝟑𝒕)

𝒕
𝒅𝒕 −

∞

𝟎

∞

𝟎

 

−
𝟐𝟕

𝟒
∫

𝐬𝐢𝐧 (𝒕)

𝒕
𝒅𝒕 =

𝟐𝟕

𝟒
(𝟑.
𝝅

𝟐
−

∞

𝟎

𝝅

𝟐
) =

𝟐𝟕

𝟒
𝝅 

∫
𝐬𝐢𝐧 (𝒙)

𝒙
𝒅𝒙.∫

𝒔𝒊𝒏𝟐(𝟐𝒚)

𝒚𝟐
𝒅𝒚.∫

𝒔𝒊𝒏𝟑(𝟑𝒛)

𝒛𝟑
𝒅𝒛

∞

−∞

∞

−∞

∞

−∞

= 𝑴 .  𝑵 .  𝑲 = 𝝅. 𝟐𝝅.
𝟐𝟕

𝟒
𝝅 =

𝟐𝟕

𝟐
𝝅𝟑 

 

 
2383. Prove that: 

𝐈 = ∫
𝐥𝐨𝐠𝟐(𝐱 + 𝟏)

𝐱(𝐱 + 𝟏)𝟐
𝐝𝐱

𝟏

𝟎

=
𝛇(𝟑)

𝟒
−
𝐥𝐨𝐠𝟑(𝟐)

𝟑
+
𝐥𝐨𝐠𝟐(𝟐)

𝟐
+ 𝐥𝐨𝐠(𝟐) − 𝟏 

Proposed by Cosghun Memmedov,Shirvan Tahirov-Azerbaijan 
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Solution by Togrul Ehmedov-Azerbaijan 
 

𝐈 = ∫
𝐥𝐨𝐠𝟐(𝐱 + 𝟏)

𝐱(𝐱 + 𝟏)𝟐
𝐝𝐱

𝟏

𝟎

= ∫
𝐥𝐨𝐠𝟐(𝐱 + 𝟏)

𝐱
𝐝𝐱

𝟏

𝟎

−∫
𝐥𝐨𝐠𝟐(𝐱 + 𝟏)

𝐱 + 𝟏
𝐝𝐱

𝟏

𝟎

−∫
𝐥𝐨𝐠𝟐(𝐱 + 𝟏)

(𝐱 + 𝟏)𝟐
𝐝𝐱

𝟏

𝟎

= 𝐈𝟏 − 𝐈𝟐 − 𝐈𝟑 

𝐈𝟏 = ∫
𝐥𝐨𝐠𝟐(𝐱 + 𝟏)

𝐱
𝐝𝐱

𝟏

𝟎

𝐈𝐁𝐏

=
− 𝟐∫

𝐥𝐨𝐠(𝐱) 𝐥𝐨𝐠(𝐱 + 𝟏)

𝐱 + 𝟏

𝟏

𝟎

𝐝𝐱 =
𝛇(𝟑)

𝟒
 

𝐈𝟐 = ∫
𝐥𝐨𝐠𝟐(𝐱 + 𝟏)

𝐱 + 𝟏
𝐝𝐱

𝟏

𝟎

=
𝐥𝐨𝐠𝟑(𝟐)

𝟑
 

𝐈𝟑 = ∫
𝐥𝐨𝐠𝟐(𝐱 + 𝟏)

(𝐱 + 𝟏)𝟐
𝐝𝐱

𝟏

𝟎

= 𝟏 − 𝐥𝐨𝐠(𝟐) −
𝐥𝐨𝐠𝟐(𝟐)

𝟐
 

𝐈 = 𝐈𝟏 − 𝐈𝟐 − 𝐈𝟑 =
𝛇(𝟑)

𝟒
−
𝐥𝐨𝐠𝟑(𝟐)

𝟑
+
𝐥𝐨𝐠𝟐(𝟐)

𝟐
+ 𝐥𝐨𝐠(𝟐) − 𝟏 

2384. Find: 

∫
𝐥𝐧 (√𝒙)𝒍𝒏𝟐(𝟏 + 𝒙)

(𝟏 + 𝒙)𝟐
𝒅𝒙

∞

𝟏

 

Proposed by Shirvan Tahirov, Cosghun Memmedov-Azerbaijan 
Solution by Amin Hajiyev-Azerbaijan 
 

𝟏

𝟐
∫

𝐥𝐧 (𝒙)𝒍𝒏𝟐(𝟏 + 𝒙)

(𝟏 + 𝒙)𝟐
𝒅𝒙 −

𝟏

𝟐
∫
𝐥𝐧 (𝒙)𝒍𝒏𝟐(𝟏 + 𝒙)

(𝟏 + 𝒙)𝟐
𝒅𝒙 =

𝟏

𝟐
(Ω𝟏 −Ω𝟐)

𝟏

𝟎

∞

𝟎

 

Ω = ∫
𝐥𝐧 (𝒙)𝒍𝒏𝟐(𝟏 + 𝒙)

(𝟏 + 𝒙)𝟐
𝒅𝒙 =⏞

{𝟏+𝒙=𝒕}

∫
𝐥𝐧 (𝒕 − 𝟏)𝒍𝒏𝟐(𝒕)

𝒕𝟐
𝒅𝒕 =⏞

{
𝟏
𝒕
 → 𝒕}

∫
𝐥𝐧(
𝟏 − 𝒕
𝒕 ) 𝒍𝒏𝟐(𝒕)

𝟏
𝒕𝟐
. 𝒕𝟐

𝒅𝒕
𝟏

𝟎

∞

𝟏

∞

𝟎

= 

∫ 𝐥𝐧(
𝟏 − 𝒕

𝒕
)

𝟏

𝟎

𝒍𝒏𝟐(𝒕)𝒅𝒕 = −∑
𝟏

𝒏
∫ 𝒕𝒏𝒍𝒏𝟐(𝒕)𝒅𝒕 − ∫ 𝒍𝒏𝟑(𝒕)𝒅𝒕 =

𝟏

𝟎

𝟏

𝟎

∞

𝒏=𝟏

 

𝟐∑
𝟏

𝒏(𝒏 + 𝟏)𝟑
+ 𝟔 = 𝟐𝜻(𝟑) +

𝝅𝟑

𝟑

∞

𝒏=𝟏

 

Ω𝟐 = ∫
𝐥𝐧 (𝒙)𝒍𝒏𝟐(𝟏 + 𝒙)

(𝟏 + 𝒙)𝟐
𝒅𝒙

𝟏

𝟎

=⏞
{𝟏+𝒙=𝒕}

∫
𝐥𝐧 (𝒕 − 𝟏)𝒍𝒏𝟐(𝒕)

𝒕𝟐

𝟐

𝟏

=⏞

{
𝟏
𝒕
 → 𝒕}

∫
𝐥𝐧 (

𝟏 − 𝒕
𝒕 ) 𝒍𝒏𝟐(𝒕)

𝟏
𝒕𝟐
. 𝒕𝟐

𝒅𝒕 =
𝟏

𝟏
𝟐
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∫ 𝐥𝐧 (
𝟏 − 𝒕

𝒕
) 𝒍𝒏𝟐(𝒕)

𝟏

𝟎⏟            
Ω𝟏

𝒅𝒕 −∫ 𝐥𝐧 (
𝟏 − 𝒕

𝒕
) 𝒍𝒏𝟐(𝒕) 𝒅𝒕 = 𝟐𝜻(𝟑) +

𝝅𝟑

𝟑
−𝑲

𝟏
𝟐

𝟎

 

𝑲 = ∫ 𝐥𝐧(𝟏 − 𝒕)

𝟏
𝟐

𝟎

𝒍𝒏𝟐(𝒕)𝒅𝒕 − ∫ 𝒍𝒏𝟑(𝒕)

𝟏
𝟐

𝟎

𝒅𝒕 =
⏟          

−

𝑰𝑩𝑷

∑
𝟏

𝒏
∫ 𝒕𝒏𝒍𝒏𝟐(𝒕)𝒅𝒕 −

𝟏
𝟐

𝟎

∞

𝒏=𝟏

 

−[𝟔𝒕𝒍𝒏(𝒕) − 𝟑𝒕𝒍𝒏𝟐(𝒕) + 𝒕𝒍𝒏𝟑(𝒕) − 𝟔𝒕]

𝟏
𝟐
𝟎
= −

𝟏

𝟐
𝒍𝒏𝟐(𝟐)∑

𝟏

𝒏(𝒏 + 𝟏)𝟐𝒏
+ 𝟐∑

𝟏

𝒏(𝒏 + 𝟏)
∫ 𝒕𝒏 𝐥𝐧(𝒕)𝒅𝒕 +

𝟏
𝟐

𝟎

∞

𝒏=𝟏

∞

𝒏=𝟏

 

+𝟑 𝐥𝐧(𝟐) +
𝟑𝒍𝒏𝟐(𝟐)

𝟐
+
𝒍𝒏𝟑(𝟐)

𝟐
+ 𝟑

= − 𝐥𝐧(𝟐)∑
𝟏

𝒏(𝒏 + 𝟏)𝟐𝟐𝒏

∞

𝒏=𝟏⏟          
𝑷𝒂𝒓𝒕𝒊𝒂𝒍 𝑺𝒖𝒎

−∑
𝟏

𝒏(𝒏 + 𝟏)𝟑𝟐𝒏

∞

𝒏=𝟏⏟          
𝑷𝒂𝒓𝒕𝒊𝒂𝒍 𝑺𝒖𝒎

+ 𝒍𝒏𝟐(𝟐) + 

+𝒍𝒏𝟑(𝟐) + 𝟑 𝐥𝐧(𝟐) + 𝟑 = 𝟐 𝐥𝐧(𝟐) +
𝟕𝜻(𝟑)

𝟒
+
𝒍𝒏𝟑(𝟐)

𝟑
+
𝝅𝟐

𝟔
+ 𝒍𝒏𝟐(𝟐) 

Ω𝟐 = Ω𝟏 −𝑲 ,   Ω =
𝟏

𝟐
(Ω𝟏 − Ω𝟐) =

𝟏

𝟐
𝑲 =

𝟕𝜻(𝟑)

𝟖
+
𝝅𝟐

𝟏𝟐
+
𝒍𝒏𝟑(𝟐)

𝟔
+
𝒍𝒏𝟐(𝟐)

𝟐
+ 𝐥𝐧 (𝟐) 

𝑵𝒐𝒕𝒆 ∶  𝜻(𝟑) → 𝑨𝒑𝒆𝒓𝒚′𝒔 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕 
2385. Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(𝒍𝒐𝒈𝒏 + 𝐥𝐢𝐦
𝒙→𝟎

𝟏 − (𝟏 + 𝒙𝟐)𝑯𝒏−𝟏

𝒙𝟐
) 

 
Proposed by Khaled Abd Imouti-Damascus-Syria 

Solution by Amin Hajiyev-Azerbaijan 
 

Ω = 𝐥𝐢𝐦
𝒏→∞

(𝐥𝐨𝐠 (𝒏) + 𝐥𝐢𝐦
𝒙→𝟎

𝟏 − (𝟏 + 𝒙𝟐)𝑯𝒏−𝟏

𝒙𝟐
) = 𝐥𝐢𝐦

𝒏→𝟎
(𝐥𝐨𝐠(𝒏) + 𝒇(𝒏)) 

𝒇(𝒏) = 𝐥𝐢𝐦
𝒙→𝟎

𝟏 + 𝒙𝟐 − (𝟏 + 𝒙𝟐)𝑯𝒏

𝒙𝟐(𝟏 + 𝒙𝟐)
  {𝟏 + 𝒙𝟐 = 𝒕  , 𝒙𝟐 = 𝒕 − 𝟏} 

𝒇(𝒏) = 𝐥𝐢𝐦
𝒕→𝟏

𝒕 − 𝒕𝑯𝒏

𝒕𝟐 − 𝒕
= 𝐥𝐢𝐦
𝒙→𝟏

𝝏
𝝏𝒕 (𝒕 − 𝒕

𝑯𝒏)

𝝏
𝝏𝒕
(𝒕𝟐 − 𝒕)

= 𝐥𝐢𝐦
𝒕→𝟏

𝟏 − 𝑯𝒏𝒕
𝑯𝒏−𝟏

𝟐𝒕 − 𝟏
= 𝟏 − 𝑯𝒏 

Ω = 𝐥𝐢𝐦
𝒏→𝟎
(𝐥𝐨𝐠(𝒏) − 𝑯𝒏 + 𝟏) = 𝐥𝐢𝐦

𝒏→∞
(𝐥𝐨𝐠(𝒏) − 𝐥𝐧(𝒏) − ᵧ −

𝟏

𝟐𝒏
+ 𝝃𝒏 + 𝟏) = 𝟏 − ᵧ 

{𝟎 ≤ 𝝃𝒏 ≤
𝟏

𝟖𝒏𝟐
  𝒏 → ∞  𝝃𝒏 → 𝟎 } 
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2386.  𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕  

∫
𝐥𝐧(𝒙)(𝟏 + 𝐥𝐧(𝒙) + 𝐥𝐧(𝟏 − 𝒙))

𝟏 + 𝒙𝟐

𝟏

𝟎

𝒅𝒙 =
𝟏

𝟔𝟒
(𝟕𝝅𝟑 + 𝟒𝝅𝒍𝒏𝟐(𝟐) − 𝟔𝟒𝑮− 𝟔𝟒𝑰𝒎{𝑳𝒊𝟑(𝟏+ 𝒊)}) 

Proposed by Abbaszade Yusif-Azerbaijan 
Solution by Amin Hajiyev-Azerbaijan 

𝜴 = ∫
𝐥𝐧(𝒙)(𝟏 + 𝐥𝐧(𝒙) + 𝐥𝐧(𝟏 − 𝒙))

