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2301. Prove the below closed form

jotan‘l(xz) q 1 jotan‘l(élxz) q 1 ftan‘1(9x2) _nt

+ + dx + -
1+x2 X72) T11axz T3] T110xz2 KT T 4g
0 0 0

Proposed by Ankush Kumar Parcha-India
Solution by Togrul Ehmedov-Azerbaijan

[ jo tan—1(x?) d lf tan—1(4x?) d 1 jo tan~1(9x?)

112 X7 TTrae XT3 Tigoe Xt
0 0
ilf tan~ 1(kx)2d _i 1 Jtan‘l(yz)d
k) 1+ (kx)? LK) 1+yz Y
kx=y k=1 0
oo 1
ft 1()’2) j‘tan‘l(yz) Jtan 1(y?)
1+y? 1+y? 1+y?
0 0
1 -1 1
e, 1 G2) = [
~ ) T1ay? 1+y2 Y72/ 1+y2 8
0
21 [ tan 1(y?) 2o 1 2 4
TSNS FIE
k 1+y 8 Kk 8 48
k=1 0 k=1

2302. Find:

X X
12rx (3 coss — 2Sin5

sz ( 2 3)dx
0

1+ (sin%

Proposed by Daniel Sitaru — Romania
Solution by Ravi Prakash-New Delhi-India

Using foaf(x) dx = foaf(a — x)dx,

we get

X\ 2
+ COS§)

- j-12ﬂ (12T — x) [3 cos (61t — %) + 2 cos (41r — %)] dx
0

1+ [sin (6 —3) + sin (4m — g)]z

12n (121 — x) [3 cos% + 2 cos %]
=f dx = 1210, = Q
. X . x)?

0 1+[—sm7—sm§]

2Q =12nQq, or Q = 6T,
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where
a, = f12ﬂ3 cos (%): 2 closx(%z) dy — 6J-12” %cos%: %c.osx%2 I
0 1+[sm7+sm§] 0 1+[sm7+sm§]
-6 (tan‘1 [sin; + sing])]:zn =6[0]=0
Thus, Q=0

2303. Solve for real numbers:

X

902(x) + 90(x) + 2 = 0, Q(x) = f
1

Proposed by Daniel Sitaru — Romania
Solution 1 by Bedri Hajrizi-Mitrovica-Kosovo

1 3
e f" tzdt tZ=u ZJ‘"Z du
1 32 [gt2dt=du 3Ju, V1 +42
1+(e2)
3
=—ln(t7+\/1+t3)’1‘=
3
2 3 2 2 x24+V1+x3
=—ln(x7+\/1+x3>——ln 1+vV2)=cIn—————
3 3 )=3 1+v2
2
Q()_—9i\/§_—9i3_—3i1_ ~3
¥T718 T8 T 6 |1
3
1) lnxﬁ;— \/17”3 =—-1,x/x+V1+2a3= @, no solution!
21 <1
2) In xVx+y 1+x3 _ 1

1+/2 2

xVx+yJ1+x3=(1+V2)/e
Let (1 +V2)Ve =a, V1+x3 =a—Vx3|?
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14+ x3 =a?—-2ayx3+x3

2 _ 2 _
2a/x3 = a®? — 1, o=2 1, x fa 1
2a 2a

Solution 2 by Amin Hajiyev-Azerbaijan

dt

90%2(x) +9Q(x) +2 = 0; Q(x) = J

(n(x) + 3) (Q(x) + 3) 0-0Q,(x) = 5 Q,(x) =

Qx) =

Vt ( du
t3—u——3t2—3u3)
1 V1+t3 dt

- \/ﬂzvdv
(

1
a=ﬁ 'DE[JC\/E;l])

1 X
n(x)=—f ——d
3J)1 Vu+u?
X gy 2 (Vg

Qx) = ———dv = ———dv =
31 Vv?2+vt 31 V14?2

xVx

3

sinh~1(v) = g(sinh‘l(xﬁ) — sinh~1(1))

1

_g = g(smh_l(x\/}) —sinh™1(1)) (sinh~!(xvx) = sinh7*(1) - 1
= sinh™*(xvx) = sinh~* (1) —%
3

2
=3 (sinh~1(xv/x) — sinh~1(1))
2 2 1
Answer: x; = sinh3(sinh~1(1) — 1), x, = sinh3 (sinh‘l(l) - E)

Solution 3 by Ravi Prakash-New Delhi-India
1
x , t x tz
Q(X):L mdt:fl —32dt
1+ (&)

3 3 1
Put t2 :u:>5t2dt: du

3 3

2 (** du 2 x2
.-.Q(x)z—f =—log(u+ 1+u2]
31 vVi+u?2 3 g( )1
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= g [log (x% +V1+ x3) — log(l + \/E)] (1)
Now, 9Q(x)2+9Q(x)+2=0= 3Q(x)+1)3B2(x)+2)=0
:ﬂ(x)=—§orﬂ(x)=—§ (2)

2 3 1 2
E[log<x7+ 1 +x3) —log(1 +\/E)] =-3.-3

[from (1) and (2)]

3 1
=>log(x7+ 1+x3)—log(1 +2) = -1

3
2 3
 X2H/14x _L 1 f—1+x3+ _ (Vz+1) x/_e+1 (3)

1+VZ Ve’ Ve
(1+x3) -x3 _ V2+1 \/_+1 3 S _ e e
/1+x3_x§ Vel e T+ x"—x= V2+1'VZ+1 (4)

Subtracting (4) from (3) we get

3 V2+1 e V2+1 e

2x2 = — , -
Ve V241 e V2+1
E_(\/f+1)2—e(\/§+1)2_ez
oS Ve(v2+1) ' (VZ+1)e
But%<0
2
% (\/—+1) —e_ . _ (\/f+1)2—e3
ez r2) T [Ve(zvz + 2)

2304. Prove that

11
Ofl X+y o )dxdy—log( )

Proposed by Ankush Kumar Parcha-India
Solution by Togrul Ehmedov-Azerbaijan

y=1
I= f f (’;+1>1 (y) dx dy f y fY (z+1) log%d dy"ip y fY (Z+i) logl(z) dzly=0 B
_f (1+y) log(y) - f (z+1) m N _f (1+y) log(y) dy = fol (E) log;(Z) dz =
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fy Jy 2= dmdz = 32 o(- 1k [, [}z dzdm = ¥ o(—1)* (log(k + 2) —
loglk + 1)) = Xy, (—1)% 1log (%) = 21'(0) = log (E) Note:n'(0) =

~ 3T (-0 log (175)

2305. f:R-> R, f(f(x)) + f(x) = —x,Vx € R

Find:

"

Proposed by Daniel Sitaru — Romania

Solution 1 by Samed Ahmedov-Azerbaijan

fF@) +f@=-x  f(f(F@))+FF@®) = —f(
F(FU@)) + @) +f@ =0,  f(fF@))-x=0

1 1 1
f<f (f(Z + cosx>>) " Ztcosx f(f(f(x))) " 2+ cosx

2 X

T 1 1 —tan 2
sz dx, cosx =——%x
0o 2+cosx 1+ tan22

2

T 1 n 1 ”1+tan§
sz dxzf dxzf —dx
0 1 0 0

_ 2 X 2 X _ 2X
- tan2 2+2tan2+1 tan2

2 X 2 X
1 + tan > 1+ tan 2

x x n seczyz—c
1+tan2—=sec2—:>ﬂ=f —~fdx
2 2 0 3+tan27

2dm

X
tan-—=m x=0m=0.x =mm = +oodx = X
2 seczi

+o00 Seczg 2 +o00 2
s T T
0o 3+m" gec? 3 o (V3) +m?

a=1lim [ —2  dgm= i (2 t m)|’7 li (2 tan -1 0)

= lim | ———dm= lim (—=arctan—]| = lim (—=arctan—=—-0) =

ntoo J (\/5)2_'_1"2 n-+0 \4/3 V3/l,  noto\y3 V3
_1'[\/3 m (4

3 V3’ 3
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Solution 2 by Adrian Popa-Romania

d (f (f (TZ()sxD) =z coss) 1 (f (ﬁ)) i}
1 1 1 1
- —f(m>‘(‘z+cosx‘f(z+cosx)> "2+ cosx

T 1 T 1 ”1+tan2
I i s
0o 2t+cosx 0 1—tan27 0 3+tan22

2+
1+mm%
t x—t=>1(1+t 2x)d = dt
anz— 2 anz X =
(1 + tan? E) dx = 2dt
2
x=0=>t=0
X=m>=>t->
QfooZdt 21 . t1” 2 mw =m
=| -—5=2-—arctan—=| =—= - =—
, 3re L RTINS R TR

Solution 3 by Ankush Kumar Parcha-India
We have, f:R - R, (f o f)x+f(x) =x,Vx€ER
x-f(x)

= (fofof)x+(foflx=—f(x) => FofePNX)=x (1)
Equatwn 1 dx
(1) f (Feofe f)(2+cosx>dx_J; 2 + cos(x)

xom-x [T dx J‘n dx
et = _—
0o 2+ cosgtn —-x) Jy 2—cos(x)

:>2fn dx _Zfi dx +2f" dx
o 4—cos2(x) " J, 4— cos2(x) ™ 4 — cos?(x)

Xt x
2
-.~cos(x+g)=—sin(x) 2-[-% dx N ng dx
= - - -
o 4 —cos?(x) o 4 —sin?(x)

':t:;mz(x)+1=sec2 (x) g se(:2 (x) g SeC2 (.X')
dx + 2 dx
0

= - 7
o 4tan?(x) + 3 3tan2(x) + 4

[t () et (7))

tan(x)-x o dx *® dx \/_
= zfo 4x2+3+2f0 3x2+4:k NE] )
T 1 dx = T °
2\/_ f(f o f)(2+cosx> x_\/_§
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Solution 4 by Ravi Prakash-New Delhi-India

FE@)+fx)=-x (1)
f(F(F)) + F(F®) = —F 0 = £ (F(F®)) + F(F) + f@) = 0
= f (f(f(x))) —x=0 [using(1)]=f (f(f(x))) =x

N &

L0- © dx B T dx _ ﬂsec()dx
) _fo 2+cosx_fo 1+2cosz(%)_J0 tanz(;)+3

- 2t (Land)| = (2)(3) =

0
2306. Prove that

F Tlog?(0) log?(1 + y?)
Of Of y(1 +x2%)

1.[3
dx dy = 6—4((3)

Proposed by Shirvan Tahirov-Azerbaijan
Solution by Togrul Ehmedov-Azerbaijan

1 o0 [ 1

_ff log?(x) log2(1+y2)d d j‘logz(x)d flog2(1+y2)

B y(1 + x2) XV=) 112 & dy
00 0

8

1+ x2 1+x2 1+ x2
0 0

1 1
2 2 2 g?
I = .]‘ log*(x) dx = j‘log (x) dsc + j‘ log (x) _, fl (x)
0

1
3

=2 Z(—l)kf x** log?(x) dx = 42 (1(+ 2)k)3 - %
k=0

0

1 1
log?(1 + y?) 1 (log?(1+z) _ IBP log(x) log(1 + x)
RS Y T N
y

y 2 y/ = 1+x
0 2_, 0 0
1
= 51(3) 3
[=1L; = 3(3)
NOTE:

1

log(x) log(1 + x) B (—1)k 3
f 1+x ___((3) dZ(1+Zk)3 32

0
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2307. Find:

1 21
Q = lim —j z cos?(kx) dx
VnJg -

n—oo

Proposed by Daniel Sitaru — Romania
Solution 1 by Ahmed Salem-Tunisia

cos? kx = [2cos?(kx) —1+ 1]) —+4+ Y cos(2kx) =
> cost =33 >

k=1

k=1
Fora>0,1+ a—%azsv %
1 ([ 1% 1
1111_)1?0\/—2.[; 1+;kz cos(ka)—ﬁ< cosZ(ka)>

21t n
< lL‘E‘OTf Z cos(2kx) dx

21
f cos(2kx)dx = 0Vk € 74
0

w ifk=m

21
j; cos(2kx) cos(2mx) dx = {0 if k+m

1 1
V21T — llm—zmt<ﬂ<\/ mT=>0=vV21
2y/2n->0on

Solution 2 by Samir HajAli-Syria

n

Z cos?(kx) = Z 1+ cos(k(2x)) _

k=1 k=1 2
1 1w 1 1 sin(gZx)-cos(n-zl_lzx)
Z—+—z cos(k(2x)) = : =
2 2 Z Z 2x

k=1 k=1 sm( 2 )
1 1 sin(nx)-cos(nx+k) 1 1 1
— —_ = — X — i 2 i —_ =
2n+2 pr Zn+Zsinx z[sm( nx + x) + sin(—x)]

10 | RMM-CALCULUS MARATHON 2301-2400
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2" Toinx [sin((2n + 1)x) — sin x|

ko1 cos?(kx) 1 1 [sin(2n+ 1)x) sinx
n 2 4sinx

1

n n
k=1 €OS 2(kx)
n

Let put: f(n, x) :=
Then:

1 2n n
Q= lim —j Z cos?(kx)
n>teon k=1

m Iyn cos2(kx 2 Zr 11 27
lim Zic=a ( )=j /lim f(n,x)dxzj —dx=—=mV2
n-+o J, n 0 n—+co 0 2 2

where: lim Sinx _ 0 and

n->+oco N
1 sin((2n+ 1)x 1 sin((2n+ 1)x
lim —— <lim (( ))Slim—=> lim (( ))z
n—-+oo n n n—>+oon n—-+oo
. _1 _1
5o, nl—lgloo f(n' x) = 2 + 4sinx 0-0)=

Solution 3 by Khaled Abd Imouti-Syria

n

Z cos2(kx) = %<3 +2n+ sinx (1 + 2n)>

e sin x
3 1 1 sm(x(l + Zn))
k=0 €05’ (kx) _4 TNty sin x
n n
14+ X5, cosz(kx) 3 1 sm(x(l +2n))
n T4n ' 2 4n sin x
YRoq cosz(kx) 1 1 sm(x(l +2n))
n2 4n ' 2 4n sin x
n
. i1 €0s*(kx) 1 f
nl_l)lgo < - \/_ \/_ 2w =27

Solution 4 by Amin Hajiyev-Azerbauan
1 27 |w— 1 27 1
Q = lim —f Z cos?(kx) = lim —f 2 (x) dx
n—)wﬁ 0 = n—mo\/ﬁ 0 f

n
fn(x) = Z cos?(kx) = > Z(l + cos(2kx)) = = + RZ e2ikx —
k=1 =1
1 21x(eme _ 1) n 1 le X elkx(einx _ e—inx)

NS

e2ix _ 1 ) + 2 eix(gix — g-ix)

11 RMM-CALCULUS MARATHON 2301-2400
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1 . in(nx) .. in(nx)

= g + Eg;{eur(nﬂ) Sslflnzlx’; } = g +5R {(cos(x(n +1)) + isin(x(n + 1)) S;:ln(f;’; } =
n 1 ( ( )) sin(nx) n cos(xn) sin(xn) cos(x) sin?(xn)
2 Ecos xn+ sin(x) 2 + 2 sin(x) B 2

m X 2T 11 sin(2nx sin?(nx
Q=limf fal )dx=limf —+—( )tan(x)——( )dx=
n-o Jo n n-ow Jo 2 4n 2n
2

1 1 sin(2nx 1 sin2(nx
=j \/lim( >+—1' ﬁcot(x)——lim#dx;
o 2 n 2noe0 m

n—>oo 4' n—oo

1
0<x<21t{ =?-t—>0}

2 1 1 2T
sz E+lemtsm< )cot(x)——llmtsm2 dx—J dx—n\/_
0

Answer:

= lim —f Z cos?(kx) dx = m\V2

n—->oo n

Solution 5 by Adrian Popa-Romania

n

1+ cos2kx cos 2kx
Z cos* kx = Z 2 Z 2 Z

k=1 k=1 k=1 k=1
n 1 sinnx-cos(n+1)
= — 4+ — -
22 sin x

2"\/ n 1 sinnx-cos(n+ 1)x
L : dx
0o 2n 2 nsinx

1 21
lim —f Z cos2(kx)dx = lim
vnly |4~

n—-00 n—0
] m 1 sinnx - cos(n + 1)x
= lim =11+ -
0

n—oo 2 nsinx
_ m 1 sin(2n + 1)x — sinx
= lim =14+ - dx

noo Jo o |2 2nsinx

21 . 2w
sin2n+1)x 1 1 21

= —I1im 1+¥——dx=—f dx =—=\2rm
V2 noo g nsinx

-0
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2308.If I = fol fol fol Y xyzl0g8(x) tan~!(xyz) dx dy dz then, show that:

I= 0 3) + 7nt +‘ITZ 31T+31 (2)
=328 3550716 2 12108
where, {(3) is an Apery’s constant
Proposed by Ankush Kumar Parcha-India

Solution 1 by Togrul Ehmedov-Azerbaijan

111 111
fffZlog(x) tan~1(xyz) dx dy dz —ffflog(xyz) tan~1(xyz) dx dy dz
000 xyz
1 11 e BP
- ;f;f log(m) tan~!(m) dm dydx B
070

QSHc\H

log(y) f log(xy) tan~" (xy) dx dy

IBP 3m
f log(p) tan~1(p) dp dy f log*(y)tan'(y)dy _ ——

1
flog(y)
J 4
1 1
1 log? 1
{ y0g (y) fy g(y) fy0g(y)dy_6f y de}

1+y? 1+y? 1+y? s 1ty

1+f 8
0

1+f 2
0

0
3 1{ 1 f log3(f) df f log?(f) df + 3 fflog(f)

_°m 2 T df—310g(2)}

2{162( nkffk“’gg(f) df——Z( l)kjf“IOgZ(f) df

0 0
3
+ El;(_nk Of f*log(f) df — 3 log(Z)}

_3m_1{ 3%0 (DF 3% (DX 3Nt (DF
BT ) N VN oy DN ) DN CFE
k=0 k=0 k=0

3n 1(¢ 3 3 3
53 55:(4) —12(3) ‘i‘;(” - 310g(2)}
= —T“ "2l ——z(s) ~24) - 3log(2)]

7t w? 31‘[

3840 16 4 12 log(z)
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Solution 2 by Togrul Ehmedov-Azerbaijan

= fszmg(x) tan~1(xyz) dx dy dz = SOffofllog(x) tan~!(xyz) dxdy dz

X,)V,Z

, 02 y

1 log(1 + x?y?
§=fffl°g(x) tan~1(xyz) dxdy dz = log(x)f{t n~1(xy) g(Tyy)}d dx
000 1

: ’ 1lo (x) log(1 + x2 2)
f log(x) tan—1(xy) dy dx — —f f & iy y y dx
0

Hc\’d

1
2
log(x) tan~1(x) dx _%f log(x) log(l +x )

1
=1 —=I, — =1
dy dx 175027513

Il
N| el —

.f.flog(x) log(1+ xzyz)
00,

n?

1
1 _
bf log(x) tan™*(x) dx = + log(Z) +

log(x) log(1 + x?) dx = lf log(x) log(1 + x)

X 4 X
0

1 1

f log(x) log(l + Xzyz) 1 f log?(x) log(1 + x2) d
dx = — = X

0

3
dx = —E(B)

2 X
0

f log?(x)log(1 + x) 7t
dx =
16

o‘: HQRH

X = 5760
NSRS SR @+ 5+ 2@ I
3717207 2% T4 2 08 28 7323 T 11520
7 ¢ 3n 3
= +———+—log(2)

3840 16 4

2309. Prove that

(= -]

B xlog?(1 + x)
B of 1+x)(2+x)3

dx = %(an — 9¢(3) - 6log(4))

Proposed by Shirvan Tahirov-Azerbaijan
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Solution by Togrul Ehmedov-Azerbaijan
Let x+1=y

3 7 z(1 — z)log?(z)
B f (1+z)3

j (y — Dlog? (y)
y(1+y)3

21—y
y

_13(1+z)—(1+z)2—2

a1 27 log?(z) dz

1

log?(z) dz — J

0

log?(z) dz — J log?(z) dz

(1+2z)? 1+1z (1+12z)3

1

1
e
= 3bfl< kZ:O(—l)kkzk‘l}logz(z) dz—bf{kzo(—l)kzk}logz(z) dz

o Z (—1*k(k — 1)z"-2} log?(z) dz

1,

0
- S.f{Z( 1)kkzk- 1} log?(z) dz—f{Z(—l)kzk}logz(z) dz

k=1 0 k=0

1

=-3 ) (—1kk | z¥'log?(z)dz — ) (—1)¥ | z¥log?(z) dz
Z ! Yo

0

oo 1

_ Z(—l)kk(k _1) f 252 log?(z) dz
0
[ I G O - (—1)Kk

”(—_1)**_2” CD* SEDE N D"
& k2 (k+ 1)3 k 1 (k (k- 1)2
= 6n(2) - 2n(3) - 2log(2) - %nm = n(2) - 20(3) - 210g(2)
= 20(2) - 5(3) - 210g(2) = ¢ (21 — 97(3) — 6log(4))
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2310.Ifa,b € (0,1),n € N* then:

(b—a)?* (b-a) (b —a)® b yn+1 b(b — a)
e 7 < - 7
2 T3ttt +j~1—xdx— 1-b

a

Proposed by Daniel Sitaru — Romania
Solution by Rajarshi Chakraborty-india

Let
_b-x* b-x* B-0" "y bb-x)
fx) = > + 3 T +L1_ydy— 1-b
= f(b)=10
f(x) is clearly continuous in (0, 1)
n+1
ffxX)==-b-x)—(b—-—x)?*..—(b—2x)"1 - 1—x+1—b’xe (0, b]

(p)= b
f'(b) = T >0for0<b<1
b b b _
1-b~ 1-b 1-b
Thus both f'(b) and f'(0) are positive
Now f"(x) =1+ 2(b—x)+3(b—x)%2+ - (n—1)(b— x)"2
—{(n+ Dx™ + (n+ 2)x™*! .. oo}
And f"'(x) = -2x—6(b—x)..—(n—1)(n—-2)(b—x)"3 —

0

f(0)=—b—b%—b3..— b1+

{(n+Dnx" 1+ m+2)(n+1)x"..0} <0
= f"(x) is a strictly decreasing function
f'(0)=1+2b+3b*>+--(n—1)b"2>0
f'(b) =1—{(n+1)b*+ (n+ 2)b™*1 ... 0}
Case 1: If b is large enough then f"'(b) < 0
Sodce (0,b)st. f"(c)=0
Since f"' (x) is continuous, f"(x) > 0 for x € (0,c)
and f"(x) < 0 for x € (c, b) which means
f'(x) is increasing for x € (0, c)

and f'(x) is decreasing for x € (¢, b)
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Now f'(0) > 0. It monotonically increases to a bigger positive value up to x = ¢

Then starts decreasing monotonically to a smaller positive value f'(b) > 0Oatx = b
Thus f'(x) > 0 for x € (0,b)

So f(x) is an increasing function for x € (0, b)
Case 2: if b is small enough f"'(b) > 0
Thus f'(x) is increasing for x € (0, b)

And since f'(0) > 0 it follows that f'(x) > 0

Thus f(x) is an increasing function for x € (0, b)
Sofor0<a<b<l1
f(a) < f(b)
b—a)? (b-a)?® (b-a) [Py b(b—a
=>( 2 ) +( 3 ) ...( - ) + ; i’_ydy——(l_b)s

_ - a)? N (b — a)? (b—a)" N fb yn+l b(b — a)

<
2 3 n 1=y P =<"1"p

2311. Prove that
co 1

. f jlog(l +y)log?(1 + x?) q G{(3)
00

TT
dy = — log(2
x(1 + y2) xdy = —g—+37108(2)

where, {(3) is the Apery’s constant.