𝟏 + 𝒙𝟐
𝒅𝒙

𝟏

𝟎

=∫
𝐥𝐧(𝒙)

𝟏 + 𝒙𝟐
𝒅𝒙 +∫

𝒍𝒏𝟐(𝒙)

𝟏 + 𝒙𝟐
𝒅𝒙 +∫

𝐥𝐧(𝒙)𝐥𝐧(𝟏 − 𝒙)

𝟏 + 𝒙𝟐
𝒅𝒙

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

=𝜴𝟏 + 𝜴𝟐 +𝜴𝟑 

𝑵𝒐𝒕𝒆: 

{ ∫
𝐥𝐧𝒌(𝒙)

𝟏 + 𝒙𝟐

𝟏

𝟎

𝒅𝒙 = ∑(−𝟏)𝒏∫ 𝒙𝟐𝒏 𝐥𝐧𝒌(𝒙)
𝟏

𝟎

𝒅𝒙

∞

𝒏=𝟎

= (−𝟏)𝒌𝒌!∑
(−𝟏)𝒏

(𝟐𝒏 + 𝟏)𝒌+𝟏

∞

𝒏=𝟎

= (−𝟏)𝒌𝒌!𝜷(𝒌 + 𝟏)} 

𝜴𝟏 = ∫
𝐥𝐧(𝒙)

𝟏 + 𝒙𝟐
𝒅𝒙 = −𝜷(𝟐) = −𝑮; 𝜴𝟐 = ∫

𝒍𝒏𝟐(𝒙)

𝟏 + 𝒙𝟐
𝒅𝒙 = 𝟐𝜷(𝟑) =

𝝅𝟑

𝟏𝟔

𝟏

𝟎

𝟏

𝟎

 

𝜴𝟑 = ∫
𝐥𝐧(𝒙)𝐥𝐧(𝟏 − 𝒙)

𝟏 + 𝒙𝟐
𝒅𝒙,

𝟏

𝟎

 𝜴𝟑(𝒂) = ∫
𝐥𝐧(𝒙)𝐥𝐧(𝟏 − 𝒂𝒙)

𝟏 + 𝒙𝟐
𝒅𝒙,

𝟏

𝟎

 {𝜴𝟑(𝟏) = 𝜴𝟑, 𝜴𝟑(𝟎) = 𝟎} 

𝒅

𝒅𝒂
𝜴𝟑(𝒂) =

𝒅

𝒅𝒂
∫
𝐥𝐧(𝒙)𝐥𝐧(𝟏 − 𝒂𝒙)

𝟏 + 𝒙𝟐
𝒅𝒙

𝟏

𝟎

= ∫
𝒙𝒍𝒏(𝒙)

(𝒂𝒙 − 𝟏)(𝟏 + 𝒙𝟐)
𝒅𝒙

𝟏

𝟎

= 

=
𝒂

𝟏 + 𝒂𝟐
∫

𝐥𝐧(𝒙)

𝟏 + 𝒙𝟐
𝒅𝒙

𝟏

𝟎

−
𝟏

𝟏 + 𝒂𝟐
∫
𝒙𝒍𝒏(𝒙)

𝟏 + 𝒙𝟐
𝒅𝒙

𝟏

𝟎

−
𝒂

𝟏 + 𝒂𝟐
∫

𝐥𝐧(𝒙)

𝟏 − 𝒂𝒙
𝒅𝒙

𝟏

𝟎

= 

= −
𝒂𝜷(𝟐)

𝟏 + 𝒂𝟐
+

𝟏

𝟏 + 𝒂𝟐
∑

(−𝟏)𝒏

(𝟐𝒏 + 𝟐)𝟐

∞

𝒏=𝟎

−
𝒂

𝟏 + 𝒂𝟐
∑𝒂𝒏∫ 𝒙𝒏𝐥𝐧(𝒙)𝒅𝒙

𝟏

𝟎

=

∞

𝒏=𝟎

 

= −
𝒂𝑮

𝟏 + 𝒂𝟐
+

𝜼(𝟐)

𝟒(𝟏 + 𝒂𝟐)
+

𝒂

𝟏 + 𝒂𝟐
∑

𝒂𝒏

(𝒏 + 𝟏)𝟐
= −

𝒂𝑮

𝟏 + 𝒂𝟐
+

𝝅𝟐

𝟒𝟖(𝟏 + 𝒂𝟐)

∞

𝒏=𝟎

+
𝑳𝒊𝟐(𝒂)

𝟏 + 𝒂𝟐
 

𝜴𝟑 =
𝝅𝟐

𝟒𝟖
∫

𝟏

𝟏 + 𝒂𝟐
𝒅𝒂

𝟏

𝟎

+∫
𝑳𝒊𝟐(𝒂)

𝟏 + 𝒂𝟐
𝒅𝒂 − 𝑮∫

𝒂

𝟏 + 𝒂𝟐
𝒅𝒂

𝟏

𝟎

𝟏

𝟎

=
𝝅𝟐

𝟒𝟖
𝑰𝟏 + 𝑰𝟐 − 𝑮𝑰𝟑 

𝑰𝟏 = ∫
𝟏

𝟏 + 𝒂𝟐
𝒅𝒂 = [𝐚𝐫𝐜𝐭𝐚𝐧(𝒂)]𝟎

𝟏 = 𝐚𝐫𝐜𝐭𝐚𝐧(𝟏) =
𝝅

𝟒

𝟏

𝟎

 

𝑰𝟐 = ∫
𝑳𝒊𝟐(𝒂)

𝟏 + 𝒂𝟐
𝒅𝒂

𝟏

𝟎

= ∑(−𝟏)𝒏∫ 𝒂𝟐𝒏𝑳𝒊𝟐(𝒂)𝒅𝒂
𝟏

𝟎

∞

𝒏=𝟎

 

𝑵𝒐𝒕𝒆𝒔: 
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{
 
 

 
 ∫ 𝒙𝒏−𝟏𝑳𝒊𝟐(𝒙)𝒅𝒙 =

𝜻(𝟐)

𝒏
−
𝑯𝒏
𝒏𝟐

𝟏

𝟎

∑
𝒙𝒏

𝒏𝟐
𝑯𝒏 = 𝑳𝒊𝟑(𝒙) − 𝑳𝒊𝟑(𝟏 − 𝒙) + 𝐥𝐧(𝟏 − 𝒙)𝑳𝒊𝟐(𝟏 − 𝒙) +

𝟏

𝟐
𝐥𝐧(𝒙)𝒍𝒏𝟐(𝟏 − 𝒙) + 𝜻(𝟑), |𝒙| ≤ 𝟏 

∞

𝒏=𝟏 }
 
 

 
 

 

𝑰𝟐 = ∑(−𝟏)𝒏∫ 𝒂𝟐𝒏+𝟏−𝟏𝑳𝒊𝟐(𝒂)𝒅𝒂 = ∑(−𝟏)𝒏
∞

𝒏=𝟎

𝟏

𝟎

∞

𝒏=𝟎

[
𝜻(𝟐)

𝟐𝒏 + 𝟏
−

𝑯𝟐𝒏+𝟏
(𝟐𝒏 + 𝟏)𝟐

] = 

= 𝜻(𝟐) 𝐚𝐫𝐜𝐭𝐚𝐧(𝟏) −∑
(−𝟏)𝒏𝑯𝟐𝒏+𝟏
(𝟐𝒏 + 𝟏)𝟐

∞

𝒏=𝟎

=
𝝅𝟑

𝟐𝟒
− İ𝒎 {∑

𝒊𝒏𝑯𝒏
𝒏𝟐

∞

𝒏=𝟏

} 

𝑵𝒐𝒕𝒆: {∑(−𝟏)𝒏𝒇(𝟐𝒏 + 𝟏) = İ𝒎{∑𝒊𝒏𝒇(𝒏)

∞

𝒏=𝟏

∞

𝒏=𝟎

}} 

𝑰𝟐 =
𝝅𝟑

𝟐𝟒
− İ𝒎 {𝑳𝒊𝟑(𝒊) − 𝑳𝒊𝟑(𝟏 − 𝒊) + 𝐥𝐧(𝟏 − 𝒊) 𝑳𝒊𝟐(𝟏 − 𝒊) +

𝟏

𝟐
𝐥𝐧(𝒊) 𝒍𝒏𝟐(𝟏 − 𝒊) + 𝜻(𝟑)} 

𝑵𝒐𝒕𝒆𝒔: 

𝐥𝐧(𝟏 − 𝒊) = 𝐥𝐧(√𝟐(𝒄𝒐𝒔 (
𝝅

𝟒
) − 𝒊𝒔𝒊𝒏 (

𝝅

𝟒
))) =

𝟏

𝟐
𝐥𝐧(𝟐) + 𝐥𝐧 (𝒆

−𝒊𝝅
𝟒 ) =

𝟏

𝟐
𝐥𝐧(𝟐) −

𝒊𝝅

𝟒
 

𝐥𝐧(𝒊) = 𝐥𝐧 (𝒄𝒐𝒔 (
𝝅

𝟐
) + 𝒊𝒔𝒊𝒏 (

𝝅

𝟐
)) = 𝐥𝐧 (𝒆

𝒊𝝅
𝟐 ) =

𝒊𝝅

𝟐
 

𝑳𝒊𝟐(𝟏 − 𝒊) =
𝟑

𝟖
𝜻(𝟐) − 𝒊 (

𝝅

𝟒
𝐥𝐧(𝟐) + 𝑮) , 𝑳𝒊𝟑(𝒊) =

𝒊𝝅𝟑

𝟑𝟐
−
𝟑𝜻(𝟑)

𝟑𝟐
 

𝑰𝟐 =
𝝅𝟑

𝟐𝟒
+
𝝅

𝟏𝟔
𝒍𝒏𝟐(𝟐) +

𝑮

𝟐
𝐥𝐧(𝟐) − İ𝒎{𝑳𝒊𝟑(𝟏 + 𝒊)} 

𝑰𝟑 = ∫
𝒂

𝟏 + 𝒂𝟐
𝒅𝒂

𝟏

𝟎

, {𝐭𝐚𝐧−𝟏(𝒂) = 𝒕,  𝒅𝒕 =
𝒅𝒂

𝟏 + 𝒂𝟐
, 𝒕 [
𝝅

𝟒
, 𝟎] , 𝒂 = 𝐭𝐚𝐧(𝒕)} 

𝑰𝟑 = ∫ 𝐭𝐚𝐧(𝒕)𝒅𝒕 =

𝝅
𝟒

𝟎

− [𝐥𝐧(𝐜𝐨𝐬𝒕)]
𝟎

𝝅
𝟒 =

𝐥𝐧(𝟐)

𝟐
 

𝜴𝟑 =
𝝅𝟐

𝟒𝟖
𝑰𝟏 + 𝑰𝟐 − 𝑮𝑰𝟑 =

𝝅𝟑

𝟏𝟗𝟐
+
𝝅𝟑

𝟐𝟒
− İ𝒎{𝑳𝒊𝟑(𝟏 + 𝒊)} +

𝝅

𝟏𝟔
𝒍𝒏𝟐(𝟐) +

𝑮

𝟐
𝐥𝐧(𝟐) −

𝑮

𝟐
𝐥𝐧(𝟐)

= 

=
𝟑𝝅𝟑

𝟔𝟒
+
𝝅

𝟏𝟔
𝒍𝒏𝟐(𝟐) − İ𝒎{𝑳𝒊𝟑(𝟏 + 𝒊)} 

∫
𝐥𝐧(𝒙)(𝟏 + 𝐥𝐧(𝐱) + 𝐥𝐧(𝟏 − 𝐱))

𝟏 + 𝒙𝟐
𝒅𝒙 = 𝜴𝟏 +𝜴𝟐 + 𝜴𝟑

𝟏

𝟎

=
𝟑𝝅𝟑

𝟔𝟒
+
𝝅

𝟏𝟔
𝒍𝒏𝟐(𝟐) − 𝑮 − İ𝒎{𝑳𝒊𝟑(𝟏 + 𝒊)} +

𝝅𝟑

𝟏𝟔
= 

=
𝟏

𝟔𝟒
(𝟕𝝅𝟑 + 𝟒𝝅𝒍𝒏𝟐(𝟐) − 𝟔𝟒𝑮 − 𝟔𝟒İ𝒎{𝑳𝒊𝟑(𝟏 + 𝒊)}),𝑯𝒆𝒏𝒄𝒆 𝒑𝒓𝒐𝒗𝒆𝒅  
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2387. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕: 

∫ 𝒆−𝒙
𝟐
√(𝐜𝐨𝐬𝐡𝟐(𝒙) − 𝟏)

∞

𝟎

𝒅𝒙 =
𝒆
𝟏
𝟒

𝟐
√𝝅𝐞𝐫𝐟 (

𝟏

𝟐
) 