Proposed by Shirvan Tahirov-Azerbaijan
Solution by Togrul Ehmedov-Azerbaijan

o 1 1 %}
log(1 + y) log?(1 + x?) f log?(1 + x?2) f log(1+y)
1= [ [y axy = [T e [ PRy =1, e,
0 0
1 1
log?(1 + x?) 1 (log?(1+ m) 1
Il_ffdx _Edem_ﬁzw)
0 x2=m 0
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oo 1 oo
log(1+y) log(1+y) log(1+y)
IZ_] 1+y? dy—f 1+y? dy+f 1+y? dy

0 1
1 1 1
log(1+y) log(1+y) log(y)
_of 1+ y?2 dy + J 1+ y? dy_ofl+yZdy

_ 2fllog(l +y) dy — flog(y)

0

T
dy = —log(Z) +G

1+y? ) 1+y?
L=1, 1, = 243) {log() + 6} = %+—z(3)1 g(2)
1
2
Note:fw _—z(3) djl"f(j—?')d = Slog(2)

0
2312. Prove that:
1

x? log(x) 2 1 1
BV = 1+ Z=eW <_)
fx2+x+1dx 54 T T9? \3

Proposed by Vasile Mircea Popa-Romania
Solution by Togrul Ehnmedov-Azerbaijan

0

1 1 1 1
2 2 _ 3 2 3
_f x*log(x) dx = (x* — x°) log(x) dx — J‘x log(x) dx—fx log(x) dx

= | ————dx =
x2+x+1 1-—x3 1-—x3 1-—x3
0 0 0 0

x%log(x) log(x)
fl_—dx+flog( ) dx — fl_xsdx
0o 0
1 (log(y) 1(y 310g(y) n? 1 1
S
91—y 9] T1-y 54 9
0
1

0
n-1

m — —p(m
T 10g™ () dx = —™ (n)

NOTE: f

0
2313. Prove that

ftan‘l(x) q —G+nl ) T
XA +x)2 X708 4
0

where G denotes Catalan’s constant

Proposed by Vasile Mircea Popa-Romania
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Solution by Togrul Ehmedov-Azerbaijan
oo 1

j tan 1(x) d f tan~1(x) d r tan 1(x)

x(1 + x)?2 X= x(1 + x)?2 X+ x(1 + x)? X
0 0 1

dx + dx

) x(1+x)? (1 +x)?
0 0

1 1 (| -1
tan1(x) X5 —tan"1(x)
=fx?:+x§2dx+f (2(1+x)2 )

dx

tan 1(x) + %xz — x*tan"1(x)

x(1 + x)2

dx

Il
O — . °

1
(1-x%)tan"1(x) 013 X
e feerl

(=}
[uy

1
(1 —-x)tan"1(x) m X
Of X1+ %) d”iof(ux)zdx
1 1

1
ftan‘l(x)d 2J‘tan‘l(x)d +T[J' X d

X X 1+x XT3 (1+x)? X
0 0 0

1| 1| 1 1| 1|
=G-— leog(Z) + E(log(Z) - E) =G+ Zlog(z) - Z

1
tan~1(x tan"1(x n
Note:f - ( )dx = Gand f#dx = §log(2)

0

1+x
0

2314.1f x € (0, g) then:

<L1<1—tﬁ>dt><£(1—tﬁ>dt>sfol(l—t)dt

Proposed by Daniel Sitaru — Romania
Solution by Samir HajAli-Damascus-Syria

First, let’s consider a function f defined on (0, g)

1 1
fix - fx) = 1+cos2x 1+sinx
+2 cos xsin x 1 —2sinx-cosx 1

f(x) =

. - + - .
(1+cos?x)?2 1+sin2x (1+sin?2x)2 1+ cos?x
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_ sin 2x ( 1 1 )
~ (1+cos?2x)(1+sin2x)\1+cos2x 1+sin2x

sin 2x ( sin? x — cos? x >

- (1+ cos?2x)(1+sinzx)\(1+ cos?x)(1+ sin?x)
Now:

f'(x) =0=cos?x—sin?x=0

T w 7k
>cos2x)=0=>2x=—+nkk€eZ>x=—+—
2 4 2
T T 1 1 4
x n i
0 4 2
f'(x) ————0++++++
fo [ 1 r 1
2\9 2

:>Forxe( )f(x)<§

(fo1<1—tsm12 )dt)(f:(l—tﬁ)dt Sfol(l—t)dt

1 1
tsin? x+1 tcos2
1- — 1-
sin? x +1 0 cos2
1
sSin“ x COSs
1

@f(x)<;<:>xe(012t)

sin? x cos?x
Sx V(o et ) 1Ly L)
1+ sinZx 1+ cos?x 2 1+sm2 1+cos2

1
2

20
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2315. Prove the below closed form

r X)]_1,.(x 21
I=j]1/2( )J_1/2( )dx=e
1 + x2 2e2

Where, J,,(x) is the Bessel function of the first kind.

Proposed by Ankush Kumar Parcha-India
Solution by Togrul Ehmedov-Azerbaijan

[ = “]1/2(X)]-1/2(X) ']-\[;Sln(x)fcos(x) _ 1j° sin(2x)

1+ x2 1 + x2 ) x(1 +x2) X
0

zlf sin(Zx) dx 1stm(2x)d 1 1j°xsin(2x) dxe

0

i X i 1+ x2 X= 2 T 1+ x2
0 0 0
( 2 oo [ oo
f(z) = —f <f f(t)cos(xt)dt) cos(zx)dx
01

3 ON ON ,putf(z) = e™2

f(z) = % f ( f(t)sin(xt)dt) sin(zx)dx
\ 0

= %f (f e‘%os(xt)dt) cos(zx) dx
= o N
k e Z= %f (f e‘tsin(xt)dt> sin(zx) dx

0 0

( 2 °ecos(zx) (1 °°cos(zx)
e‘zz—f—dx —e‘zzf—x
2 2 o
1t0 14+x 2 J 1+x fxsin(Zx)
_Z_Zj‘xsin(zx)d i _z_fxsin(zx)d J 1+x
ke _1t0 1+x2 % | 2 _0 1+x2 X
11
_t 2
5 €
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2316. Prove the below closed form

:f”z(f_y:g) ey - Prog 3

0 00 xyz
Proposed by Ankush Kumar Parcha-India

Solution by Togrul Ehmedov-Azerbaijan

=f1f1.f <\/_+\/_>dxdydz=3ffj1 y(\/_-l-\/_)d dydz

S \\yz +Vzx z(\/_+\/_)
Let\/_—>m\/_—>n,
111 11 1\ -
nZ2 mi m-+s5)n
o [ [ [ g = 24 | NS
m+n
000 00

1
1
=24fm3(m+i)log(1+m)dm+12fm(m+§)dm
0

0
1 1

_ 2 LA 3 1
24 | m m+2 dm—-24 | m m+2 log(m) dm

0 0
_ 24 3201log(2) — 67 12(7) 24(5) 24( 57)
N 800 12 12 800
48 33
= ?log(z) -—

2317.If a, B,y = 0, then :

n

+B+y)* 1 n?
Jlatpry 1 S et
135 n-co N
k=1 Ccyc

oBy

Proposed by Pavlos Trifon-Greece
Solution by Soumava Chakraborty-Kolkata-India
2
Let f(m) =em—1—m—m7 vm=>0andthen:f'(m)=e™-1-m=>0
2
=>f(m)isTon[0,0)=>f(m)=>f(0)=1—-1-eM™> 1+m+m7 vm:=0- (1)

Now,n® — (n — 1)5 = 5n* — 10n® + 10n? — 5n + 1 and putting
n=1,23..,(n— 1) nsuccessively,we arrive at :
1°-0°=5.1*-10.13+10.12-5.1+1
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25-15=524-10.234+10.22-5.2+1

m-1°-m-2)=5m-1)*-10.(n—-1)*+10.(n—-1)2-5.(n—1) +1
n® — (n—1)%>=5.n* —10.n® + 10.n% — 5.n + 1; and summing up, we arrive at :
n n

n n
n’ =52k4—102k3+102k2—52k+n
k=1 k=1 k=1 k=1

n?(n + 1)2 nn+1)2n+1 n(n+1
—52k4—10.¥+10. ( )6( )—5. (2 )+n

n

=>21{4_6n5+15n4+1on3—n

30 ~@

K
n kZ 2 : (1) n 2 2 4 .4 \
/zn\/e(k—“)z\ zenz th2 z (1+k ka)
AP AP AN PAD. /
o,y apy By
n
k2 k* Z Z
= 3+ z +a Za“ =3n+——— cyc Zkz cyc .21(4
k=1 n cyc cyc k=1
ia (2) Yo n(n+1)2n+1) Yeea* 6n° +15n* +10n3 —n
v1a= 3n + cyc ( )( ) n cyc

nz 6 nt 30

= lim n \ " e(‘“")2>
n—>oo

cyc
aBy

Y ve O 1 1y Yecot 15 10 1
= lim 3+L.(1+—)(2+—)+L.(6+ +— )
n—oo 6 n n 30 n  nZz nt

Yeve0® Y oycat Holder Y v 02 a+ B +v)* aBy=z0 a+B+v)?
cye® | Zuye S gy Ay ( B+y) L 3+( B+vy)

=3+

3 5 - 3 5.27 - 135
(oc+B+v)4
_— (k“) Vo ,y=0(QED
135 _n%on \ e / a By (QED)
cyc
o,By

2318. Prove the below closed form

Inx+y+2z) 27 9
= dxdydz = 9In(2) — —In(3) — 3In%(2) + =In%(3

Proposed by Ankush Kumar Parcha-India
Solution by Togrul Ehmedov-Azerbaijan

Letx+y+z—->m
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1 1x+y+1

J‘f f ln(m)dmd dx IBPf J‘ ln(m)d dx _ffyll;(:(_-;i-;l) de‘
x+y+1=m

0 0 x+y
1
N j‘yln(x+y)
X+y
0 x+y m

1
|
fj:ln(m)d dx _f f (m — 1—x)ln(m) m dx
0
1x
|

m
+1 0 x+1
—x)1
j‘ x) n(m) mdx
1 x+2 X 1 x+2 1 x+2 1 x+2
In(m) In(m) In(m)
f f dmdx—f J- ln(m)dmdx+f f dmdx+fx f dm dx
m m m
0 x+1 0 x+1 0 x+1 0 x+1
1x+1 1 x+1
In(m)
+ff ln(m)dmdx—fxf - dm dx
0 x 0 X
1 x+2 1 x+2 1 x+2 1x+1
In(m) In(m)
Zf J. - dmdx—f f ln(m)dmdx+fx f - dmdx+ff In(m) dm dx
0 x+1 0 x+1 0 x+1 0 x
x+1l (m)
n
f f mdx
1x+21() IBP [ In(m) xin(x+2)  [xIn(x+1)
+ +
Ilzf f M) dm dx fﬂdm—f&dﬁf&dx
m = m X+ 2 x+1
0 x+1 3
= Eln2(3) —21n%(2) - 3In(3) +4In(2)
1 x+2 [BP 3 1 1
I, :f f In(m)dmdx fln(m) dm—fxln(x+2) dx+fxln(x+ 1) dx
0 x+1 T 0 0

9 3
= Eln(B) — 4-111(2) — E
1 x+2 3 1 1
In(m) IBP1 (In(m) 1 (x?In(x+2) 1 (x*In(x+1)
—fxf dm dx —f dm f—dx+—f—dx
= 2 X+ 2 2 x+1
0 xt1 3 2 s 3 0
= ——In%(3) +In?(2) + —1In(3) — 41In(2) — =
4 4 4
1x+1 2 1

1
Iy = f f In(m) dm dxlzPlf]n(m) dm — bf xIn(x + 1) dx + bf xIn(x) dx = 21n(2) —;

m 2
0
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1 x+1 2 1 1
In(m) IBP1 ( In(m) 1 (x?In(x+1) 1 [ x%1In(x)
Iszfxf dmdx_zf dm——f—d +—f " dx

2 x+1 XT3
0 x 1 0 0

3
=1 -
n(2) 2
27 9
1=21; -1, +13+1,— I =9In(2) —Tln(B) —31In?%(2) +Zln2(3)

2319. Prove the below closed form

dx dy dz = —C(3) =, @) + 21023 (2)
x dy Z—SC 17108 clog

111
:JH(HX)(HyX)(nyz)

Proposed by Ankush Kumar Parcha-India
Solution by Togrul Ehmedov-Azerbaijan

111
_ _ log(1 + xy)
B J.J.bf(l +x)(1 +yx)(1 + xyz) dzdydx = .f.fxy(l +x)(1 + yx)

Let xyz - m

1 X X 1
B 1 log(1 + m) IBP log(1 + m)
= f XA+ marm [(‘°g("’ ~log +"”0f m(l—-l-m)dm]

dy dx

(1]

J‘log(x) log(1 +x) —log?(1 + x) dx

x(1+x)
1 1
log(1 + m) log(x)log(1 + x) log?(1 + x)
(2)f m+m) ° f xA+n Xt of X1+ %)
1 1
_ (log(1+m) _ (log(1+m) log(1 + m) _n?
1_0 m(1+ m) __f m dm—f 1+m dm = E_Elogz(z)

I, = fl log(x) log(1 + x) dx — fl log(x) log(1 + x) dx — flog(x) log(1 +x) i

x(1+x) X ] 1+x

0
3 1 5
= -25@ +553) = -25(3)

1 1 1
logZ(1 +x) logZ(1 + x) log?(1 + x) 1 1. .
I3_f—x(1+x) dx—f—X dx_f—1+x d —ZC(B)—Elog 2

7 LS 1,
I=-log2); -1, + 13 = §§(3) - Elog(z) + glog (2)
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2320. Prove that

2n

I= f (Isinxl + |cosx| + |sin (;)| + )dx =16
0

Proposed by Nguyen Van Canh-Vietnam
Solution by Togrul Ehmedov-Azerbaijan

¥

| f(x) = |sinx| |

P
flx)=|sin() | > g

1(

21

T
I = j [sinx| dx = 2jsinxdx=4
0 0

n
VA 2

I, = f |cosx| dx = 4fcosxdx= 4
0 0

2n 2n

I3 =f |sin(§)|dx=f sin(;)dx=4
2n *

I4=f dx=2fcos(§)dx=4
0 0

Izll+12+l3+l4:16

2321.
Prove that

_ log® (%) 1 o1

Proposed by Shirvan Tahirov-Azerbaijan
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Solution by Togrul Ehmedov-Azerbaijan

%) 1 1 1
: log?(x) B log?(x) . [log?(®) log?(x)
= 1] (X+1)(x+2)dx_f(x+1)(2x+1)dx_ ZJ 1+2x dx‘J 11x &
1 1
=2 Z:(—l)k Zkf Klog?(x) dx — Z(—l)kf Klog?(x) dx
0

oMt & e
ZZ (k+ 1)3 -2 VA Om = 2L13(—2) - 2]’](3)

2
= -2 {—glogB(Z) - T5log(2) + 1 Lis (1) 15} -35@
1

= 5L G) + %log(Z) + §1og3(2) + ZC(S)

112 ( 6Li; (1) +3G(3) + 8log3(2) + n? log(4))
( Liz(2) + Liz(—z) = %Lig (22)
2
tLig (—z) — Lig (—%) = —110g3(z) — 1T—log(z)

Lis(—2) = —110g3(2) _ n—zlog(Z) +1 4 Lis (1) - 253

0

NOTE:

2322. Prove that
1

= f x(log(logx) + arctan(x — 1)) dx = %(in -y—1)

0
Y is the Euler-Mascheroni constant.

Proposed by Shirvan Tahirov-Azerbaijan

Solution by Togrul Ehmedov-Azerbaijan
1 1 1

= fx(log(logx) + arctan(x — 1)) dx = fxlog(log(x)) dx + f xarctan(x — 1) dx
0 0 0
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1

I, = jxlog(log(x)) dx‘
0 lo§£x)=—y

= f e %Y log(-y) dy

oo

= log(—l)f e ¥dy+ J e ¥log(y) dy
0 0 2y=z

log(Z)jo _z im 1 log(2)
e *dz =—
0

_i1't+1f “21og(z) d

=5 t3 e ?log(z) dz
0

1

=3 (im—y - log(Z))1

1
I, = .[xarctan(x —1)dx=- J(l —x)arctan(x) dx = %(log(Z) -1)
0 0

5 ——yv-=

oo

1
I=1;+1, = 2 (it—y—1), Note:f e %log(z)dz = —y
0

2323. Find a closed form:

©o

[ log(x)
B J (1 + x)(1 +x2)

Proposed by Vasile Mircea Popa-Romania
Solution by Togrul Ehmedov-Azerbaijan

dx

[— log(x) 3 ‘ log(x) dx + r log(x) d
IECERICErD) X‘O A+01+x2) ) A0 +x) X .
B log(x) ‘ xlog(x)
~arna X_0(1+xx1+xa
1
B log(x) log(x)
= 2([(1+x)(1+x2)dx_(_[m X
1 1 1 1
B log(x) xlog(x) B log(x) 1 (log(x)
_f1+xdx_f 1+ x? dx] _f1+xdx_1f1+xdx
0 0 ol 0 0
1 o 1 0
31 3 3 —1)k
— Zf (1)’(1();) dx = Zz(_l)kka log(x) dx = ~2 ﬁ
0 k=0 0 k=0
3 3 ?
= -Tn@) = -2 =1
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2324. Find:

2
cos (E — x) sin(3x) cos (E + x)
I = f 1?{ 1?{ dx
sin (§ — x) cos(3x) sin (§ + x)
Proposed by Daniel Sitaru-Romania

Solution by Togrul Ehmedov-Azerbaijan

I f (cos (g — x) sin(3x) cos (g + x))z 4

sin (g — x) cos(3x) sin (g + x)

X

f (COS (g B X) cos(x) cos (g + X) sin(3x)>2 <sin(X)>2 dx

sin (g — x) sin(x) sin (g + x) cos(3x) cos(x)
tan(3x)

2
B .f (tan (g — x) tan(x) tan (g + x)) (tan (o))" dx

We know that tan (g - x) tan(x) tan (g + x) = tan(3x)
Then we can write

2
1= .f (::283) (tan(x))* dx = f(tan(x))z dx =tan(x) - x+C

2325. Find:
Q= jxl"gzx (1 + 2log,x) dx

Proposed by Daniel Sitaru-Romania
Solution by Igor Soposki-Skopje-Macedonia

u= xlogzx+1' logzu — logleogzx+1

log,u = (log,x + 1)log,x, log,u = (log,x)* + log,x

du = (a1 LI )a du—(zz 1+1>d
wlnz ~ \“*%92% o T xinz) & u  \~regx T )ax
u(1+ 2log,x xlog2x+1(1 4 2log,x
du — ( - g2 )dx, du = (x g2 )dx

du = x'°92% . (1 + 2log,x)dx
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Q= jxlogzx . (1 + Zlogzx) dx = f du=u+(C= xlog2x+1 +C
2326. Prove that

oo

f dx _m
x*+x24+1 243
0

Proposed by Nguyen Van Canh-Vietnam
Solution by Togrul Ehmedov-Azerbaijan

[— J‘ dx
~ ) x* +2x2cos(2a) + 1
0 a=_and x=5

6 t

oo

of = j‘ dx f x2dx f (x? +1)dx

+ =
) x* +2x2cos(2a) +1 ) x* 4+ 2x2cos(2a) +1 J x* 4+ 2x%2cos(2a) +1

_f t2dt
1 B , t* + 2t2cos(2a) + 1

_1 f (x2 +1)dx

2 ) x*+2x%cos(2a) +1
1 j‘o (x2 +1)dx 1 f (x2 + 1)dx
4 ) x*+2x2cos(2a)+1 4 ) x*+2x2(1—2sin%(a)) + 1
1 j‘o (x% + 1)dx 1 f (x? +1)dx
4 ) x*+2x2+1-4x2sin%?(a) 4 J (x% +1)2 — 4x2sin2(a)
1 R (x? +1)dx

B Z_“ (x%2 + 1 — 2xsin(a))(x2 + 1 + 2xsin(a))

r —2xsin(a)dx _o
(x2 + 1 — 2xsin(a))(x% + 1 + 2xsin(a))

Then let's clarify the sum of A+l

1
We know that A = 2

—oo

oo

1 (x? + 1)dx
A+I=1=- ; :
4 ) (x2+1 - 2xsin(a))(x? + 1 + 2xsin(a))
1 r —2xsin(a)dx
4 ) (x2+1 - 2xsin(a))(x? + 1 + 2xsin(a))
1 f (x? — 2xsin(a) + 1)dx 1 f dx
"4 ) (x2+1-2xsin(a))(x2 + 1 + 2xsin(a)) 4 J x2+ 1+ 2xsin(a)

[— J dx 1 f dx
" 4 ) x2 +5sin2%(a) + cos?(a) + 2xsin(a) 4 ) (x+ sin(a))? + cos?(a)

—oo

oo

_ 1 X + sin(a) . m _m
 4cos(a) arctg( cos(a) )]_“ B 4cos(a)]a:g T 243
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2327. Prove the below closed form

[ xlog(x)
B ) x+1x2+1)

Where, G is Catalan’s constant

d—l(2 16G)
X—32T[

Proposed by Shirvan Tahirov-Azerbaijan
Solution by Togrul Ehmedov-Azerbaijan

u = log(x) -» du = dx/x

xlog(x) tan 1(x) log(x+1) log(x*+1)
dv = X>V= - +
x+1DX2+1) 2 2 4
1 1 1
IBP 1 (tan’! 11 +1 11 Z4+1
' __fan_wdﬂ_f&dxﬂjwdx\
= 2 X 2 4 X
0 0 0 Zox
1 1tan‘l(x) 1 1lo x+1) 1 1lo x+1)
L[t g L log D) 1 flogx D)
2 2 8 X
0 0 0
1 (tan"1(x 3 (log(x+1
:__f#dﬁ_f&dx
2 X 8 X
° )
1 3 2 (_1)1(—1 1 1 3 d (_1)k—1
=26+ x f" ax=—36+5)
k=1 0 k=1
= 1G+3 2) = 1G+3 (2) = 1G+1TZ
=260 tgn@) =56+ =—3G+33
2328. Find:

1 01
f f (xlog(arccos(1 —y)) + arctan®(1 — y)) dxdy
0 Jo

Proposed by Shirvan Tahirov-Azerbaijan
Solution by Amin Hajiyev-Azerbaijan

Q= fol folxlog(cos‘1(1 —y))dxdy + f01 f01 arctan®*(1 — y) dxdy =

> Jo log(cos™1(»)) dy

Sub... {arccos(y) =t; ;i—; = —Kl(t) ; [Oi %]}
3

Q, = %fof sin(t) log(t) = %fo &tmdt + %log(O) = %fg%dt + %ln (g)
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A t)—1 r t
{We know cosine integral Ci(z) = y + In(z) + f cos(t) dz _J cos( )dt}
cos(t) — 1 04 \ 1 v
dt +1n () ¢i(5) - >