 
Proposed by Abdul Mukhtar-Nigeria 

Solution by Amin Hajiyev-Azerbaijan 
 

𝝈 = ∫ 𝒆−𝒙
𝟐
√𝐜𝐨𝐬𝐡𝟐(𝒙) − 𝟏 𝒅𝒙 = ∫ 𝒆−𝒙

𝟐
𝐬𝐢𝐧𝐡(𝒙) 𝒅𝒙

∞

𝟎

∞

𝟎

= ∫
𝒆−𝒙

𝟐

𝟐
(𝒆𝒙 − 𝒆−𝒙)𝒅𝒙 =

𝟏

𝟐
(∫ 𝒆−𝒙

𝟐+𝒙
∞

𝟎

∞

𝟎

𝒅𝒙 −

−∫ 𝒆−𝒙
𝟐−𝒙𝒅𝒙) =

𝟏

𝟐
(∫ 𝒆−(𝒙−

𝟏
𝟐
)
𝟐

+
𝟏
𝟒

∞

𝟎

∞

𝟎

𝒅𝒙 − ∫ 𝒆−(𝒙+
𝟏
𝟐
)
𝟐

+
𝟏
𝟒

∞

𝟎

𝒅𝒙) = 

=
𝟏

𝟐
𝒆
𝟏
𝟒 (∫ 𝒆−(𝒙−

𝟏
𝟐
)
𝟐∞

𝟎

𝒅𝒙 − ∫ 𝒆−(𝒙+
𝟏
𝟐
)
𝟐∞

𝟎

𝒅𝒙) =
𝒆
𝟏
𝟒

𝟐
(𝝈𝟏 − 𝝈𝟐) 

 

𝝈𝟏 = ∫ 𝒆
−(𝒙−

𝟏
𝟐
)
𝟐

𝒅𝒙 =
√𝝅

𝟐
[

∞

𝟎

𝐞𝐫𝐟 (𝒙 −
𝟏

𝟐
)]𝟎
∞ =

√𝝅

𝟐
[𝐞𝐫𝐟(∞) − 𝐞𝐫𝐟 (

𝟏

𝟐
)] =

√𝝅

𝟐
(𝟏 + 𝐞𝐫𝐟 (

𝟏

𝟐
)) 

𝝈𝟐 = ∫ 𝒆−(𝒙+
𝟏
𝟐
)
𝟐

𝒅𝒙 =
√𝝅

𝟐
[𝐞𝐫𝐟 (𝒙 +

𝟏

𝟐
)]𝟎
∞ =

√𝝅

𝟐
(𝐞𝐫𝐟 (∞) − 𝐞𝐫𝐟 (

𝟏

𝟐
)) =

√𝝅

𝟐
(𝟏 − 𝐞𝐫𝐟 (

𝟏

𝟐
))

∞

𝟎

 

𝝈 = ∫ 𝒆−𝒙
𝟐
√𝐜𝐨𝐬𝐡𝟐(𝒙) − 𝟏𝒅𝒙

∞

𝟎

=
𝒆
𝟏
𝟒

𝟐
(𝝈𝟏 − 𝝈𝟐) =

𝒆
𝟏
𝟒√𝝅

𝟐
𝐞𝐫𝐟 (

𝟏

𝟐
) 

Notes: 

Error function: 
𝟐

√𝝅
∫ 𝒆−𝒛

𝟐
𝒅𝒛 = 𝐞𝐫𝐟 [𝒛];  𝐞𝐫𝐟(±∞) = ±𝟏;  𝐞𝐫𝐟 (±𝒂) = ± 𝐞𝐫𝐟 (𝒂)

∞

𝟎
 

 

2388. Prove that : 

∫
𝒙

𝐬𝐢𝐧𝐡(𝒙)
𝒅𝒙 = 𝑳𝒊𝟐 (−

𝟏

𝒆
) − 𝑳𝒊𝟐 (

𝟏

𝒆
) − 𝐥𝐧 (

𝒆 + 𝟏

𝒆 − 𝟏

𝟏

𝟎

) +
𝝅𝟐

𝟒
 

Proposed by Ankush Kumar Parcha-India 
Solution by Amin Hajiyev-Azerbaijan 

  

 𝝎 = ∫
𝒙

𝐬𝐢𝐧𝐡(𝒙

𝟏

𝟎
𝒅𝒙 = 𝟐∫

𝒙 𝒆𝒙

𝒆𝟐𝒙−𝟏

𝟏

𝟎
𝒅𝒙    {𝒆−𝒙 = 𝒕;  𝒙 = − 𝐥𝐧(𝒕) ;

𝒅𝒙

𝒅𝒕
= −

𝟏

𝒕
} 

𝝎 = 𝟐∫

𝟏
𝒕
𝐥𝐧(𝒕)

(
𝟏
𝒕𝟐
− 𝟏)𝒕 

𝒅𝒕 = 𝟐∫
𝐥𝐧(𝒕)

𝟏 − 𝒕𝟐
𝒅𝒕 = 

𝟏
𝒆

𝟏

𝟏
𝒆

𝟏
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= 𝟐(∫
𝐥𝐧(𝒕)

𝟏 − 𝒕𝟐
𝒅𝒕 − ∫

𝐥𝐧(𝒕)

𝟏 − 𝒕𝟐

𝟏

𝟎

𝟏
𝒆

𝟎

𝒅𝒕) = 𝟐(𝝎𝟏 −𝝎𝟐) 

𝝎𝟏

= ∫
𝐥𝐧(𝒕)

𝟏 − 𝒕𝟐
𝒅𝒕 = ∑∫ 𝒕𝟐𝒏𝐥𝐧(𝒕)𝒅𝒕 =

𝟏
𝒆

𝟎 İ𝑩𝑷

∞

𝒏=𝟎

∑(−
𝟏

(𝟐𝒏 + 𝟏)𝒆𝟐𝒏 + 𝟏
−

𝟏

(𝟐𝒏 + 𝟏)𝟐𝒆𝟐𝒏+𝟏
) =

∞

𝒏=𝟎

𝟏
𝒆

𝟎

 

= −
𝟏

𝟐
(∑

𝟏

𝒏𝒆𝒏
−∑

(−𝟏)𝒏

𝒏𝒆𝒏

∞

𝒏=𝟏

∞

𝒏=𝟏

+∑
𝟏

𝒏𝟐𝒆𝒏
−∑

(−𝟏)𝒏

𝒏𝟐𝒆𝒏

∞

𝒏=𝟏

∞

𝒏=𝟏

) = 

= −
𝟏

𝟐
(𝟏 − 𝐥𝐧(𝒆 − 𝟏) − 𝟏 + 𝐥𝐧(𝒆 + 𝟏) + 𝑳𝒊𝟐 (

𝟏

𝒆
) − 𝑳𝒊𝟐 (−

𝟏

𝒆
))

= −
𝟏

𝟐
𝐥𝐧 (

𝒆 + 𝟏

𝒆 − 𝟏
) −

𝟏

𝟐
𝑳𝒊𝟐 (

𝟏

𝒆
) +

𝟏

𝟐
𝑳𝒊𝟐 (−

𝟏

𝒆
) 

𝝎𝟐 = ∫
𝐥𝐧(𝒕)

𝟏 − 𝒕𝟐

𝟏

𝟎

𝒅𝒕 =

= ∑∫
𝒕𝟐𝒏𝐥𝐧(𝒕) = −∑

𝟏

(𝟐𝒏 + 𝟏)𝟐
= −

𝟏

𝟐
(∑

𝟏

𝒏𝟐
−∑

(−𝟏)𝒏

𝒏𝟐
) = 

∞

𝒏=𝟏

∞

𝒏=𝟏

∞

𝒏=𝟎

İ𝑩𝑷

𝟏

𝟎

∞

𝒏=𝟎

 

= −
𝟏

𝟐
(𝜻(𝟐) −

𝟏

𝟐
𝜻(𝟐)) = −

𝟏

𝟐
(
𝝅𝟐

𝟔
+
𝝅𝟐

𝟏𝟐 
) = −

𝝅𝟐

𝟖
 ;   

 𝝎 = 𝟐(𝝎𝟏 −𝝎𝟐) = 𝟐(−
𝟏

𝟐
𝐥𝐧 (
𝒆 + 𝟏

𝒆 − 𝟏
) −

𝟏

𝟐
𝑳𝒊𝟐 (

𝟏

𝒆
) +

𝟏

𝟐
𝑳𝒊𝟐 (−

𝟏

𝒆
) +

𝝅𝟐

𝟖
)

= 𝑳𝒊𝟐 (−
𝟏

𝒆
) − 𝑳𝒊𝟐 (

𝟏

𝒆
) − 𝐥𝐧 (

𝒆 + 𝟏

𝒆 − 𝟏
) +

𝝅𝟐

𝟒
 

∫
𝒙

𝒔𝒊𝒏𝒉(𝒙)
𝒅𝒙 = 𝑳𝒊𝟐 (−

𝟏

𝒆
) − 𝑳𝒊𝟐 (

𝟏

𝒆
) − 𝐥𝐧(

𝒆 + 𝟏

𝒆 − 𝟏

𝟏

𝟎

) +
𝝅𝟐

𝟒
     

                                            
 
 Notes:          

∑𝒂𝟐𝒏+𝟏 =
𝟏

𝟐
(∑𝒂𝒏 −∑(−𝟏)𝒏𝒂𝒏); 

∞

𝒏=𝟏

∞

𝒏=𝟏

∞

𝒏=𝟎

𝒔𝒊𝒏𝒉(𝒙) =
𝒆𝒙 − 𝒆−𝒙

𝟐 
 

𝑳𝒊𝒔(𝒏) = ∑
𝒙𝒏 

𝒏𝒔

∞

𝒏=𝟏

 𝑷𝒐𝒍𝒚𝒍𝒐𝒈𝒂𝒓𝒊𝒕𝒉𝒎 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏  

𝜻(𝒔) = ∑
𝟏

𝒏𝒔
   𝑹𝒊𝒆𝒎𝒂𝒏′𝒔 𝒛𝒆𝒕𝒂 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 

∞

𝒏=𝟏
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2389. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 : 

∫ (
𝐬𝐢𝐧(𝒙)

𝐬𝐢𝐧𝐡(𝒙)
)(

𝐜𝐨𝐬(𝒙)

𝐜𝐨𝐬𝐡(𝒙)
)𝒅𝒙 =

𝝅

𝟒𝑹+
𝐭𝐚𝐧𝐡 (

𝝅

𝟐
) 

 
Proposed by Ankush Kumar Parcha-India 

Solution by Amin Hajiyev-Azerbaijan 
 

𝝈 = ∫
𝐬𝐢𝐧(𝒙) 𝐜𝐨𝐬(𝒙)

𝐬𝐢𝐧𝐡(𝒙) 𝐜𝐨𝐬𝐡(𝒙)
𝒅𝒙 = ∫

𝐬𝐢𝐧(𝟐𝒙)

𝐬𝐢𝐧𝐡(𝟐𝒙)
𝒅𝒙 =

𝟏

𝟐
∫

𝐬𝐢𝐧(𝒙)

𝐬𝐢𝐧𝐡(𝒙)
𝐝𝐱 = ∫

𝒆−𝒙 𝐬𝐢𝐧(𝒙)

𝟏 − 𝒆−𝟐𝒙
𝐝𝐱 

∞

𝟎

∞

𝟎

∞

𝟎

∞

𝟎

 

= ∫ ∑𝒆−𝟐𝒏𝒙−𝒙
∞

𝒏=𝟎

∞

𝟎

𝐬𝐢𝐧(𝐱) 𝐝𝐱 = ∑∫ 𝒆−𝒙(𝟐𝒏+𝟏)𝐬𝐢𝐧(𝒙)𝒅𝒙 = ∑(𝒇(𝟐𝒏+ 𝟏)

∞

𝒏=𝟎

∞

𝟎

∞

𝐧=𝟎

) 

𝒇(𝒂) = ∫ 𝒆−𝒂𝒙𝐬𝐢𝐧(𝒙)𝒅𝒙,    𝑼𝒔𝒊𝒏𝒈 𝑰𝑩𝑷 𝒎𝒆𝒕𝒉𝒐𝒅 
∞

𝟎

{𝒖 = 𝐬𝐢𝐧(𝒙) , 𝐝𝐮 = 𝐜𝐨𝐬(𝐱) 𝐝𝐱; 𝐯 = ∫ 𝐞−𝐚𝐱𝐝𝐱

= −
𝟏

𝐚
𝐞−𝐚𝐱} 

𝒇(𝒂) = [−
𝒆−𝒂𝒙 𝐬𝐢𝐧(𝒙)

𝒂
]𝟎
∞ +

𝟏

𝒂
∫ 𝒆−𝒂𝒙𝐜𝐨𝐬(𝒙)𝒅𝒙 =

𝟏

𝒂

∞

𝟎

[−
𝐞−𝐚𝐱𝐜𝐨𝐬 (𝐱)

𝒂
]𝟎
∞ −

𝟏

𝒂𝟐
∫ 𝒆−𝒂𝒙 𝐬𝐢𝐧(𝒙) 𝒅𝒙
∞

𝟎

 

𝒇(𝒂) =
𝟏

𝒂𝟐
−
𝟏

𝒂𝟐
𝒇(𝒂) ;  𝒇(𝒂) =

𝟏

𝒂𝟐 + 𝟏
, 𝒇(𝟐𝒏 + 𝟏) =

𝟏

𝟏 + (𝟐𝒏 + 𝟏)𝟐
 

 

𝝈 = ∑ 𝒇(𝟐𝒏+ 𝟏) = ∑
𝟏

(𝟐𝒏+ 𝟏)𝟐 + 𝟏
= ∑

𝟏

(𝟐𝒏+ 𝟏 − 𝒊)(𝟐𝒏 + 𝟏 + 𝒊)

∞

𝒏=𝟎

∞

𝒏=𝟎

∞

𝒏=𝟎

=
𝟏

𝟒
∑

𝟏

(𝒏+
𝟏− 𝒊
𝟐
) (𝒏 +

𝟏 + 𝒊
𝟐
)
=

∞

𝒏=𝟎

 

=
𝟏

𝟒
(
𝝍(𝟎) (

𝟏 + 𝒊
𝟐
) − 𝝍(𝟎) (

𝟏 − 𝒊
𝟐
)