\f 1 2/‘5 2

0 0
1 1
Q; = j f arctan*(1 — y) dxdy = J arctan’(y) dy = | yarctan®(y) —
0 Jo
0

1
-2 fo ya:it;lz(y) dy = |arctan(y) = t| = — — _2f4 t.tan(t)dt =
2 T ™
= ’1’—6 + 2|4 tlog(cos(t)) — 2 f04 log(cos(t))dt = C
0

{We know Fourier series of. In(cos(z))

=—1In(2) -

function

- (=1)"cos(2nz)
2

2

T
2, =7~ TIn(2) + In(2) f dt

+2 Z (=1 f cos(2nt) dt

2 2

T (- 1)"5111( n) T
_R+Zln(2)++z _E+Zln(2)

( 1)n 17.'2
L (2n - 1)2 16 Zl n(2) -6

2329. Find:

Q = | ylog(sin(y) + cos(y))dy

-hl:l\ IS

Proposed by Shirvan Tahirov-Azerbaijan
Solution by Amin Hajiyev-Azerbaijan

2
Q= f ylog(sin(y) + cos(y))dy « sin(y) + cos(y) = V2 sin(y + ;)

I
4
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0= f2yln(VZsiny +3))dy
Z 4

I

= iln(Z) ffydy + f§ yln (Si“ (X + E)) dy

> T
In(2) In(2) y?|2 3w
1= [yay = 2 = e
T
) 4
T 3n
1 (2) 2 4
n T T n
> fyln sm Z))dy=|y+z=x|=J(X—Z)ln(x)dx=ll—lz
i T
4 2
3n 3n 3n
K3 1 @ 4 1
I, = f xIn(sinx)dx = —In(2) J Z—j x cos(2nx)dx =
s T R
2 2 2
3n . (3mn
512 In(2) v 1 [cos(an) _ xsin(an)] m _ 512 In(2) v 1 3n Sm(T) __xsin(mn)
32 n=1,| 4n2 2n L 32 n=1, 8n2 4n2
2
3nn
__cos(mn) COS(T) _ _51'[2 In(2) | 3m 1.1 1, Vi lyvo (=" _
4n3 4n3 l_ 32 + 8 (1 32 +52 72 + )+4 n=1 ;3
1 v cos(s%)
dZn=1 g =
5m? In(2 (=" 1
@) dme OO 1 iy
32 8 n=0(2n +1) 4
4 1( 1 4 1 1 4 1 )_
4\ 23 43 63 83 B
B 51'[ In(2) 31tG 3) 1 (1 1 N 1 1 N )_
- 32 8 2% 4723 23 33 43 B
5m? ln(Z) 3 3
=——5 ?G——((3)+—(1 21-3)7(3)
5n?In(2) 3n
= 5 6 15®
3n 3n 3n
H ; °° 1 2In(2)
T ] _ _E I 1 _ s
Zf In(sinx)dx = 4ln(2 f dx n_[ cos(2nx)dx = T
T T T
2 2 2
1 sin % — sin(mtn)
B "Zn 1n 2n
31m
B mIn(2) m© sm Zm sm(nn) T[G m2In(2)
B 16 8 nZ T3 n= 16

33
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3nln(2) 21 _ _m 3r’in(2) 21
32 _EZ(B) Q=0;+0;=76-—0 _128((3)

ﬂzzll—lz :EG—
2330. Prove that:

o xIn?(1+x)
Q= fo (1+x%)(2+X)(3+X)

_ o (t=DIn%(D)
dx=[1+x=t| = fl t(t+1)(t+2)

Proposed by Shirvan Tahirov-Azerbaijan
Solution by Amin Hajiyev-Azerbaijan

1_, du_ 2 .
Replace {t =u —-=-u ulo0; 1]}
1
o (;—1)1112(“) du _ 1 (1-win?(u) _ 1 (1-w)In? (u) 1 (1-u)InZ(u) _
= ILndy @ Jo troarzw =2 “zw U h Ty AU
= 291 - QZ
_ 1 In2(u) _ 1 uln?(u) _ 1 11n2(u) _ 1 uln2(u)
Q= J, rzw) du — [, 2w du= - <f0 _(u+1) du — [, ) du)
2 2
S _ In? (x) . _ dx _
General solution: I(a) = f—x+a dx  Replace: {x =at = a}
In?(at In(at) In(1 + t
®I(a) = J ‘;f’t)dt= In2(at) In(1 + t) — 2 j %dt= In2(at) In(1 + t) +

+2 3%, S [ -1(In(a) + In(®) dt = In?(at) In(1 + t) + 2Li,(~t) In(at) -
—2Li3(-t) +¢ =2 In(1+%)+ 2Li, (%) In@) - 2Li; (-%) +c

In2(at)
1+t

In(at)(t _tln(l +t) dt

®J@) = af dt = atln?(at) — aln(1 + t)In?(at) — Za_[

= atln?(at) —aln(1 + t)In?(at) — 2a(In(at) — 1)

- Zaijl(_;)n f t"~1(In(a) + In(D)) dt

= atln?(at) — aln(1 + t)In%(at) + 2at — 2atln(at) + 2Liz(—t) — 2aLi,(—t)In%(at) + c =
X X X
= 2aLiz (——) — 2aLi, (——)1 —aln’(x)In(1+-=)+ 2 In?
a13( a) alz( a) n(x) an(x)n( +a)+ X + xIn*(x)
—2xIn(x) + ¢

*Q, = %<|(1)1 (;) - (%)) _ %(—zu3(—2) —Lig(~2)—2) = —;Lig(—z) ~1
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1 1 1
— 2 2 2
(1 —wln*(u) du — fln (u) _J‘uln (u) du —

(1+u) 1+u 1+u
0 0

‘Qz =

- Zn 1(—1)“J1 u?In?(u)du
B fol e n* (u)du = anl(‘”n ((n f D3 (n +2 2>3) )

_22

o)

2y, S =23 -2+213) = 3¢3) - 2

n=1 (n+1)3

B xIn?(1 + x) _ ~ .
€= J (1402 +0B+x%) dx = 20 — Q; = —3Liz(-2) - 34(3)

Note; {(3) — Apery's constant

2331. Find:

11

2

Q:f.[x In(y) In(x) In(1 + x%) dxdy
00

(1+y)?

Proposed by Shirvan Tahirov-Azerbaijan
Solution by Amin Hajiyev-Azerbaijan

11
B x%In(y) In(x) In(1 + x?)
Q —bfbf dxdy

1+y)?

1 In(y) !
= d xf 2In(x)In(1+x?)dx=KxM
o A+»ZE 7, (1)
! In(y)
(1+;v>2 Y

{Z (-1)%" = Z( ik x)z B Zﬂ U= : x)z}

K=-— Z( 1"™n fy" lin(y)dy = Zm C 1)n Zj 1(_1:)n=——ln(2)

[e3) ( 1)n

n=1

M=Jx ln(x)ln(1+x2)dx=—z

3 (&0 Iye b 2ge D" 2 (D
T Lupin(2n+3)2 9

j 2n+2 1n(x) dx =

n ne12n+3 3Zun-1(2n+3)2
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ln(Z) D" 16 2 (-1)"
52

n12n+5 2773 n=1(2n—1)2

oo _1)n ® 1 .

—f 2 1d+f L oax=lo147o
= |G- Ddxt [ pda =g 4

0
In2) =« 4 16 G In2) ™ 20 2G

2
3

NE

9 +18 27 27+3 9 +18 27+3

. In2(2) nln(Z) 20In(2) _ 2In(2)
answer: Q =KX M = 5 s 7 G

Note: G - Catalan's constant

2332. Prove that:

_16v3 5 7 5, 2 (1
Arxta2% = 720" “81™ 27 3

®  1n?%(x) 163 s 7 5, 2 <1> +24_7¢(1) (E)

Proposed by Shirvan Tahirov-Azerbaijan
Solution by Ankush Kumar Parcha-Iindia

oo lnz(x) 00 (x_ 1)2
L Arx+22 T (xg_—l)zlnz(x) dx
1 (0 _ 22)2
ﬂ(X—)l/X)j %an(x) dx
1(1-¥x)°

= (x3 > x) ~——In*(x) dx =

27), A-x?
1 1 -1 n—1 n—E 2
;ZneNn f ( "t xT - 2x 3) In“(x) dx =

272 ( (3n n 2)3 (3n5f1)3) -

B (e oelo e (e Do 3) -
e @) 9 -l 0w Ol v (-9 )

2

w2 1\ 4 2y 2 .4 43 cot(m/3)
— Z (L)L
( )+ v ( ) 27 sinz(n/3)+ 81 sin?(m/3)
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o 2
In“(x) 163 3 7 , 2 o <1>+ilp(1) (E)
27 3

X =—5- M — T —— =
1 M+ x4+ x%)?2 729 81 2711} 3

2333. Find:

1 01
J J x3 arctan3(1 — x?) In(In*(y)) dxdy
0 Jo
Proposed by Shirvan Tahirov-Azerbaijan
Solution by Bui Hong Suc-Vietnam

e’ 1
Ly = —j e *Inxdx = —j In(—Inx) dx
0

0
s

: Fl dx = —"inz4+ 8
. . ncosxax = 4n 2

o (—1)"
lncosx=—ln2—z - cos 2 nx

s

T n=1 0
1 1 (="
. f xlncosxdx=f X —an—Z cos2nx |dx
0 0 n=1 n

x? T ()" (1
:_—1n21g—z fxcosandx
n=1

2 n J,
_ n?1n2 R (-)" mn sin%+2 cosnz—n—z _ 21n2 1 oo (-1 oo (-D" sinnz—” B
32 n=1 n 8n2 - 32 4 n=1 Tl3 8 n=1 112_
1@ (—DMcostt n*ln2 1 -3 T 11 -3 16m6-21¢(3)—4n2 In 2
Iy e w2 L By ()11 2(3) =
n 32 4 4 8 4 8 4 128

Q= f()l f()l x® arCtan3(1 - xZ) ln(ln“(y)) dxdy =
f01 x3 arctan3 (1 — x2) dx fol In(= In(y))* dy

1 1
= 4f x? x arctan3(1 — x?) dxf In(—In(y)) dy = 4A.(-y) = —4yA
0 0

1 1
1
WA= f x? xarctan®(1 —x?) dx = E_f (1 — v) arctan® vdv
0 0

T

T T
1 (2(1—-tanx 1( (= 1 (2
:_f (—2)x3dx:— f x3dtanx——f x3 d tan? x
2J), cos?x 2\ Jo 2 Jo

+)] = [fx*dtanx = x* tanx 144 3[tx*dIncosx =
T
3 s

T z 4
:—+3x21ncosx’|4—6f xIncosxdx
64 0 0
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_m_3m 615 : g ™ 3w 16m6—21((3) ~ 4n?In2
“64 32 A T AV 128
3 3 +6m*In2 + 63((3) —48nG

64
2 2 _ 72 (1
-3 [gx*tan’xdx = — -3 [ix (coszx

T

T
4__

—1)dx

«)K = f4 x*dtan®’x = x* tan®x 13
T T

3 7 7 w3 T L4 )

—+3] xzdx—SI x’dtanx =—+x314-3 xztanx14—2J xtan x dx

64"~ J, . 64 0 0" %,

s

n 2 7
=—+4+—-3 +2delncosx

n

n®  3m? T [
=———-—6 xlncosx10—J Incos x dx
0

T Tid 2+6le ax=" 3" Tl 2+6(-71 2+G)
32 16 n neOSX X =37"16 n 4 4T3
_m 3w 3 102 436G