𝒊
) =

𝟏

𝟒𝒊
(𝝍(𝟎) (

𝟏 + 𝒊

𝟐
) − 𝝍(𝟎) (𝟏 −

𝟏 + 𝒊

𝟐
)) = 

= −
𝟏

𝟒𝒊
(𝝅 𝐜𝐨𝐭 (𝛑

𝟏 + 𝒊

𝟐
)) =

𝝅

𝟒𝒊
𝐭𝐚𝐧 (

𝝅𝒊

𝟐
) =

𝝅

𝟒
𝒕𝒂𝒏𝒉(

𝝅

𝟐
) 

𝑵𝒐𝒕𝒆𝒔: 

𝑷𝒐𝒍𝒚𝒈𝒂𝒎𝒎𝒂 𝒓𝒆𝒇𝒍𝒆𝒄𝒕𝒊𝒐𝒏 𝒇𝒐𝒓𝒎𝒖𝒍𝒂:  (−𝟏)𝒎𝝍(𝒎)(𝟏− 𝒛) − 𝝍(𝒎)(𝒛) = 𝝅
𝒅𝒎 

𝒅𝒛𝒎
𝐜𝐨𝐭 𝒛) 

𝑯𝒊𝒑𝒆𝒓𝒃𝒐𝒍𝒊𝒄 𝒕𝒂𝒏𝒈𝒆𝒏𝒕 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏: 

𝒕𝒂𝒏𝒉(𝒙) =
𝒆𝒙 − 𝒆−𝒙

𝒆𝒙 + 𝒆−𝒙
;  𝒕𝒂𝒏(𝒙) =

𝒊(𝒆−𝒊𝒙 − 𝒆𝒊𝒙)

𝒆−𝒊𝒙 + 𝒆𝒊𝒙
;   𝒕𝒂𝒏𝒉(𝒊𝒙) = 𝒊 𝒕𝒂𝒏(𝒙) 

2390. Prove that: 

∫  (
𝐬𝐢𝐧(𝒙)

𝐬𝐢𝐧𝐡 (𝐱)
)

∞

𝟎
(
𝐜𝐨𝐬(𝒙)

𝐜𝐨𝐬𝐡(𝒙)
) (

𝐭𝐚𝐧(𝒙)

𝐭𝐚𝐧𝐡(𝒙)
)𝒅𝒙 =

𝝅

𝟐
coth(𝝅) - 

𝟏

𝟐
 

Proposed by Ankush Kumar Parcha-India 
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Solution by Cosghun Memmedov-Azerbaijan 
 

∫  (
𝐬𝐢𝐧(𝒙)

𝐬𝐢𝐧𝐡 (𝐱)
)

∞

𝟎
(
𝐜𝐨𝐬(𝒙)

𝐜𝐨𝐬𝐡(𝒙)
) (

𝐭𝐚𝐧(𝒙)

𝐭𝐚𝐧𝐡(𝒙)
)𝒅𝒙 =

∫
𝟒𝒔𝒊𝒏𝟐(𝒙)

𝒆𝟐𝒙+𝒆−𝟐𝒙−𝟐

∞

𝟎
dx=∫

𝟐−𝟐𝐜𝐨𝐬 (𝟐𝒙)

𝒆𝟐𝒙+𝒆−𝟐𝒙−𝟐

∞

𝟎
𝒅𝒙 =⏞

(𝟐𝒙→𝒙)

∫
𝟏−𝐜𝐨𝐬 (𝒙)

𝒆𝒙+𝒆−𝒙−𝟐

∞

𝟎
𝒅𝒙= 

∫
𝒆−𝒙

(𝟏−𝒆−𝒙)𝟐

∞

𝟎
dx - ∫

𝒆−𝒙𝒄𝒐𝒔(𝒙)

(𝟏−𝒆−𝒙)𝟐

∞

𝟎
dx= 

(∑ 𝒆−𝒙𝒏∞
𝒏=𝟎 =

𝟏

𝟏−𝒆−𝒙
; 
𝝏

𝝏𝒙
∑ 𝒆−𝒙𝒏∞
𝒏=𝟎 = - 

𝒆−𝒙

(𝟏−𝒆−𝒙)𝟐
=> ∑ 𝒏𝒆−𝒙𝒏∞

𝒏=𝟏 =
𝒆−𝒙

(𝟏−𝒆−𝒙)𝟐
) 

= ∑ 𝒏∞
𝒏=𝟏 ∫ 𝒆−𝒙𝒏

∞

𝟎
dx- 𝕽e(∑ 𝒏∞

𝒏=𝟏 ∫ 𝒆−𝒙(𝒏−𝓲)
∞

𝟎
dx) =∑ 𝒏∞

𝒏=𝟏 ×
𝟏

𝒏
 - 𝕽e(∑

𝒏

𝒏 −𝓲 
) =∞

𝒏=𝟏  

∑ (𝟏 − 
𝒏𝟐

𝒏𝟐+𝟏

∞
𝒏=𝟏 )= ∑

𝟏

𝒏𝟐+𝟏

∞
𝒏=𝟏  = 

𝝅

𝟐
coth(𝝅) - 

𝟏

𝟐
 

Notes ; ∑
𝟏

𝒏𝟐+𝒂𝟐
+∞
−∞  = 

𝝅

𝒂
coth(𝝅); sinh(x) = 

𝒆𝒙−𝒆−𝒙

𝟐
; cosh(x) = 

𝒆𝒙+𝒆−𝒙

𝟐
 

2391. Find: 

Ω𝒏,𝒑,𝒕 = ∫
𝒍𝒏𝒏(𝒙 + 𝟏)

𝒙𝒑(𝒙 + 𝟏)𝒕
𝒅𝒙 

𝒃

𝒂

 { 𝟎 ≤ 𝒑, 𝒕, 𝒏 ∈ 𝒁 𝒂𝒏𝒅  𝟎 ≤ 𝒂 < 𝑏} 

 
Proposed by Bui Hong Suc-Vietnam (𝐼𝑛𝑠𝑝𝑖𝑟𝑒𝑑 𝑏𝑦 ∶ 𝑆ℎ𝑖𝑟𝑣𝑎𝑛 𝑇𝑎ℎ𝑖𝑟𝑜𝑣) 

Solution by Noureddine Sima-Algeria 
 

∫
𝒍𝒏𝒏(𝒙 + 𝟏)

𝒙𝒑(𝒙 + 𝟏)𝒕
𝒅𝒙 

𝒃

𝒂

=⏟
𝒅𝒙=𝒆𝒛𝒅𝒛

⏞    
𝟏+𝒙=𝒆𝒛

∫
𝒛𝒏𝒆−𝒛(𝒕−𝟏+𝒑)

(𝟏 − 𝒆−𝒛)𝒑
𝒅𝒛

𝐥𝐧 (𝟏+𝒃)

𝐥𝐧 (𝟏+𝒂)

 

𝟏

(𝟏 − 𝒚)𝒎
= ∑ 𝑪𝒌

𝒎−𝟏

∞

𝒌=𝒎−𝟏

𝒚𝒌+𝟏−𝒎 

∑ 𝑪𝒌
𝒑−𝟏

∞

𝒌=𝒑−𝟏

∫ 𝒛𝒏
𝐥𝐧 (𝟏+𝒃)

𝐥𝐧 (𝟏+𝒂)

𝒆−𝒛(𝒕+𝒌)𝒅𝒛 =⏞

𝒛=
𝒚
𝒕+𝒌

 

∑
𝑪𝒌
𝒑−𝟏

(𝒕 + 𝒌)𝒏+𝟏
∫ 𝒚𝒏
(𝒕+𝒌)𝐥𝐧 (𝟏+𝒃)

(𝒕+𝒌)𝐥𝐧 (𝟏+𝒂)

∞

𝒌=𝒑−𝟏

𝒆−𝒚𝒅𝒚 =⏞

𝒆−𝒚=∑
(−𝟏)𝒊𝒚𝒊

𝒊!
∞
𝒊=𝟎

 

∑
𝑪𝒌
𝒑−𝟏

(𝒕 + 𝒌)𝒏+𝟏
∑
(−𝟏)𝒊

𝒊!
∫ 𝒚𝒏+𝒊
(𝒕+𝒌)𝐥𝐧 (𝟏+𝒃)

(𝒕+𝒌)𝐥𝐧 (𝟏+𝒂)

∞

𝒊=𝟎

∞

𝒌=𝒑−𝟏

𝒅𝒚 = 
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∑
𝑪𝒌
𝒑−𝟏

(𝒕 + 𝒌)𝒏+𝟏
∑

(−𝟏)𝒊

𝒊! (𝒏 + 𝒊 + 𝟏)
(𝒕 + 𝒌)𝒏+𝒊+𝟏[𝒍𝒏𝒏+𝒊+𝟏(𝟏 + 𝒃) − 𝒍𝒏𝒏+𝒊+𝟏(𝟏 + 𝒂)]

∞

𝒊=𝟎

∞

𝒌=𝒑−𝟏

 

 
2392. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕: 

∫
𝒍𝒏𝟐(𝒙) + 𝒙𝐚𝐫𝐜𝐭𝐚𝐧(𝒙)

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)

𝟏

𝟎

𝒅𝒙 =
𝟏

𝟔𝟒
(𝟒𝟐𝜻(𝟑) + 𝟏𝟔𝑮 + 𝟐𝝅𝟑 +𝝅𝟐 − 𝟖𝝅𝐥𝐧(𝟐))   

Proposed by Shirvan Tahirov-Azerbaijan 
Solution by Amin Hajiyev-Azerbaijan 
 

𝜽 = ∫
𝒍𝒏𝟐(𝒙) + 𝒙𝐚𝐫𝐜𝐭𝐚𝐧(𝒙)

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)
𝒅𝒙 = ∫

𝒍𝒏²(𝒙)

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)

𝟏

𝟎

𝟏

𝟎

𝒅𝒙 +∫
𝒙𝐚𝐫𝐜𝐭𝐚𝐧(𝒙)

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)

𝟏

𝟎

𝒅𝒙 = 𝜽𝟏 + 𝜽𝟐 

 

𝜽𝟏 = ∫
𝒍𝒏²(𝒙)

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)

𝟏

𝟎

𝒅𝒙 =
𝟏

𝟐
(∫

𝒍𝒏²(𝒙)

𝟏 + 𝒙

𝟏

𝟎

𝒅𝒙 + ∫
𝐥𝐧𝟐(𝒙)

𝟏 + 𝒙𝟐

𝟏

𝟎

𝒅𝒙 − ∫
𝒙 𝒍𝒏𝟐(𝒙)

𝟏 + 𝒙𝟐

𝟏

𝟎

𝒅𝒙) = 

=
𝟏

𝟐
(∑(−𝟏)𝒏∫ 𝒙𝒏𝒍𝒏𝟐(𝒙)𝒅𝒙 +∑(−𝟏)𝒏∫ 𝒙𝟐𝒏𝒍𝒏𝟐(𝒙)𝒅𝒙−∑(−𝟏)𝒏∫ 𝒙𝟐𝒏+𝟏𝒍𝒏²(𝒙)𝒅𝒙

𝟏

𝟎

∞

𝒏=𝟎

𝟏

𝟎

∞

𝒏=𝟎

𝟏

𝟎

∞

𝒏=𝟎

) = 

= (∑
(−𝟏)𝒏

(𝒏 + 𝟏)𝟑

∞

𝒏=𝟎

+∑
(−𝟏)𝒏

(𝟐𝒏 + 𝟏)𝟑

∞

𝒏=𝟎

−∑
(−𝟏)𝒏

(𝟐𝒏 + 𝟐)𝟑

∞

𝒏=𝟎

) = 𝜼(𝟑) + 𝜷(𝟑) −
𝟏

𝟖
𝜼(𝟑) =

𝟕

𝟖
𝜼(𝟑) +

𝝅𝟑

𝟑𝟐

=
𝟐𝟏𝜻(𝟑)

𝟑𝟐
+
𝝅𝟑

𝟑𝟐
 

𝜽𝟐 = ∫
𝒙𝐚𝐫𝐜𝐭𝐚𝐧(𝒙)

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)
𝒅𝒙

𝟏

𝟎

 

𝑼𝒔𝒊𝒏𝒈 İ𝑩𝑷 𝒎𝒆𝒕𝒉𝒐𝒅 { 𝒖 = 𝐚𝐫𝐜𝐭𝐚𝐧 (𝒙);
𝒅𝒖

𝒅𝒙
=

𝟏

𝟏 + 𝒙𝟐
;  𝒗 = ∫

𝒙 + 𝟏 − 𝟏

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)
𝒅𝒙

=
𝟏

𝟐
𝐭𝐚𝐧−𝟏(𝒙) +

𝟏

𝟒
𝐥𝐧(𝟏 + 𝐱𝟐) −

𝟏

𝟐
𝐥𝐧 (𝟏 + 𝐱)} 

𝜽𝟐 = (𝐚𝐫𝐜𝐭𝐚𝐧(𝒙) (
𝟏

𝟐
𝐚𝐫𝐜𝐭𝐚𝐧(𝐱) +

𝟏

𝟒
𝐥𝐧(𝟏 + 𝐱𝟐) −

𝟏

𝟐
𝐥𝐧(𝟏 + 𝐱)))𝟎

𝟏

−
𝟏

𝟐
∫
𝐭𝐚𝐧−𝟏(𝒙)

𝟏 + 𝒙𝟐
𝒅𝒙 −

𝟏

𝟒
∫
𝐥𝐧(𝟏 + 𝒙𝟐)

𝟏 + 𝒙𝟐
𝒅𝒙 +

𝟏

𝟐
∫
𝐥𝐧(𝟏 + 𝒙)

𝟏 + 𝒙𝟐

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝒅𝒙 = 

=
𝝅𝟐

𝟑𝟐
+
𝛑 𝐥𝐧(𝟐)

𝟏𝟔
−
𝝅 𝐥𝐧(𝟐)

𝟖
−
𝟏

𝟐
∫ 𝒙 𝒅𝒙−

𝟏

𝟒
∫
𝐥𝐧(𝟏 + 𝒙𝟐)

𝟏 + 𝒙𝟐

𝟏

𝟎

𝝅
𝟒

𝟎

𝒅𝒙 +
𝟏

𝟐
∫
𝐥𝐧(𝟏 + 𝒙)

𝟏 + 𝒙𝟐

𝟏

𝟎

𝒅𝒙

=
𝝅𝟐

𝟔𝟒
−
𝝅 𝐥𝐧(𝟐)

𝟏𝟔
−
𝟏

𝟒
𝑱 +
𝟏

𝟐
𝑰 

𝑱 = ∫
𝐥𝐧(𝟏 + 𝒙𝟐)

𝟏 + 𝒙𝟐

𝟏

𝟎

𝒅𝒙;  𝒔𝒖𝒃𝒕𝒊𝒕𝒂𝒕𝒊𝒐𝒏 {𝐚𝐫𝐜𝐭𝐚𝐧(𝒙) = 𝒕,
𝒅𝒕

𝒅𝒙
=

𝟏

𝟏 + 𝒙𝟐
, 𝒕 [
𝝅

𝟒
; 𝟎]} 
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𝑱 = −𝟐∫ 𝐥𝐧(𝐜𝐨𝐬(𝒕))𝒅𝒕;   𝒏𝒐𝒕𝒆: { 𝑭𝒐𝒖𝒓𝒊𝒆𝒓 𝒔𝒆𝒓𝒊𝒆𝒔 𝐥𝐧(𝐜𝐨𝐬(𝒙))

𝝅
𝟒

𝟎

= −𝐥𝐧(𝟐) −∑
(−𝟏)𝒏 𝐜𝐨𝐬(𝟐𝒏𝒙)

𝒏

∞

𝒏=𝟏

  } 

𝑱 = 𝟐 𝐥𝐧(𝟐)∫ 𝒅𝒕 + 𝟐∑
(−𝟏)𝒏

𝒏
∫ 𝐜𝐨𝐬(𝟐𝒏𝒕)𝒅𝒕 =

𝝅

𝟐
𝐥𝐧(𝟐) +∑

(−𝟏)𝒏𝐬𝐢𝐧(
𝝅𝒏
𝟐
)

𝒏𝟐
=
𝝅

𝟐
𝐥𝐧(𝟐) − 𝐆

∞

𝒏=𝟏

𝝅
𝟒

𝟎

∞

𝒏=𝟏

𝝅
𝟒

𝟎

 

𝑰 = ∫
𝐥𝐧(𝟏 + 𝒙)

𝟏 + 𝒙𝟐

𝟏

𝟎

𝒅𝒙;  𝒔𝒖𝒃𝒕𝒊𝒕𝒂𝒕𝒊𝒐𝒏: {
𝟏 − 𝒕

𝟏 + 𝒕
= 𝒙,

𝒅𝒙

𝒅𝒕
= −

𝟐

(𝟏 + 𝒕)𝟐
, 𝒕[𝟎; 𝟏]} 

𝑰 = ∫
𝐥𝐧(

𝟐
𝟏 + 𝒕

)

𝟏 + 𝒕𝟐

𝟏

𝟎

𝒅𝒕 = 𝐥𝐧(𝟐)∫
𝟏

𝟏 + 𝒕𝟐

𝟏

𝟎

𝒅𝒕 − ∫
𝐥𝐧(𝟏 + 𝒕)

𝟏 + 𝒕𝟐

𝟏

𝟎

𝒅𝒕 =
𝝅

𝟒
𝐥𝐧(𝟐) − 𝑰;   𝟐𝑰 =

𝝅

𝟒
𝐥𝐧(𝟐)   𝑰

=
𝝅

𝟖
𝐥𝐧(𝟐) 

𝜽𝟐 =
𝝅𝟐

𝟔𝟒
−
𝝅 𝐥𝐧(𝟐)

𝟏𝟔
−
𝟏

𝟒
𝑱 +
𝟏

𝟐
𝑰 =

𝝅𝟐

𝟔𝟒
−
𝝅

𝟏𝟔
𝐥𝐧(𝟐) −

𝝅

𝟖
𝐥𝐧(𝟐) +

𝑮

𝟒
+
𝝅

𝟏𝟔
𝐥𝐧(𝟐) =

𝝅𝟐

𝟔𝟒
−
𝝅

𝟖
𝐥𝐧(𝟐) +

𝑮

𝟒
 

∫
𝒍𝒏𝟐(𝒙) + 𝒙 𝐚𝐫𝐜𝐭𝐚𝐧(𝒙)

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)
𝒅𝒙 = 𝜽𝟏 + 𝜽𝟐 =

𝟐𝟏

𝟑𝟐
𝜻(𝟑) +

𝝅𝟑

𝟑𝟐
+
𝝅𝟐

𝟔𝟒
−
𝝅

𝟖
𝐥𝐧(𝟐) +

𝑮

𝟒

𝟏

𝟎

=
𝟏

𝟔𝟒
(𝟒𝟐𝜻(𝟑) + 𝟐𝝅𝟑 +𝝅𝟐 + 𝟏𝟔𝑮− 𝟖𝝅𝐥𝐧(𝟐)) 

2393. Find: 

∫ ∫
𝒚𝒍𝒏(𝟏 − 𝒚𝟐)𝒍𝒏𝟐(𝟏 + 𝒙)

𝒙𝟐(𝟏 + 𝒙)

∞

𝟏

𝟏

𝟎

𝒅𝒙𝒅𝒚 

 

Proposed by Shirvan Tahirov-Azerbaijan 

Solution by Pham Duc Nam-Vietnam 

∫ ∫
𝒚𝒍𝒏(𝟏 − 𝒚𝟐)𝒍𝒏𝟐(𝟏 + 𝒙)

𝒙𝟐(𝟏 + 𝒙)

∞

𝟏

𝟏

𝟎

𝒅𝒙𝒅𝒚 = ∫ 𝒚𝒍𝒏(𝟏 − 𝒚𝟐)𝒅𝒚
𝟏

𝟎

∫
𝒍𝒏𝟐(𝟏 + 𝒙)

𝒙𝟐(𝟏 + 𝒙)
𝒅𝒙

∞

𝟏⏟            

𝒙→
𝟏
𝒙

= 

−
𝟏

𝟐
∫ 𝒍𝒏(𝟏 − 𝒚𝟐)𝒅(𝟏 − 𝒚𝟐)
𝟏

𝟎

∫
𝒙𝒍𝒏𝟐 (𝟏 +

𝟏
𝒙)

𝟏 + 𝒙
𝒅𝒙

𝟏

𝟎

= −
𝟏

𝟐
∫
𝒙𝒍𝒏𝟐 (𝟏 +

𝟏
𝒙)

𝟏 + 𝒙
𝒅𝒙

𝟏

𝟎

= −
𝟏

𝟐
𝑰 

∗ 𝑪𝒐𝒏𝒔𝒊𝒅𝒆𝒓 ∶  ∫
𝒙𝒍𝒏𝟐(𝟏 + 𝒙)

𝟏 + 𝒙
𝒅𝒙 =⏞

𝑰𝑩𝑷𝟏

𝟎

𝟐 −
𝟏

𝟑
𝒍𝒏𝟑(𝟐) + 𝟐𝒍𝒏𝟐(𝟐) − 𝟒𝐥𝐧 (𝟐) 

𝑩𝒖𝒕 ∶ ∫
𝒙𝒍𝒏𝟐(𝟏 + 𝒙)

𝟏 + 𝒙
𝒅𝒙 = ∫

𝒙(𝐥𝐧(𝒙) + 𝐥𝐧 (𝟏 +
𝟏
𝒙))

𝟐

𝟏 + 𝒙
𝒅𝒙 = 𝑰 + ∫

𝒙𝒍𝒏𝟐(𝒙)

𝟏 + 𝒙
𝒅𝒙

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

+ 
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𝟐∫
𝒙𝒍𝒏(𝒙)𝐥𝐧 (𝟏 +

𝟏
𝒙)

𝟏 + 𝒙
𝒅𝒙 =

𝟏

𝟎

𝑰 + 𝟐∫
𝒙𝒍𝒏(𝒙)𝐥𝐧 (𝟏 + 𝒙)

𝟏 + 𝒙
𝒅𝒙 −∫

𝒙𝒍𝒏𝟐(𝒙)

𝟏 + 𝒙
𝒅𝒙

𝟏

𝟎

𝟏

𝟎

 

𝟏)∫
𝒙𝒍𝒏𝟐(𝒙)

𝟏 + 𝒙
𝒅𝒙 =

𝟏

𝟎

∑(−𝟏)𝒏∫ 𝒙𝒏+𝟏𝒍𝒏𝟐(𝒙)𝒅𝒙
𝟏

𝟎

∞

𝒏=𝟎

= 𝟐𝒏

= 𝟐∑(−𝟏)𝒏
𝟏

(𝒏 + 𝟐)𝟑
= 𝟐 −

𝟑

𝟐
𝜻(𝟑)

∞

𝒏=𝟎

 

𝟐)  ∫
𝒙𝒍𝒏(𝒙)𝐥𝐧 (𝟏 + 𝒙)

𝟏 + 𝒙
𝒅𝒙 =

𝟏

𝟎

−∫ 𝒙𝒍𝒏(𝒙)∑(−𝟏)𝒏
∞

𝒏=𝟏

𝟏

𝟎

𝑯𝒏𝒙
𝒏𝒅𝒙 = 

−∑(−𝟏)𝒏𝑯𝒏∫ 𝒙𝒏+𝟏 𝐥𝐧(𝒙)𝒅𝒙
𝟏

𝟎

∞

𝒏=𝟏

= ∑(−𝟏)𝒏
∞

𝒏=𝟏

𝑯𝒏
𝟏

(𝒏 + 𝟐)𝟐
= 

∑(−𝟏)𝒏 (𝑯𝒏+𝟐 −
𝟏

𝒏 + 𝟐
−

𝟏

𝒏 + 𝟏
)

𝟏

(𝒏 + 𝟐)𝟐
= ∑(−𝟏)𝒏

∞

𝒏=𝟏

∞

𝒏=𝟏

𝑯𝒏+𝟐
(𝒏 + 𝟐)𝟐

−∑(−𝟏)𝒏
𝟏

(𝒏 + 𝟐)𝟑

∞

𝒏=𝟏⏟            

=
𝟕
𝟖
−
𝟑
𝟒
𝜻(𝟑)

 

−∑(−𝟏)𝒏
𝟏

(𝒏 + 𝟏)(𝒏 + 𝟐)𝟐

∞

𝒏=𝟏⏟                  

=
𝝅𝟐

𝟏𝟐
+𝟐 𝐥𝐧(𝟐)−

𝟗
𝟒

=
𝟑

𝟒
𝜻(𝟑) +

𝟏𝟏

𝟖
−
𝝅𝟐

𝟏𝟐
− 𝟐 𝐥𝐧(𝟐) +∑(−𝟏)𝒏

𝑯𝒏
𝒏𝟐

∞

𝒏=𝟑

=
𝟑

𝟒
𝜻(𝟑) +

𝟏𝟏

𝟖
− 

−
𝝅𝟐

𝟏𝟐
− 𝟐 𝐥𝐧(𝟐) +

(

 
 
 
∑(−𝟏)𝒏

𝑯𝒏
𝒏𝟐

∞

𝒏=𝟏⏟        

=−
𝟓
𝟖
𝜻(𝟑)

+ 𝟏 −
𝟑

𝟖

)

 
 
 
=
𝜻(𝟑)

𝟖
−
𝝅𝟐

𝟏𝟐
+ 𝟐 − 𝟐𝐥𝐧 (𝟐) 

=> 2−
𝟏

𝟑
𝒍𝒏𝟑(𝟐) + 𝟐𝒍𝒏𝟐(𝟐) − 𝟒 𝐥𝐧(𝟐)

= 𝑰 + 𝟐(
𝜻(𝟑)

𝟖
−
𝝅𝟐

𝟏𝟐
+ 𝟐 − 𝟐 𝐥𝐧(𝟐)) − (𝟐 −

𝟑

𝟐
𝜻(𝟑)) 

=> 𝐼 = −
𝟕

𝟒
𝜻(𝟑) +

𝝅𝟐

𝟔
−
𝟏

𝟑
𝒍𝒏𝟑(𝟐) + 𝟐𝒍𝒏𝟐(𝟐) 

∫ ∫
𝒚𝒍𝒏(𝟏 − 𝒚𝟐)𝒍𝒏𝟐(𝟏 + 𝒙)

𝒙𝟐(𝟏 + 𝒙)

∞

𝟏

𝟏

𝟎

𝒅𝒙𝒅𝒚 = −
𝟏

𝟐
𝑰 =

𝟕

𝟖
𝜻(𝟑) −

𝝅𝟐

𝟏𝟐
+
𝟏

𝟔
𝒍𝒏𝟑(𝟐) − 𝒍𝒏𝟐(𝟐) = 

𝟏

𝟐𝟒
(𝟐𝟏𝜻(𝟑) + 𝟒𝒍𝒏𝟑(𝟐) − 𝟐𝝅𝟐 − 𝟐𝟒𝒍𝒏𝟐(𝟐)) 

𝑵𝒐𝒕𝒆 ∶  𝜻(𝟑) → 𝑨𝒑𝒆𝒓𝒚′𝒔 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕 
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2394. Prove the integral relation: 