=32 16 4 "
Hence :
A= ( 1K>_1 m° +6m*In2 + 63{(3) —48nG 1 3’ 3m T2 +36
=2U~2K)=3 64 2\32 " 16 n

3 (21((3) —166(r+2) +2n(r+mIn2 + 41n2)
B 64

N |

(21((3) —166(mr+2)+2n(m+mIn2 + 41n 2))
64

Then:Q = —4yA = —4y§

——’2' (21¢(3) —166G(w +2) + 2n(m + mIn2 + 41n 2))

Note : G "Catalan's" constant, { (3) "Apery's constant", y "Euler-Mascheroni constant

2334. Prove that:

[ [ 2D e ()

T

RMM-CALCULUS MARATHON 2301-2400
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Solution by Ankush Kumar Parcha-Iindia

j j cos(x+Y)dd :mf J’m l(x+y)dxdy
= =

< M) _ | e e dr, R(2) > 0AR(R) > 0)
X 0

= I(1/2)r(3/4)N(i%*) = Vrr(3/4)R(e>™/8)

= nl'(3/4) cos(5m/8) = —/nI'(3/4) sin?(1r/8) csc(m/8)

ﬁf f cos(x+y) (\/f Z)J_csc() (3)

1’ 4
2335. Prove that:

fol fl(ln (ln(l + x) + arctan*(1 — y)) dxdy=
2

[
=+ Zln(z) + 2InIn(2) +y — li(2) —

Proposed by Shirvan Tahirov-Azerbaijan
Solution by Ankush Kumar Parcha-Iindia

11
f f(ln (ln(l + x) + arctan®(1 — y)) dxdy
00

11 11
ff(ln In(1 +x) dxdy+ffarctan2(1 —y)dxdy
00 00

=§1 =§3
11

$1= f f(ln (ln(l + x) + arctan?(1 — y)) dxdy
00
= (lnln(l + x) fj—;xdx)

2 dx Notesection i ]
[} s =——=IIn(2) + Li(1) +InIn(2)-limIn(x)

@ li(1)-1i(2)

1 1 x

1+x—x 2 dx
0~ o Tomas dx — Iniln(2) — f —+

In(x)—x
Note section

——2Inin(2) +y + lin} Inln(x) — 1i(2) —lilgl In(x)
o = =
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= ¢ fl fol In(1 + x) dxdy — 2InIn(2) +y — li(2)
1

s
1-y—x 1

f f arctan?(1 — y)dxdy — f arctan?(x)dx

]

1.B.
— (arctan2 x) [ de) -2, ! XtTl Z(x)d
LB.P 2 _ 1In(1+x2)
- 1 ax 2
= (tan (x)f ln(l +x )dx) + fo T dx
x—tan(x)
Tt
tan?(x)+1- secz(x)n' l 2) - Zj_l x0d Note section TT* Tl'l @) +
_— =— —_——
16 ) . ncosx)ax — ) n

3)
0"
- f(;*cos(an)dx

+21In(2) foidx +2Y0en

Tt_Z_E (_1)1’! sin(an) 17,'/4 n—2n+1n._ T ( 1)n+1
=T —2In@2) + Tuey S (FE) e =T 4 1n<z>+2ne,w{0}(2 s
Notesectwn
n— Z—f f arctan®(1 — y)dxdy——+ In(2) - G

@
Put the values of {; and ¢, in equation-(1)
2
fol fol(ln (ln(l + x) + arctan?(1 — y)) d_xdy:’lt—6 + Eln(z) +2InIn(2) +y - 1i(2) - G

Note: G — Catalans constant
Y — Euler — Mascheroni constant
2336. Prove that:

= (—1)*sin?(x — 1)cos?(x — 1) _(m—2)?
Z (x —1)2 -~ 8

Proposed by Shirvan Tahirov-Azerbaijan
Solution by Amin Hajiyev-Azerbaijan
Q- i (—1)"sin?(n — 1)cos?(n— 1)
(n—1)2

_ o (- 1)“sm2(2n) (—1)"(e?n —eHm?
- 162

4 n2 n?
n=2

~ 1 ® (—1)"(e*in — 2 + e~*in) ~ 1 (_1)n(e4in+e—4in) 1 (_1)n ~
_ RZ il _

n2 16 n2 8 n2
n=2 n=1

2 _ .
We know — Liz () + Li, (7) = =% - 2E2 = (Liz(—e‘“) + Li, (—ﬁ)) +
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1 ( 2 logz(e“i)) n  n’ w log?(cos(4) — isin(4))
96 96 96

“16\ 6 2 96 ' 96 32
_ log? (cos(2m —4) — isin(2m — 4)) B
— 7 -
_log?(e?™*)  (2m—4i)?  (m-2)?
- 32 32 8

Kk
— X
2337.If f(x) = E:k=0_2k+e2 Prove that

1
jf(1—x)dx—1—e—2 lo e—z @ (2 +1
1 2 \8\2

0

Proposed by Shirvan Tahirov-Azerbaijan
Solution by Amin Hajiyev-Azerbaijan

_e
I =2 ) Wi O SR ON

+
e_ > k=0
k ) k+2

1 e? e
:E(X+1—?<l|1<x+—+1> l|1<?>>
=1(x+1—§<q}<x+£+1> <e +1> >
2 2
1 eZ e2 2
:—(X—?IIJ<X+?+1> l|1< >+?

ff(l—x)dx-ll—x-xl ff(x)dx- fxdx %Zof <x+—+1>dx+

+ N| xR

o2 o2 o2
+— l|1< +1>fdx————logl‘(x+ +1) + l|1< +1>

I‘(Z +ez—2> +e2l|1(7+ 1)

e 4
I‘(1+ 2)

-

=Z—log

Notes: Y(x +n+1) — P(x) = kok“ (x+1)— Px) =1

answer: f01 f(1—x)dx = i— :(log (? + 1) - IIIJ (? + 1))
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2338. Prove the below closed form:

jj X+y _1 )dXdY_ZG—Zl (2)_1082(2)

Where, G is a Catalan’s constant.

Proposed by Ankush Kumar Parcha-India
Solution by Togrul Ehmedov-Azerbaijan

11
+ 1+ 1
1= [ [ () an- dxdy_” (1= yf" 1+y;§)dxd
00 00 /X

Lety/x > m

1 1
=3 G (rm)am| 45 [ () () ax=
20— m/™™ Tfm/™ 2) k=1 Gix/ 7

0 mox 0

1 1
_lf(1+x>t _1(1—X)d +1f(1+x)t —1(X_1)d _
=2 —x)" T2 k=) i/

0 0

1 1
1 1+

1

1
= [ e () ax= [ (o) ax— | (o) an e ax =
RS a1 x X_40 1-x) % J\1=x an X dx =

1 1 1
1+ tan~!
:“f( X) dx—Zf ail *) dx+jtan‘1(x) dx
0

1-—x J
Use the integration by parts formula
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1 1
= —{ 2log(1-x)]3 —1} -2 {—log(l —X) tan‘l(x)] + f@dx} + f tan~1(x) dx
0 0
1
1 x log(1 —x)
-3-2 Of logl —x)

dx + f tan~1(x) dx
0

0

=log(1 —x) {—g +2 tan_l(x)}]

1 1
g 2 f lof(i ;ZX) dx + f tan~1(x) dx
0
n log(2) = T log(Z)
=7 { log(2) — G} + { : +Z}—2G—Zl g(2) —

2339.1f 0 < a < b then:

b
fexzdxz(b—a)-i/a2+ab+b2
a

Proposed by Daniel Sitaru — Romania
Solution by George Florin Serban — Romania
e>x+1,(Mx>0>e* >x%2+1

b b 3_ g3
:fex dxzf(x2+1)dx= +b—a=
a a 3
b — a)(b? + ab + a? a? + ab + b?
_baX 2 )+b—a=(b—a)-<f+1>z

> (b—a)- a2+ ab + b?

a? + ab + b? 3 5 5
b—a20,f+12\/a2+ab+b2, S=a*+ab+b*>0

S+3
T>\/_:>~(S+3)3>27S:>~S3+9SZ+27S 27§ =0

= §3 4+ 952 > 0, true, (V)S > 0. Then: f: e’ dx > (b— a)VaZ + ab + b2
Equality holds for a = b.
2340. Prove that
11
tan~1(x) log(xy) log(2)
I= ff 5 dxdy =
1+x)*(1+y) 96

Where, G is Catalan’s constant
Proposed by Cosghun Memmedov-Azerbaijan

(48G — 12mlog(2) — 5m?)
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Solution by Togrul Ehmedov-Azerbaijan

11 11
3 tan~1(x) log(xy) 3 tan~1(x) log(x) tan~1(x) log(y)
- Ofof a2 +y) Y= fof A2 +y) ” a+0ra+y XY
= Il + Iz

11
-1
I =fftan (%) log(x) dx dy

1+x)?2(1+y)

tan1(x) log(x) log(x)
(Z)f (ET (2){"‘%‘(2) of 1rx ™

1
f log(1 + X) J‘ log(x) d fxlog(x) d
1 + x2 1 + x2 X 20 1 + x2 X

0
og<z){ G - 5log(2) - —z(z)}
fl fl tan~ 1(X)log(y) _ W@ f tan‘l(X)
00

1+x)?21+ y) 1+ x)2 = __l 8(2)¢(2)

g()

=1 +1, (48G — 12mlog(2) — 5m?)

2 2
1 xy+1
Q =jfm (mm )) dxdy
y X
00

Proposed by Daniel Sitaru-Romania

2341. Find:

Solution by Ahmed Salem-Tunisia

Case 1:

1 xy+1 xy+1 xy+1
mm(x,—, Y )—min(x, Y )S x X =/xy+1<V1+1=+2
y'  x X x

Case 2:

1
x>2—=>=>xy=>21=—<=1
Xy

. ( 1 xy+1> . (1 xy+1> \/1 xy+1 \/xy+1
min| x,—, min < = = =
y X y X y x xy
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, 1
= 1+Es\/1+ =2

1 xy+1
max (min (x,—, 4 )) =2

y'  x
2 2 1 ) 2 2
+
Q =ffm (mm xyx )) dxdy:JJﬁdxdy:M/f
00 00

2342.Ifa,b € R,a < b, f: [a, b] - (0, ), f — continuous then:

3

b b 1 3
3ff(x)dx+< mdx) >4(b— a)2

Proposed by Daniel Sitaru — Romania

Solution by Hikmat Mammadov-Azerbaijan
The function In is concave so:

3 \ 3 b 1 b q ;
(4,[ f(x)dx + - <f f(x) ))Zzln<j;f(x)dx>+zln<<fa mdx))
i.e.:

3 (b 1/ 1 \ 3 b b g
ln(zj;f(x)dx+z<j; md)’f) )Zzln<<_];f(x)dx><fa md.X'))

So (since exp is growing):

3

3 (b 1/t 1 b b1 !
SREE NI ((f o) md)>

The Cauchy — Schwarz inequality gives:

([ ey as)([[ () as)= (/]

i.e.:

b b 1 )
<faf(x)dx>< mdx>>(b a)

2

f)

1
d
VIFx) x)
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So:

3 (b 1/(" 1 3 3
ZLf(x)dx+Z<fa mdx) > (b — a)2
Finally:

3

b b 1 3
3fa f(x)dx+< a mdx) > 4(b — a)?2

Equality holds for a = b.
2343. 1f0 < x < 1,n > 1 then:

n 1
1
z f(cosx)"“1 - (sinx)*dx < 2 (1 — ﬁ)
k=19

Proposed by Khaled Abd Imouti-Damascus-Syria
Solution by Daniel Sitaru-Romania

T
€ [0,1] c [0, E) = sinx > 0,cosx > 0

(cosx)* 1 (sinx)k = sinx - (cosx)*1 - (sinx)k1 =

k-1
= sinx - (sinx - cosx)*! = sinx - (sin®?x - cos?’x) 2 <

k-1 k-1
2

sstue () ) e () s )< )
i .f(cosx)"‘1 - (sinx)kdx < i (%)k_l = (%) 1 =2 (1 - %)
0

1
k=1 k=1 7 - 1

2344. Prove that:

[ [ ex*log(x) (log(y) — log(x))
o f f (x% + y?%)?