∫ 𝒆
−𝝅𝒙
𝟑

∞

𝟎

√𝐜𝐨𝐭𝐡(𝟑𝝅𝒙) + 𝟏
𝟑

𝒅𝒙 =
𝚪 (
𝟏
𝟏𝟖
)𝚪 (

𝟏𝟗
𝟏𝟖
)

𝚪 (
𝟕
𝟏𝟖
)𝚪 (

𝟏𝟑
𝟏𝟖
)
∫ 𝒆

−𝝅𝟑
𝟑

∞

𝟎

√𝐜𝐨𝐭𝐡(𝟑𝝅𝒙) − 𝟏
𝟑

𝒅𝒙 

Proposed by Srinivasa Raghava-AIRMC-India 
Solution by Pham Duc Nam-Vietnam 

∗ 𝑰 = ∫ 𝒆−
𝝅𝒙
𝟑

∞

𝟎

√𝐜𝐨𝐭𝐡(𝟑𝝅𝒙) + 𝟏
𝟑

𝒅𝒙 = ∫ 𝒆−
𝝅𝒙
𝟑

∞

𝟎

√
𝟔𝟔𝝅𝒙 + 𝟏

𝒆𝟔𝝅𝒙 − 𝟏
+ 𝟏

𝟑

𝒅𝒙 = 

= √𝟐
𝟑
∫ 𝒆

𝟓𝝅𝒙
𝟑

∞

𝟎

√
𝟏

𝒆𝟔𝝅𝒙 − 𝟏

𝟑

𝒅𝒙 

𝒕 = √
𝟏

𝒆𝟔𝝅𝒙 − 𝟏

𝟑

⇒ 𝒙 =
𝟏

𝟔𝝅
𝐥𝐧(𝟏 + 𝒕𝟑) ⇒ 𝒅𝒙 = −

𝟏

𝟐𝝅

𝟏

𝒕𝟒 + 𝒕
𝒅𝒕 

⇒ 𝑰 =
√𝟐
𝟑

𝟐𝝅
∫ (

𝟏

𝒕𝟑
+ 𝟏)

𝟓
𝟏𝟖∞

𝟎

𝟏

𝒕𝟑 + 𝟏
𝒅𝒕 =

√𝟐
𝟑

𝟐𝝅
∫

𝒕−
𝟓
𝟔

(𝒕𝟑 + 𝟏)
𝟏𝟑
𝟏𝟖

∞

𝟎

𝒅𝒕 = 

=
√𝟐
𝟑

𝟔𝝅
∫

(𝒕𝟑)
𝟏
𝟏𝟖
−𝟏

(𝒕𝟑 + 𝟏)
𝟏
𝟏𝟖
+
𝟏𝟐
𝟏𝟖

∞

𝟎

𝒅(𝒕𝟑) =
√𝟐
𝟑

𝟔𝝅
𝑩 (

𝟏

𝟏𝟖
,
𝟏𝟐

𝟏𝟖
) 

∗ 𝑱 = ∫ 𝒆−
𝝅𝒙
𝟑

∞

𝟎

√𝐜𝐨𝐭𝐡(𝟑𝝅𝒙) − 𝟏
𝟑

𝒅𝒙 = ∫ 𝟑−
𝝅𝒙
𝟑

∞

𝟎

√
𝒆𝟔𝝅𝒙 + 𝟏

𝒆𝟔𝝅𝒙−𝟏
− 𝟏

𝟑

𝒅𝒙 = 

= √𝟐
𝟑
∫ 𝒆−

𝝅𝒙
𝟑

∞

𝟎

√
𝟏

𝒆𝟔𝝅𝒙 − 𝟏

𝟑

𝒅𝒙 

𝒕 = √
𝟏

𝒆𝟔𝝅𝒙 − 𝟏

𝟑

⇒ 𝒙 =
𝟏

𝟔𝝅
𝐥𝐧 (𝟏 +

𝟏

𝒕𝟑
) ⇒ 𝒅𝒙 = −

𝟏

𝟐𝝅

𝟏

𝒕𝟒 + 𝒕
𝒅𝒕 

⇒ 𝑰 =
√𝟐
𝟑

𝟐𝝅
∫ (

𝟏

𝒕𝟑
+ 𝟏)

−
𝟏
𝟏𝟖∞

𝟎

𝟏

𝒕𝟑 + 𝟏
𝒅𝒕 =

√𝟐
𝟑

𝟐𝝅
∫

𝒕
𝟏
𝟔

(𝒕𝟑 + 𝟏)
𝟏𝟗
𝟏𝟖

∞

𝟎

𝒅𝒕 = 

=
√𝟐
𝟑

𝟔𝝅
∫

(𝒕𝟑)
𝟕
𝟏𝟖
−𝟏

(𝒕𝟑 + 𝟏)
𝟕
𝟏𝟖
+
𝟏𝟐
𝟏𝟖

∞

𝟎

𝒅(𝒕𝟑) =
√𝟐
𝟑

𝟔𝝅
𝑩 (

𝟕

𝟏𝟖
,
𝟏𝟐

𝟏𝟖
) 
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⇒
𝑰

𝑱
=
√ 𝟐
𝟔𝝅

𝟑

𝑩(
𝟏
𝟏𝟖 ,

𝟏𝟐
𝟏𝟖)

√𝟐
𝟑

𝟔𝝅𝑩 (
𝟕
𝟏𝟖 ,

𝟏𝟐
𝟏𝟖)

=
𝚪(
𝟏
𝟏𝟖) 𝚪(

𝟏𝟐
𝟏𝟖)

𝚪(
𝟏𝟑
𝟏𝟖)

𝚪 (
𝟏𝟗
𝟏𝟖)

𝚪 (
𝟕
𝟏𝟖)𝚪 (

𝟏𝟐
𝟏𝟖)

−
𝚪 (
𝟏
𝟏𝟖)𝚪 (

𝟏𝟗
𝟏𝟖)

𝚪 (
𝟕
𝟏𝟖)𝚪 (

𝟏𝟑
𝟏𝟖)

 

⇒ ∫ 𝒆−
𝝅𝒙
𝟑

∞

𝟎

√𝐜𝐨𝐭𝐡(𝟑𝝅𝒙) + 𝟏
𝟑

𝒅𝒙 =
𝚪(
𝟏
𝟏𝟖) 𝚪(

𝟏𝟗
𝟏𝟖)

𝚪(
𝟕
𝟏𝟖) 𝚪(

𝟏𝟑
𝟏𝟖)

∫ 𝒆−
𝝅𝒙
𝟑

∞

𝟎

√𝐜𝐨𝐭𝐡(𝟑𝝅𝒙) − 𝟏
𝟑

𝒅𝒙 

Hence proved. 

2395. 𝑭𝒊𝒏𝒅: 

∫
𝐭𝐚𝐧−𝟏(𝒙)𝐭𝐚𝐧𝐡−𝟏(𝒙)

𝟏 + 𝒙²
𝒅𝒙

𝟏

𝟎

 

Proposed by Togrul Ehmedov-Azerbaijan 
Solution by Amin Hajiyev-Azerbaijan 

𝝀 = ∫

𝐭𝐚𝐧−𝟏(𝒙)𝐭𝐚𝐧𝐡−𝟏(𝒙)

𝟏 + 𝒙𝟐
𝒅𝒙 =

𝟏

𝟐
∫
𝐭𝐚𝐧−𝟏(𝒙)𝐥𝐨𝐠(

𝟏 + 𝒙
𝟏 − 𝒙)

𝟏 + 𝒙𝟐
𝒅𝒙

𝟏

𝟎

𝒍𝒆𝒕 { 𝐭𝐚𝐧−𝟏(𝒙) = 𝒕,   𝒅𝒕 =
𝒅𝒙

𝟏 + 𝒙𝟐
, 𝒕 [
𝝅

𝟒
; 𝟎]}

𝟏

𝟎

 

𝝀 =
𝟏

𝟐
∫ 𝒕𝒍𝒐𝒈(

𝟏 + 𝐭𝐚𝐧(𝒕)

𝟏 − 𝐭𝐚𝐧(𝒕)
)𝒅𝒕 =

𝟏

𝟐
∫ 𝒕𝒍𝒐𝒈(𝐭𝐚𝐧 (𝒕 +

𝝅

𝟒
))𝒅𝒕

𝝅
𝟒

𝟎

𝝅
𝟒

𝟎

= 

𝒍𝒆𝒕: {𝜽 = (𝒕 +
𝝅

𝟒
) , 𝒅𝜽 = 𝒅𝒕, 𝒕 = 𝜽 −

𝝅

𝟒
  𝜽 [
𝝅

𝟐
;
𝝅

𝟒
]} 

𝝀 =
𝟏

𝟐
∫ (𝜽−

𝝅

𝟒
) 𝐥𝐨𝐠(𝐭𝐚𝐧 (𝛉))𝒅𝜽 =

𝟏

𝟐

𝝅
𝟒

𝝅
𝟐

∫ 𝛉𝐥𝐨𝐠(𝐭𝐚𝐧(𝛉))𝒅𝜽 −
𝝅

𝟖
∫ 𝐥𝐨𝐠(𝐭𝐚𝐧(𝜽))𝒅𝜽 =

𝟏

𝟐
𝝀𝟏 −

𝝅

𝟖
𝝀𝟐

𝝅
𝟒

𝝅
𝟐

𝝅
𝟒

𝝅
𝟐

 

𝑵𝒐𝒕𝒆: { 𝑭𝒐𝒖𝒓𝒊𝒆𝒓 𝒔𝒆𝒓𝒊𝒆𝒔 𝒐𝒇 𝒍𝒐𝒈(𝒕𝒂𝒏(𝜽)) = −𝟐∑
𝐜𝐨𝐬(𝟒𝒏𝜽 + 𝟐𝜽)

𝟐𝒏 + 𝟏

∞

𝒏=𝟎

} 

𝝀𝟏 = −𝟐∑
𝟏

𝟐𝒏 + 𝟏
∫ 𝜽𝐜𝐨𝐬(𝜽(𝟒𝒏 + 𝟐))𝒅𝜽 = −𝟐∑

𝟏

𝟐𝒏+ 𝟏

∞

𝒏=𝟎

𝝅
𝟒

𝝅
𝟐

∞

𝒏=𝟎

[
𝜽 𝐬 𝒊𝒏(𝜽(𝟒𝒏 + 𝟐))

𝟒𝒏 + 𝟐
+
𝐜𝐨𝐬(𝜽(𝟒𝒏 + 𝟐))

(𝟒𝒏 + 𝟐)𝟐
]𝝅
𝟐

𝝅
𝟒 

= −𝟐∑
𝟏

𝟐𝒏 + 𝟏

∞

𝒏=𝟎

[
𝟐𝐬𝐢𝐧(𝝅𝒏)

𝟒(𝟐𝒏 + 𝟏)𝟐
−
𝐜𝐨𝐬(𝟐𝝅𝒏)

𝟒(𝟐𝒏 + 𝟏)𝟐
−
𝝅𝐬𝐢𝐧(𝝅𝒏) 𝐜𝐨𝐬(𝝅𝒏)

𝟐(𝟐𝒏 + 𝟏)
−
𝝅 𝐜𝐨𝐬(𝝅𝒏)

𝟖(𝟐𝒏 + 𝟏)
] 

𝑵𝒐𝒕𝒆𝒔: {𝐬𝐢𝐧(𝝅𝒏) = 𝟎, 𝐜𝐨𝐬(𝟐𝝅𝒏) = 𝟏, 𝐜𝐨𝐬(𝝅𝒏) = (−𝟏)𝒏, 𝒏𝝐𝑵 ∪ {𝟎}} 

𝝀𝟏 = 𝟐∑
𝟏

𝟐𝒏 + 𝟏
[

𝟏

𝟒(𝟐𝒏 + 𝟏)𝟐

∞

𝒏=𝟎

+
𝝅(−𝟏)𝒏

𝟖(𝟐𝒏 + 𝟏)
] =

𝟏

𝟐
∑

𝟏

(𝟐𝒏 + 𝟏)𝟑
+
𝝅

𝟒
∑

(−𝟏)𝒏

(𝟐𝒏 + 𝟏)𝟐

∞

𝒏=𝟎

∞

𝒏=𝟎

 

𝑵𝒐𝒕𝒆𝒔: 

{ 𝑫𝒊𝒓𝒊𝒄𝒉𝒍𝒆𝒕 𝒃𝒆𝒕𝒂 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏: 𝜷(𝒛) = ∑
(−𝟏)𝒏

(𝟐𝒏 + 𝟏)𝒛

∞

𝒏=𝟎

, 𝜷(𝟐) = 𝑮 (𝑪𝒂𝒕𝒂𝒍𝒂𝒏′𝒔𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕)} 
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{𝑹𝒊𝒆𝒎𝒂𝒏′𝒔 𝒛𝒆𝒕𝒂 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏: 𝜻(𝒛) =
𝟏

𝟏 − 𝟐−𝒛
 ∑

𝟏

(𝟐𝒏 + 𝟏)𝒛

∞

𝒏=𝟎

} 

𝝀𝟏 =
𝟏

𝟐
(𝟏 − 𝟐−𝟑)𝜻(𝟑) +

𝝅𝑮

𝟒
=
𝟕

𝟏𝟔
𝜻(𝟑) +

𝝅𝑮

𝟒
 

𝝀𝟐 = ∫ 𝐥𝐨𝐠(𝐭𝐚𝐧(𝜽))𝒅𝜽

𝝅
𝟒

𝝅
𝟐

= −𝟐∑
𝟏

𝟐𝒏 + 𝟏
∫ 𝐜𝐨𝐬(𝜽(𝟒𝒏 + 𝟐))𝒅𝜽

𝝅
𝟒

𝝅
𝟐

∞

𝒏=𝟎

= 

=−𝟐∑
𝟏

𝟐𝒏 + 𝟏

∞

𝒏=𝟎

[
𝐬𝐢𝐧(𝜽(𝟒𝒏 + 𝟐))

𝟐(𝟐𝒏 + 𝟏)
]𝝅
𝟐

𝝅
𝟒 = ∑

𝟏

𝟐𝒏+ 𝟏

∞

𝒏=𝟎

[
𝐬𝐢𝐧(𝟐𝝅𝒏)

𝟐𝒏 + 𝟏
+
𝐜𝐨𝐬(𝝅𝒏)

𝟐𝒏 + 𝟏
]

= ∑
(−𝟏)𝒏

(𝟐𝒏 + 𝟏)𝟐
= 𝑮

∞

𝒏=𝟎

 

∫
𝐭𝐚𝐧−𝟏(𝒙)𝐭𝐚𝐧𝐡−𝟏(𝒙)

𝟏 + 𝒙²
 𝒅𝒙

𝟏

𝟎

=
𝟏

𝟐
𝝀𝟏 −

𝝅

𝟖
𝝀𝟐 =

𝟕

𝟑𝟐
𝜻(𝟑) +

𝝅𝑮

𝟖
−
𝝅𝑮

𝟖
=
𝟕

𝟑𝟐
𝜻 

 
2396. 