Where, y is Euler-Mascheroni constant
Proposed by Cosghun Memmedov-Azerbaijan

m
dxdyzz(y—l)
00
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Solution by Togrul Ehmedov-Azerbaijan

Let y/x=t

e e *x*log(x) (log(y) — log(x)) r . log(t)
= j j o T y2)? dxdy = J xlog(x)e ™ dx f RETDP dt
00 0
= Il * IZ
IBP
I, = j xlog(x)e™*dx _ —xe *log(x)|g +J e *log(x) dx+f e *dx
0 " 0 0
= f e *logx)dx+1=-y+1
0 1
log(t log(t log(t
IZ=1LOdt=fL()dt+JLUdt
(1 +t2)2 (1 +t2)2 (1 +t2)2
0 0 1 -1/t
1 1
B log(t) t2log(t)
) (1 +t2)2 (1 + t2)2
o 0 . .
B f (1 —t*)log(t) [JBP_t f dt m
(1 + t2)2 = 1+t2 +t2 4

1=1, %1, :Z(Y_l)
2345. Find:

1 Im?(x+1) 1 xlnz(x+1)
X = fO (x+1)(x+3) dx fO (x+1)(x+3)

Proposed by Shirvan Tahirov-Azerbaijan
Solution by Rana Ranino-Setif-Algerie

=2t-1
]

2
X+Y—f1 n2(x+1) dx fll In“(2t) dx =

x+3 2 t+1

= ([In(1 + t) In?(2t) + 21In(2t) Li,(—t) — 2Li3(—t)])

N = =

X+Y=In3(2) + 2In(2)Li,(—1) —2Lig(—1)+2Li5(— §)=1n3(2)-%2|n(z)+§z(3)+zLi3 (—%)

xy= [HADCHD g (AEGHD g o (1D g

0 (x+1)(x+3)
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2
x-y=§ In®(2) - 21n3(2) + - In(2) — 3¢(3) — 4Liz(~ %)

XY= n3(2) + S In(2) - 3¢(3) — 4Lis(~ )
X+Y=In3(2) — %Zln(z) +28(3) + 2Li3(—3)
X=2 In%(2) + T In(2) — 3y3)-Lig(— 2)
Y=2 n?(2) — 2 In(2) + 2(3p3Lis(— 3)

We have also : Lij (— —) = —L i3(— —)-—z(3)-— ln3(2)+g In(2)

1 mG+) o0 1 g1 3
fO D E+3) 52 (TLi3(()43Y(3)-4ln"(2))
1xin?(tl) o are (1) 9 47309 _ T
Js (x+1)(x+3) dx = 3Li; ( 2) +24(3) +31n°(2) — In(2)

2346. Find:

TLi,(x®)In(1 + x?)
B -fo x(1 + x2)
Proposed by Shirvan Tahirov-Azerbaijan
Solution 1 by Rana Ranino-Setif-Algerie

1 Liz(x?)In(1+x?) _ 1 (1Lip(x)In(1+x) 1 (1 Li(®)In(1+x) 1 Liz (x)In(14x)
Q= f x(1+x2) T2 fO x(1+x) T2 fO x dx- f 1+x

B
A=Y 8 [ iy (x)dix = [ 2" Liy (x) = ([1x"Li2(x)])},+l fy a1 In(1 -
Wdx= B _Hn gy DM g (nl) :_((4)+2 (1) Hay

n2 n3

Zw (- 1)"H :2”4(1)__((4“ ((3)1n(2)——((2)1n2(2)+ 1n4(z)
n=1

n3 2

A=2Li, (5) - 33(4) +23(3) In(2) — 7)IN?(2) + 1 In*(2), B=[E le(x)lnz(l +
.X')] 41 flln(l x)ln2(1+x)d ((2)1 2(2) flln(l x);n2(1+x) dx abz =%(a+b)3 +

1 2
c(a-bP -~
Ln(1-x)In?(1 + x) = %ln3(1 —x2) + %ln3 (

1-x

1, 3
=) -3 -x)
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1 1 r1mm3(1-x?) 1 1(%) 1 1in3(1-x) , 1
B=E ((2)11’12 (2) + Efo de+1— fO —dx-g fO de—EZ(Z)an(Z) +

1-x2-x I-x . 1-x-x
1+x

1f1x2" 21n3 (x)dx— Z 1f 2" 13 (x)dx = —((2)ln2(2) ——((4)
Q=Liy () + 7 4(®)In(2) - He@)int(2) - o) + Lint2)

Solution 2 by Amin Hajiyev-Azerbaijan

1Li;(x®)In(1+x%) _  1@eo | 1o Hy
Q=f0 Zx(lT =3 n=1(—1)n nf x" 1Ll2 (x)dx =3 n=1(_1)an [n_z_

(2)] (91 - Q)

n
(-1)"HZ o 1> (Hn-1ty) (1

QoD St = - nlff = In(1 =x)dx =
_flln(l D (g D" Hn x| e 1)x)d ——;ﬂ@’ 2(1 4 x2)dx +
o (D,
n=1" 3 K

= 1) o 1y (- 1)”an X" 1lnz(x)dx =-

1 lln(1+x)ln2(x) _ ln(1 x)In? (x) In3(1-x) In(x)In?(1-x) _
2 fO x(1+x) X'E (f()z x dx + foz x dx-f()z x dx=0.5]1 —J,

J1 I2

X

' j‘% In?(x)In(1 — x) dx
1Ol 31
+ fz—n d-x dx
X

1
© 1 (2
—z —f x" Hn?(x)dx
n=1M 0

L3 (x)
“,

d
_1—xx

1
= § ln4 (2)

11l3

zIln’(x

+—f ()dx
0

3 1—x

T3 (x

_I_j' (x)
0

dx
1—x
3
N flo l;z_(X) dx =4Li, (1> 67(4) += ((3)1,1(2) —{Q)n2(2) += ln4(2)

2
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1
iln(x)lnz(l—x) _1, Mn(1 - x)lnz(x)
Ja- jo i@ +5 fo

X 1—x
1
= Zln“(Z)
1 H f xn?(x)dx = 1ln“(Z) +27(4) — ZZ
2 4 n=1 n3
1 t
— ln4(2) +2¢(4) — —((4) = —ln4(2) ~3e0
1
J=E]1‘]2 = ZLl4(E)+—ln(2) {(3) + n—(z)-';—zl 2(2) — 13171:)
_1 1ln(1-x)in*(1+x) 13 (x) 1., 3(1-x _
K_-Z fO x dx = 890 1-x dx fO (ln (1+x))/xdx_
ab2=>1(a+b)3+1(a b)3—£ i—f;=>x
~ 1 f xIn3(x)dx — ! ln (x) dx :To

Qq=)- K—2Ll4 ( )+22(3) ln(2) +- ln“(Z) = n?(2) - 4

Q,=72)ye, EF ”"=z(2)2 1( 1)“an x"ldx =

1ln(1+x) ( (2)
@) Jy e %53 1{2)n?(2) - an(Z)—E

oo
x(1+x) x 1+x
1 Liz(x?)In(1+x?

Answer: Q= D) ) dx = %(Ql Q3)=Liy (> )+—((3)In(2)+ ln4(2) - an(Z) -
7t
960
Note : {(3) --- Apery’s constant
2347. Find:

1
xIn(In(x
a- | (InG)
0 1+x
Proposed by Shirvan Tahirov-Azerbaijan
Solution by Rana Ranino-Setif-Algerie

1x In(—In(x))
1+x2

1\/§ln(ln(x))
0= [, —, —dx _2 Jo

x2

fo mmdx=ly (1-

1x2) dx =1-%, In(-2)=2In(ij+In(2)=in+In(2)

0=In(4)2In(2) — S im(mw — 4) + 2 [; In(~In(x)) dx — 2 [ “C2D gy
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x—e’t

1 o)
[ ne-me)ax 2 [ m@etar=-y
0 0

@myrrce 2
Malmsten’s integral: M(¢p)= f1 In(-In@) gy = ™ { WG

0 1+2xcos(¢@) _Zsin((p) F(E_E) } n<Pp<n

M(E)= [} mEI) g 7y Q) _ T 1n(2) + T In(m) — ml r(3)+Zm{réred)
() 1+x2 =z rR =3 gin(m) —mlnl (3] + 23 Im FQOIre)
1 ™2
In(—In(x)) T 3n 1
fo de = Eln(Z) + Tln(rc) — nlnl‘(z)
0=In(4)-2In(2) — - im(m — 4) — 2y-nin(2)-2 In(7) + 2min( (i))
\/_ln(ln(x)) B 1\ 3m 1.
) T =1n(4) + 2nwinr (Z) — TIn(Zn) — Em’(n’ —4)—
2348. Prove that:
0 f log?(x) 21 3) + 83 md
Jo M+ x+a2)(1+x+ a2+ x3) 32( 81V/3 32

Proposed by Shirvan Tahirov-Azerbaijan

Solution by Rana Ranino-Setif-Algerie

‘fl log?(x) _ fl log?(x) fl xlog?(x)
o (1+x+x?) (L+x+x2+x3) T J0 1+x+a2 0 1+x+x2+x3

1 (1-x)log?(x) 1 x(1-x)log?(x)
Jo s dx- Jo dx
A B

x =>x

A = _fl(x3 —xi x)log (x)d - (IIJ(Z)( ) 1/)(2)( ))

d? cot(mz) 8m3
—llm—cot nz) = —l
z2d ( ) 27 7 1 sin2(mz) 81\/5
3 3

x4—>x

o _fl(xz —x;t x)tog @ gy = 1 (IIJ(Z)() l/,(2)( ))
B=1 (2n3 - 42¢(3)) = = - 24(3)

2349. Find:
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L xin(x)
j_ X+ x2+1
Proposed by Shirvan Tahirov-Azerbaijan

Solution 1 by Amin Hajiyev-Azerbaijan

1 xlog(x) 1 xlog(x) 0 xlog(x) 1 xlog(x) 1 mx+xln(x) _
Q= f1x4+x2+1 0 4+x2+1d x+ [ 121 % T o 4+x2+1d +f xt+x2+1 -
1 1x -x3
- f mdx = —in —dx = —im Xy 0(f x6ntldyx — f x6"t3dx) =
i Y ( 1 ) = _i_” 1 L _iImyoe ;_
6n+2  6n+a) 2 n=0 (3n+1)(3n+2) 18 (n%)(n%)'
2 1
i Yo (§) ~ Yo (§) i (n) im?
- =——mcot|5)=——%=
18 1 6 3 63

3
We know - Yo (1 — x) — Py (x) =mncot(nx)

Solution 2 by Bui Hong Suc-Vietnam

X—>—X

—
xIn(x) _ 0 xin(x) 1 xIn(x) 0 xin(—x) 1 xin(x)
Q= f x4+x2+1 f 1 4+x2+1d +f 4+x2+1d fl 4+x2+1d +f xttx 2+1d
1 x{Iln(—1)+In(x)} 1 xIn(x) _ 1 xIn(ei™) 1 xIn(x) 1 xIn(x) _
-fo xt+aZ+1 dx +f P21 X T T o x4+x2+1d o x4+x2+1 +f xtix 2+1 o
. fl X 4 it . <2x2 + 1) 1 it (n n) in?
—im| ————Fdx=——arctan| ——— | = ——=(zs—=)=——%=
0 (x2+%)2+% V3 v3 /0 V3\3 6 6V3