𝑪𝒊(𝒙) = 𝜸 + 𝐥𝐨𝐠 𝒙 +∑
(−𝒙𝟐)𝒏

𝟐𝒏 ⋅ (𝟐𝒏)!

∞

𝒏=𝟏

 

Prove that: 

∫ (
𝐜𝐨𝐬 𝒙

𝒙
)
𝟐𝒃

𝒂

𝒅𝒙 +∫ 𝑪𝒊𝟐(𝒙)
𝒃

𝒂

𝒅𝒙 ≥ 𝑪𝒊𝟐(𝒃) − 𝑪𝒊𝟐(𝒂), 𝟎 < 𝑎 ≤ 𝑏 

Proposed by Daniel Sitaru – Romania  

Solution by Hikmat Mammadov – Azerbaijan 

𝑪𝒊(𝒙) = 𝜸 + 𝐥𝐨𝐠(𝒙) +∑
(−𝒙𝟐)𝒏

𝟐𝒏 ⋅ (𝟐𝒏)!

∞

𝒏=𝟏

 

∫ (
𝐜𝐨𝐬 𝒙

𝒙
)
𝟐𝒃

𝒂

𝒅𝒙 +∫ 𝑪𝒊𝟐(𝒙)
𝒃

𝒂

𝒅𝒙 ≥ 𝑪𝒊𝟐(𝒃) − 𝑪𝒊𝟐(𝒂) → 𝟎 < 𝑎 ≤ 𝑏 

∫ (𝒇(𝒙)𝟐 + 𝒇′(𝒙)𝟐)
𝒃

𝒂

𝒅𝒙 ≥ ∫ 𝟐𝒇(𝒙)
𝒃

𝒂

𝒇′(𝒙)𝒅𝒙 = 𝒇(𝒃)𝟐 − 𝒇(𝒂)𝟐 

⇒ 𝒇(𝒙) = 𝑪𝒊(𝒙) ⇒ 𝒇′(𝒙) =
𝐜𝐨𝐬 𝒙

𝒙
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⇒ ∫ (𝑪𝒊(𝒙)𝟐 + (
𝐜𝐨𝐬 𝒙

𝒙
)
𝟐

)
𝒃

𝒂

𝒅𝒙 ≥ 𝒇(𝒃)𝟐 − 𝒇(𝒂)𝟐 

2397. Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(𝐥𝐨𝐠𝒏 + 𝐥𝐢𝐦
𝒙→𝟎

𝟏 − (𝟏 + 𝒙𝟐)𝑯𝒏−𝟏

𝒙𝟐
) 

Proposed by Khaled Abd Imouti – Syria  
Solution by Amin Hajiyev – Azerbaijan  
 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(𝐥𝐨𝐠(𝒏) + 𝐥𝐢𝐦
𝒏→𝟎

𝟏 − (𝟏 + 𝒙𝟐)𝑯𝒏−𝟏

𝒙𝟐
) = 𝐥𝐢𝐦

𝒏→𝟎
(𝐥𝐨𝐠(𝒏) + 𝒇(𝒏)) 

𝒇(𝒏) = 𝐥𝐢𝐦
𝒏→𝟎

𝟏 + 𝒙𝟐 − (𝟏 + 𝒙𝟐)𝑯𝒏

𝒙𝟐(𝟏 + 𝒙𝟐)
 {𝟏 + 𝒙𝟐 = 𝒕  𝒙𝟐 = 𝒕 − 𝟏} 

𝒇(𝒏) = 𝐥𝐢𝐦
𝒕→𝟏

𝒕 − 𝒕𝑯𝒏

𝒕𝟐 − 𝒕
= 𝐥𝐢𝐦
𝒙→𝟏

𝝏
𝝏𝒕
(𝒕 − 𝒕𝑯𝒏)

𝝏
𝝏𝒕
(𝒕𝟐 − 𝒕)

= 𝐥𝐢𝐦
𝒕→𝟏

𝟏 − 𝑯𝒏𝒕
𝑯𝒏−𝟏

𝟐𝒕 − 𝟏
= 𝟏 − 𝑯𝒏 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(𝐥𝐨𝐠(𝒏) − 𝑯𝒏 + 𝟏) = 𝐥𝐢𝐦
𝒏→∞

(𝐥𝐨𝐠(𝒏) − 𝐥𝐧(𝒏) − 𝜸 −
𝟏

𝟐𝒏
+ 𝝃𝒏 + 𝟏) = 𝟏 − 𝜸 

{𝟎 ≤ 𝝃𝒏 ≤
𝟏

𝟖𝒏𝟐
  𝒏 → ∞    𝝃𝒏 → 𝟎} 

2398. Find: 

∑∑
𝟏

𝒙𝟐𝒚𝟐(𝒚𝟐 + 𝟏)(𝒙 + 𝟏)𝟐

∞

𝒚=𝟏

∞

𝒙=𝟏

 

Proposed by Shirvan Tahirov-Azerbaijan 
Solution by Pham Duc Nam-Vietnam 
 

∑∑
𝟏

𝒙𝟐𝒚𝟐(𝒚𝟐 + 𝟏)(𝒙 + 𝟏)𝟐
 = 

∞

𝒚=𝟏

∞

𝒙=𝟏

∑
𝟏

𝒙𝟐(𝒙 + 𝟏)𝟐

∞

𝒙=𝟏

∑
𝟏

𝒚𝟐(𝒚𝟐 + 𝟏)

∞

𝒚=𝟏

 = 

∑(
𝟏

𝒙𝟐
+

𝟏

(𝒙 + 𝟏)𝟐
+

𝟐

𝒙 − 𝟏
−
𝟐

𝒙
)∑(

𝟏

𝒚𝟐
−

𝟏

𝒚𝟐 + 𝟏
) =

∞

𝒚=𝟏

∞

𝒙=𝟏
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(

 
 
∑(

𝟏

𝒙𝟐
+

𝟏

(𝒙 + 𝟏)𝟐
) +∑(

𝟐

𝒙 + 𝟏
−
𝟐

𝒙
)

∞

𝒙=𝟏⏟          
𝑻𝒆𝒍𝒆𝒔𝒄𝒐𝒑𝒊𝒏𝒈  𝒔𝒖𝒎

∞

𝒙=𝟏

)

 
 
∑(

𝟏

𝒚𝟐
−

𝟏

𝒚𝟐 + 𝟏
)

∞

𝒚=𝟏

= 

(−𝟏 +
𝝅𝟐

𝟑
− 𝟐)(

𝝅𝟐

𝟔
−∑

𝟏

𝒚𝟐 + 𝟏

∞

𝒚=𝟏

) = (
𝝅𝟐

𝟑
− 𝟑)(

𝝅𝟐

𝟔
− (

𝟏

𝟐
∑

𝟏

𝒚𝟐 + 𝟏
−
𝟏

𝟐

∞

𝒚=−∞

) = 

(
𝝅𝟐

𝟑
− 𝟑)(

𝝅𝟐

𝟔
− (
𝟏

𝟐
(−𝝅𝑹𝒆𝒔(

𝟏

𝟏 + 𝒛𝟐
𝐜𝐨𝐭(𝝅𝒛) , 𝒛 = ±𝒊)) −

𝟏

𝟐
)) = 

(
𝝅𝟐

𝟑
− 𝟑)(

𝝅𝟐

𝟔
− (
𝝅

𝟐
𝐜𝐨𝐭(𝝅) −

𝟏

𝟐
)) = (

𝝅𝟐

𝟑
− 𝟑)(

𝝅𝟐

𝟔
−
𝝅

𝟐
𝐜𝐨𝐭(𝝅) +

𝟏

𝟐
) = 

𝟏

𝟏𝟖
(𝝅𝟐 − 𝟗)(𝝅𝟐 − 𝟑𝝅𝐜𝐨𝐭(𝝅) + 𝟑) 

 
2399. Prove that: 
 

∑
𝟔𝒏𝑯𝒏

(𝟐) + 𝟑𝒏𝒏𝑯𝒏
(𝟐) + 𝟐𝒏𝒏𝟐𝑯𝒏

(𝟑)

(−𝟏)𝒏𝒏𝟔𝒏
=
𝝅𝟐

𝟏𝟐

∞

𝒏=𝟏

𝐥𝐧(𝟐) − 𝜻(𝟑) +
𝟐

𝟑
𝑳𝒊𝟐 (−

𝟏

𝟐
)

+
𝟑

𝟒
𝑳𝒊𝟐 (−

𝟏

𝟑
) −

𝟑

𝟏𝟔
𝑳𝒊𝟑 (−

𝟏

𝟑
) 

 
Proposed by Abbaszade Yusif-Azerbaijan 

Solution by Amin Hajiyev-Azerbaijan      

 

𝝈 = ∑
(−𝟏)𝒏𝑯𝒏

(𝟐)

𝒏

∞

𝒏=𝟏

+∑
(−𝟏)𝒏𝑯𝒏

(𝟐)

𝟐𝒏

∞

𝒏=𝟏

+∑
(−𝟏)𝒏𝑯𝒏

(𝟑)

𝟑𝒏

∞

𝒏=𝟏

𝒏 = 𝝈𝟏 + 𝝈𝟐 + 𝝈𝟑 

 
 𝑵𝒐𝒕𝒆𝒔 : 

{∑(−𝟏)𝒏𝑯𝒏
(𝒒)

∞

𝒏=𝟏

𝒙𝒏 =
𝑳𝒊𝒒(−𝒙)

𝟏 + 𝒙 
} ; {

𝒅

𝒅𝒙
∑(−𝟏)𝒏
∞

𝒏=𝟏

𝑯𝒏
(𝒒)
𝒙𝒏 =

𝒅

𝒅𝒙

𝑳𝒊𝒒(−𝒙)

𝟏 + 𝒙
} 

𝝈𝟏 = ∑
(−𝟏)𝒏𝑯𝒏

(𝟐)

𝒏

∞

𝒏=𝟏

= ∑(−𝟏)𝒏𝑯𝒏
(𝟐)∫ 𝒙𝒏−𝟏𝒅𝒙 = ∫

𝟏

𝒙
∑(−𝟏)𝒏𝑯𝒏

(𝟐)𝒙𝒏𝒅𝒙 =

∞

𝒏=𝟏

𝟏

𝟎

𝟏

𝟎

∞

𝒏=𝟏

∫
𝑳𝒊𝟐(−𝒙)

𝒙(𝟏 + 𝒙)

𝟏

𝟎

 𝒅𝒙

= 
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= ∫
𝑳𝒊𝟐(−𝒙)

𝒙
𝒅𝒙 −∫

𝑳𝒊𝟐(−𝒙)

𝟏 + 𝒙
𝒅𝒙

İ𝑩𝑷

𝟏

𝟎

𝟏

𝟎

= ∑
(−𝟏)𝒏

𝒏𝟐

∞

𝒏=𝟏

∫ 𝒙𝒏−𝟏𝒅𝒙 − [𝒍𝒏(𝟏 + 𝒙)𝑳𝒊𝟐(−𝒙)]𝟎
𝟏 −∫

𝒍𝒏𝟐(𝟏 + 𝒙)

𝒙

{
𝟏

𝟏 + 𝒙
= 𝒙} 

𝟏

𝟎

𝟏

𝟎

𝒅𝒙 = 

= ∑
(−𝟏)𝒏

𝒏𝟑

∞

𝒏=𝟏

− 𝑳𝒊𝟐(−𝟏)𝒍𝒏(𝟐) − ∫
𝒍𝒏𝟐(𝒙)

𝒙

𝟏

𝟏
𝟐

𝒅𝒙 −∫
𝒍𝒏²(𝒙)

𝟏 − 𝒙 

𝟏

𝟏
𝟐

𝒅𝒙

= −𝜼(𝟑) +
𝜻(𝟐)𝒍𝒏(𝟐)

𝟐
− [
𝒍𝒏³(𝒙)

𝟑
]𝟏
𝟐

𝟏 −∫
𝒍𝒏²(𝒙)

𝟏 − 𝒙 
𝒅𝒙 + ∫

𝒍𝒏²(𝒙)

𝟏 − 𝒙

𝟏
𝟐

𝟎

𝟏

𝟎

𝒅𝒙 = 

=
𝝅𝟐𝐥 𝐧(𝟐)

𝟏𝟐
−
𝟑

𝟒
𝜻(𝟑) −

𝒍𝒏𝟑 (
𝟏
𝟐
)

𝟑
−∑∫ 𝒙𝒏𝒍𝒏𝟐(𝒙)𝒅𝒙 +∑∫ 𝒙𝒏𝒍𝒏𝟐(𝒙)𝒅𝒙 =

𝝅𝟐𝐥𝐧(𝟐)

𝟏𝟐

𝟏
𝟐

𝟎

∞

𝒏=𝟎

𝟏

𝟎

∞

𝒏=𝟎

−
𝟑

𝟒
𝜻(𝟑)

+
𝒍𝒏³(𝟐)

𝟑
− 𝟐∑

𝟏

(𝒏 + 𝟏)𝟑

∞

𝒏=𝟎

+∑([
𝒙𝒏+𝟏𝒍𝒏²(𝒙)

𝒏 + 𝟏

∞

𝒏=𝟎

]
𝟎

𝟏
𝟐

−
𝟐

𝒏 + 𝟏
∫ 𝒙𝒏𝒍𝒏(𝒙)𝒅𝒙 =

𝝅𝟐𝐥𝐧(𝟐)

𝟏𝟐

𝟏
𝟐

𝟎

−
𝟑

𝟒
𝜻(𝟑) +

𝒍𝒏³(𝟐)

𝟑
− 𝟐𝜻(𝟑) −

𝒍𝒏³(𝟐)

𝟑
+
𝟕𝜻(𝟑)

𝟒

=
𝝅𝟐𝐥 𝐧(𝟐)

𝟏𝟐
−
𝟑

𝟒
𝜻(𝟑) −

𝜻(𝟑)

𝟒
=
𝝅𝟐𝐥𝐧(𝟐)

𝟏𝟐
− 𝜻(𝟑) 

𝝈𝟐 = ∑
(−𝟏)𝒏𝑯𝒏

(𝟐)

𝟐𝒏

∞

𝒏=𝟏

= ∑(−𝟏)𝒏 (
𝟏

𝟐
)
𝒏

𝑯𝒏
(𝟐) =

𝑳𝒊𝟐 (−
𝟏
𝟐
)

𝟏 +
𝟏
𝟐

=
𝟐𝑳𝒊𝟐 (−

𝟏
𝟐
)

𝟑
 

∞

𝒏=𝟏

 

𝝈𝟑 = ∑
(−𝟏)𝒏𝒏𝑯𝒏

(𝟑)

𝟑𝒏

∞

𝒏=𝟏

  

{
𝒅

𝒅𝒙
∑(−𝟏)𝒏𝒙𝒏𝑯𝒏

(𝟑) =
𝒅

𝒅𝒙

∞

𝒏=𝟏

𝑳𝒊𝟑(−𝒙)

𝟏 + 𝒙
; ∑(−𝟏)𝒏𝒏𝒙𝒏−𝟏𝑯𝒏

(𝟑) =
(𝒙 + 𝟏)𝑳𝒊𝟐(−𝒙) − 𝒙𝑳𝒊𝟑(−𝒙)

𝒙(𝒙 + 𝟏)𝟐

∞

𝒏=𝟏

} 

𝝈𝟑 =∑(−𝟏)𝒏𝒏 (
𝟏

𝟑
)
𝒏

𝑯𝒏
(𝟑) =

(𝟏 +
𝟏
𝟑
)𝑳𝒊𝟐 (−

𝟏
𝟑
) −

𝟏
𝟑𝑳𝒊𝟑

(−
𝟏
𝟑
)

(𝟏 +
𝟏
𝟑
)
𝟐

∞

𝒏=𝟏

=
𝟑

𝟒
𝑳𝒊𝟐 (−

𝟏

𝟑
) −

𝟑

𝟏𝟔
𝑳𝒊𝟑 (−

𝟏

𝟑
) 

∑
𝟔𝒏𝑯𝒏

(𝟐) + 𝟑𝒏𝒏𝑯𝒏
(𝟐) + 𝟐𝒏𝒏𝟐𝑯𝒏

(𝟑)

(−𝟏)𝒏𝟔𝒏𝒏
= 𝝈𝟏 + 𝝈𝟐 + 𝝈𝟑 =

𝝅²𝒍𝒏(𝟐)

𝟏𝟐
− 𝜻(𝟑)

∞

𝒏=𝟏

+
𝟐

𝟑
𝑳𝒊𝟐 (−

𝟏

𝟐
)

+
𝟑

𝟒
𝑳𝒊𝟐 (−

𝟏

𝟑
) −

𝟑

𝟏𝟔
𝑳𝒊𝟑 (−

𝟏

𝟑
) 
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2400. Find: 

∑
𝑯𝒏 − 𝑯𝒏

𝟐

𝒏

∞

𝒏=𝟏

(
𝟐𝒏
𝒏
) (−

𝟏

𝟒
)
𝒏

 

Proposed by Hikmat Mammadov-Azerbaijan 

Solution 1 by proposer 

∑
𝑯𝒏 −𝑯𝒏

𝟐

𝒏

∞

𝒏=𝟏

(
𝟐𝒏
𝒏
)(−

𝟏

𝟒
)
𝒏

= ∑
𝚪(𝟐𝒏 + 𝟏)

𝒏! 𝒏𝟐𝟐𝒏𝚪(𝒏 + 𝟏)

∞

𝒏=𝟏

(−𝟏)𝒏∫ (
𝟏 − 𝒙𝒏

𝟏 − 𝒙
−
𝟏 − 𝒙

𝒏
𝟐

𝟏 − 𝒙
)

𝟏

𝟎

𝒅𝒙 

=
𝟏

√𝝅
∑
𝚪(𝒏 +

𝟏
𝟐)

𝒏! 𝒏

∞

𝒏=𝟏

(−𝟏)𝒏∫
𝒙
𝒏
𝟐 − 𝒙𝒏

𝟏 − 𝒙

𝟏

𝟎

𝒅𝒙 

=
𝟏

√𝝅
∑
𝚪(𝒏 +

𝟏
𝟐)

𝒏!

∞

𝒏=𝟏

(−𝟏)𝒏∫ (
𝟏

𝟐
𝒙
𝒏
𝟐
−𝟏 − 𝒙𝒏−𝟏)

𝟏

𝟎

𝐥𝐧(𝟏 − 𝒙)𝒅𝒙 

= ∫ (
𝟏

𝟐

𝟏

√𝝅
∑
𝚪(𝒏 +

𝟏
𝟐)

𝒏!

∞

𝒏=𝟏

(−𝟏)𝒏𝒙
𝒏
𝟐
−𝟏 −

𝟏

√𝝅
∑
𝚪(𝒏 +

𝟏
𝟐)

𝒏!

∞

𝒏=𝟏

(−𝟏)𝒏𝒙𝒏−𝟏)
𝟏

𝟎

𝐥𝐧(𝟏 − 𝒙)𝒅𝒙 

= ∫ (
𝟏

𝟐

𝟏

𝒙√𝟏 + √𝒙
−

𝟏

𝒙√𝟏 + 𝒙
+
𝟏

𝟐𝒙
)

𝟏

𝟎

𝐥𝐧(𝟏 − 𝒙)𝒅𝒙 

=
𝟏

𝟐
∫

𝟏

𝒙√𝟏 + √𝒙 

𝟏

𝟎

𝐥𝐧(𝟏 − 𝒙)𝒅𝒙 − ∫
𝟏

𝒙√𝟏+ 𝒙

𝟏

𝟎

𝐥𝐧(𝟏 − 𝒙)𝒅𝒙 −
𝝅𝟐

𝟏𝟐
= 

= ∫
𝟏

𝒙√𝟏 + 𝒙

𝟏

𝟎

𝐥𝐧(𝟏 − 𝒙)𝒅𝒙 −∫
𝟏

𝒙√𝟏 + 𝒙

𝟏

𝟎

𝐥𝐧(𝟏 − 𝒙)𝒅𝒙 −
𝝅𝟐

𝟏𝟐
= 

= ∫
𝟏

𝒙√𝟏 + 𝒙

𝟏

𝟎

𝐥𝐧(𝟏 + 𝒙)𝒅𝒙 −
𝝅𝟐

𝟏𝟐
 

= 𝟒∫
𝟏

(𝒖𝟐 − 𝟏)
𝐥𝐧 𝒖𝒅𝒖

√𝟐

𝟏

−
𝝅𝟐

𝟏𝟐
= −𝟒∫

𝟏

𝟏 − 𝒕𝟐

𝟏

𝟏

√𝟐

𝐥𝐧 𝒕𝒅𝒕 −
𝝅𝟐

𝟏𝟐
= 

= −𝟐∫
𝟏

𝒙

√𝟐−𝟏

√𝟐+𝟏

𝟎

𝐥𝐧 (
𝟏 − 𝒙

𝟏+ 𝒙
)𝒅𝒙 −

𝝅𝟐

𝟏𝟐
= 𝟐𝑳𝒊𝟐 (

√𝟐− 𝟏

√𝟐+ 𝟏
) − 𝟐𝑳𝒊𝟐 (−

√𝟐 − 𝟏

√𝟐 + 𝟏
) −

𝝅𝟐

𝟏𝟐
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Solution 2 by Bui Hong Suc-Vietnam 

By Taylor series:  

𝟏

√𝟏 + 𝒙
= ∑

(
𝟐𝒏
𝒏
)

𝟒𝒏

∞

𝒏=𝟎

(−𝒙)𝒏 = 𝟏 +∑
(
𝟐𝒏
𝒏
)

𝟒𝒏

∞

𝒏=𝟏

(−𝒙)𝒏 →∑(
𝟐𝒏
𝒏
) (−

𝟏

𝟒
)
𝒏∞

𝒏=𝟏

𝒙𝒏 =
𝟏 − √𝟏 + 𝒙

√𝟏 + 𝒙
 

Multiply through by 
𝐥𝐧(𝟏+𝒙)

𝒙
 then integrate using ∫ 𝒙𝒏−𝟏

𝟏

𝟎
𝐥𝐧(𝟏 + 𝒙)𝒅𝒙 =

𝑯𝒏−𝑯𝒏
𝟐

𝒏
, 

∴ ∑(
𝟐𝒏
𝒏
)

∞

𝒏=𝟏

(−
𝟏

𝟒
)
𝒏

 
𝑯𝒏 − 𝑯𝒏

𝟐

𝒏
= ∫

(𝟏 − √𝟏 + 𝒙) 𝐥𝐧(𝟏 + 𝒙)

𝒙√𝟏 + 𝒙

𝟏

𝟎

𝒅𝒙 = 

= ∫
(𝟏 − √𝟏 + 𝒙)(𝟏 + √𝟏+ 𝒙) 𝐥𝐧(𝟏 + 𝒙)

𝒙(𝟏 + √𝟏 + 𝒙)√𝟏 + 𝒙

𝟏

𝟎

𝒅𝒙 

= 𝟐∫

𝐥𝐧 (
𝟏

√𝟏 + 𝒙
)

(𝟏 + √𝟏 + 𝒙)√𝟏 + 𝒙

𝟏

𝟎

𝒅𝒙 =

𝟏

𝒗𝟐
=𝟏+𝒙

𝟒∫
𝐥𝐧(𝒗)

(𝟏 +
𝟏
𝒃)
𝟏
𝒗

𝟏

𝟏

√𝟐

𝒅𝒗

𝒗𝟑
= 

= 𝟒∫
𝐥𝐧(𝒗)

(𝒗 + 𝟏)𝒗

𝟏

𝟏

√𝟐

= 𝟒∫
𝐥𝐧(𝒗)

𝒗

𝟏

𝟏

√𝟐

𝒅𝒗 − 𝟒∫
𝐥𝐧(𝒗)

𝒗 + 𝟏

𝟏

𝟏

√𝟐

𝒅𝒗 

= 𝟐 𝐥𝐧𝟐(𝒗)| 𝟏
√𝟐

𝟏 − 𝟒 𝐥𝐧(𝒗) 𝐥𝐧(𝟏 + 𝒗) | 𝟏
√𝟐

𝟏 + 𝟒∫
𝐥𝐧(𝟏 − (−𝒗))

−𝒗

𝟏

𝟏

√𝟐

𝒅(−𝒗) = 

= −𝟐 𝐥𝐧𝟐 √𝟐 − 𝟒 𝐥𝐧(√𝟐) 𝐥𝐧(
𝟏 + √𝟐

√𝟐
) − 𝟒𝑳𝒊𝟐(−𝒗)| 𝟏

√𝟐

𝟏  

= 𝟒𝑳𝒊𝟐 (−
𝟏

√𝟐
) − 𝟒𝑳𝒊𝟐(−𝟏) + 𝟐 𝐥𝐧

𝟐 √𝟐 − 𝟒 𝐥𝐧(√𝟐) 𝐥𝐧(𝟏 + √𝟐) = 

= 𝟒𝑳𝒊𝟐 (−
𝟏

√𝟐
) +

𝝅𝟐

𝟑
+ 𝟐 𝐥𝐧𝟐 √𝟐 − 𝟐 𝐥𝐧(𝟐) 𝐥𝐧(𝟏 + √𝟐) 

Hence: 

∑(
𝟐𝒏
𝒏
)

∞

𝒏=𝟏

(−
𝟏

𝟒
)
𝒏𝑯𝒏 −𝑯𝒏

𝟐

𝒏
= 𝟒𝑳𝒊𝟐 (−

𝟏

√𝟐
) +

𝝅𝟐

𝟑
+ 𝟐 𝐥𝐧𝟐 √𝟐 − 𝟐 𝐥𝐧(𝟐) 𝐥𝐧(𝟏 + √𝟐) 
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It’s nice to be important but more important it’s to be nice. 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 

 

 

 