2350. Find:

“In(1 + x) In(1 + x?)
L (1 + x)?
Proposed by Shirvan Tahirov-Azerbaijan
Solution by Pham Duc Nam-Vietnam

[ = f‘”ln(l +x)In(x? + 1)
)

(1 +x)?
1 x—1\ x—1 1+t
— 2| m@a+xnm@ Zd( ) I
zfl n(A+0(1+22)d( o) t="g =>x =97

= %J (In(2) —In(1 — ©))(In(2) + In(£2 + 1) — 2In(1 — t))dt =
0

1
% J (m?@2) + @) In(¢ + 1) - 3In(2) In(1 - ©) —In(1 — ) In(1 + £2) + 2In?(1 - 1) ) dt
0
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By integration by parts, we easily find:

f In(1+x?)dx = x(In(1 + x?) — 2) + tan"1(x) + C
flnz(l—x)dx:2x+(x—1)1n(1—x) (In(1-x)—-2)+C
1
1= %an(Z) +%ln2(2) —1In(2) +%1tln(2) +%ln(2) —%fo In(1-x)In(1+x?)dx+2 =
1
=n%*2) + %ln(Z) + %nln(z) _%fo In(1 — x)In(1 + x2) dx + 2
1 1
=| In(1-x)In(1+x?)dx =— D= | x**"In(1—-x)dx =
J fon( x)In(1+ x%) dx zn_( ) f n(1— x)dx

1 Hyniq * 1 2
= -1 — = —1)"H (— —_ ) =
zn 1( D n2n+1 n=1( )"Han1 n 2n+1

Tt D" (Han + 57) (3~ 5mg) = Zea )1)" oI - (26 + @)+ 5 -
4) =

[00] Hn
2Y0 (1" — (26 +1In(2) + 5 — 4)=

2y ()22 —

Hn Mmoot _ LA
zmzn 1: zzn G e S P (26+ln(2)+2 1)

2R(Li, (i) +%ln2(1 — ) + tan 1 (2)In(1 + x?)],=1 — (2G + In(2) + g —4)=
512 1 (4 b4
2(— -+ 5an(Z)) +5In(2) -26-In(2) -5 +4 =

512 1, 2 (4 b4
E-l‘zln (2) +le’l(2) - 26-11’1(2) _E+4

2

I =1In%2) +—ln(2) + 111:ln(2) +2 ——(—%+—ln2(2) +—1n(2) 2G —1In(2) ——+ 4)

—an(Z) +G + — + (2 +1In(2)) +In(2)

Note : G --> Catalan’s constant

2351. Find:
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jl jlln(xy) In(1 + x?)
x(1 + y?)?

dxdy

Proposed by Shirvan Tahirov-Azerbaijan
Solution 1 by Gbenga Ajeigbe-Nigeria

1 1In(xy) In(1 + x2)
I= 22

1 1In(x) ln{l -If-xz) ey )1 In(y) In(1 + x?)
=), b, ey | [ e
IIn(x) In(1 + x?) 1 In(y) In(1 + x?)

T SR

I= ;[ g T arctan(x)]o [— L(B)] + ([—g— 1][——le( 1)]

+5l [—%@]Jf[—g—%][z]

dxdy

dxdy

1=j0 (1 +y*)?

I = _34B3) _ 3B 2 G "_3

X - 16 32 48 192
[——pp— 2, _ _ 3
I = 552 [-8m26 — 9n¢(3) — 18¢(3) - 2m*]

Solution 2 by Kartick Chandra Betal-India

fl fl In(xy) In(1 + x?)

x(1+y2)2 dxdy

_ ('In(x) In(1 + x?)
) fo x xfo A +y7)?

+f1M ful:(yz)zd y=4B+CD = ( “”)(“2)*{‘(%%)}:
0 x

m{ 9m{(3) — 18{(3) — 8Gn? — 27}

Tn(x) In(1 + x2
A=f (x) In( x)dx
0 x

[~ Lo (=) I} + 5 [Lia (-0l = ~7-¢(3)

1
4 x 4
™

1 dy 7 1 sin(2y) X m+2
_ _ 2 _Z 7_
B=| o= | cost 0y =3I+ T = (5
lIn(1 + x?) 1 (1In(1 +x) 2
c= [ T ax =3 [ B M
0 X 2o X 24

1 fl In(x) In(! + x) i
0
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Yy
(arctan(y) + 1+y? )

d dy

<

_ fi In(y)
0

_ y 1
1+y)2 7 2 [<ama“(3’) 14,2 )ln(y)]é - Efo

f larctan (y)
T
4

y

1
dy — 5 [arctan(y)]g

NIH

14

In(tan(y))dy — - = —(— —)
. { G-isC atalan’s constant
{(3) - is Apery's constant

f tan~1(x)
= | ———=dx
x(1 +x)3
0
Proposed by Vasile Mircea Popa-Romania
Solution by Togrul Ehmedov-Azerbaijan

\

0

2352. Find:

oo 1 o
_(tan'(x) [ tan"!(x) tan"1(x)
= bf x(1+x)3dx_ fx(l +x)3dx+_1fx(1+x)3dx]

x-1/x

x%tan” 1(x)

1+x)3 f 1+ x)3

) 1
[ | ot
s 1
[T
1
= !tan_l(x) {%_x-ll- 1~ (X+11)2 C(x _:1)3}dx
1
fo
1
/
m
2

) 2 1
) tan 1("){ 1 Gzt (x+1)3 ax+g f(1+x)3
1
tan"1(x) tan"1(x) tan"1(x) tan‘1 (x)
= dX—Zf x+1 X + ( 1)2 X — Zom X

(1+x)3
B m log(2) log2) m® 1) = 5
—G—Z{Elog(Z)}+ ) }—2{ 8 —§+§}+E{10g(2)—§}
T m 1
= G+—10g(2)—1—1
2353.1f 0 < a < b < m then:

55 RMM-CALCULUS MARATHON 2301-2400



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

b sin x bcos x 2(b — a)
[P802 g, [Po907 0=
a X a

x2 ab

Proposed by Daniel Sitaru — Romania
Solution 1 by George Florin Serban-Romania

cosx\’ —xsinx—cosx sinx cosx
() = (R
X X X X
bgsin x bcos x cos xb
dx + 5 dx = — |=
a X a X x g

cosb+cosa_ b‘:osa—a‘:osb< 2(b—a)
b a ab -~ ab
<2b—-2a=>2a—acosb<2b—b-cosa

,ab>0=bcosa—acosb

a(2 —cosb) <b(2—-cosa),2—cosa >0

2—coshb 2—cosa

<— ,f:(0,m] -» R

becausecosa<1<2=>2-cosa>0=

2—cosx

f@)==———fb) < f@,as<h

xsinx—2 + cosx
X2

f(x) = ;:(0,m] - R
@(x) =xsinx — 2+ cosx,¢@'(x) =sinx + xcosx —sinx, ¢'(x) = xcosx,

i3
Px)=0>x==

2
/14
X
0 —
2 /4
f'(x) +++++++0——————

f(x) —1/ g—2<0\—3

S>ex)<0;(WMxe (0] > f(x) <0,(Mxe(0,m] = f N (0,m]
a<b= f(a) = f(b), true.

Then
bgin x bcosx 2(b—a)
f dx+f Zax<="%  (Mo<a<bzn
a X a X ab

Solution 2 by Adrian Popa-Romania
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2(b - a) 1 1 1(° b4
—=2(———)_2— =2f —dx
ab a b o X2

Xla

So we must show that x sinx + cosx < 2; (V)x € (0, )

f(x) =xsinx + cosx — 2

x=0
f’(x)=sinx+xcosx—sinx=xcosx=0=>x=E
2
T
x =
0 > T
f'(x) +++++++0——————
€9 —1/E—Z<0\—
2
>f(x)<0 Wxel0o,n) =
) sin x bcosx 2(b — a)
> xsinx+cosx<2=> —dx+f s—dx < ————
a X ab

Solution 3 by Khaled Abd Imouti-Syria

b b -
f smxd +f cosx x < Z(Z'ba) (|)

Iy 12

b 1 1
1 —— - _
I1=f —sinxdx ( u(®) x:>du xzdx >
a X dv = sindx = v(x) = —cosx

by using integration by parts:

1 b bcos x 1 1
I, = [__cosx] —f dx, I, + 1, = [——COS(b) +—COS(¢1)]
x a Jo X b

11 n 12 _ bcos(a)a;)lcos(b) (*)

?
Now let’s prove: bcosa —a - cos(b) < (b—a) -2

’ ?
b-cosa—2b—a-cosb+2a<0, b(cosa—2)+a(2—-coshb) <0

? cosa—2 ? cosb—2
b(cosa—2) < a-(cosb—2), <
a b
Suppose f(x) = X2 x €]0,m], f'(x) = T2 900
57
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g(x) =—x-sinx—cosx+2,'g(x) = —(sinx + x - cosx) — (sinx)

/4
'g(x) =—x-cosx,'glx) =0=>x= >

w
X
0 —
2 T

glx) | ——————-— 0++++++

(%) 4-
gx \Tn/

So: g(x) >0

'f(x) > 0, f is completely increasing on [0, ] so:a < b = f(a) < f(b)

-2 b-2
o ta< cosb andthen: b -cosa—a-cos(b) < (b—a)

a

and hence: I, +1, < Z(b'_a)

Solution 4 by Hikmat Mammadov — Azerbaijan
We have

b sin(x) b cos(x) bd / cos(x) cos(x)]”
f p dx+f p =La<— x )dxz[— o L

a a

= coil(a) — cosb(b) = d cos (é) — € CoS (%)

Bynotingdzt—llandc=%(wehave%£ch)

The derivatives of the function f: —» x cos G) on E, +00[
Are f':x — cos (i) + %sin G) and f"":x > — x%cos G)
Since f"(x) > 0ifx € %%] and f'"(x) < 0ifx € E,+oo[

The maximum of f' on E + oo[ is worth f’ (%) = g

We know that there exists a € |c, d[ such that f(d) — f(c) = f'(a)(d — ¢)

(@) (b) 1 1
So f(d) — f(c) <Z(d— ) so 22D =B L T(1_1)

Finally
b o b
sin(x cos(x wh—a
f x()dx+f ()d <=

x2 x_Z ab

a a
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bsin(x b cos(x 2(b-—a
j ( )dx+f ( )d - ( )
a X a

x <
x2 ab

2354. Find:

i * Y )dxd
_Jofon x2+1+y2+1 rey

Proposed by Shirvan Tahirov-Azerbaijan
Solution by Amin Hajiyev-Azerbaijan

11 1 (x(14y%)+y(1+x2) 1
2}_,,_1) dxdx = Efo fo ( (:zxz;()ll+;;) )dxdy _E(Ql — ;)

Q_ffl (1+2

Ql=f01 fol In (x(l +y) +y(1+ xz)) dxdy = fol fol In(x + xy? + y + x2y) dxdy =

1 .1 1 .1 1,1
j f ln((xy + 1(x + )’)) dxdy = f f In(1 + xy) dxdy + J. J. In(x + y) dxdy =
0o Jo 0o Jo 0 Jo

o (=DM (1 1 101
- n=1( 111) Jo Jo x"y"dxdy + [ [, In(x +y) dxdy=I, + I,

[ee)

B oo ( 1)n ( 1)n ( 1)11 B n.Z
11__2 1n(n+1)2 (Z 1n(n+1) n= 1(n+1)2) 2+21n(2)+ﬁ
1 .1 1 1
I, =f f ln(x+y)dxdy=f ((x+y)ln(x+y) —x)Odyz

0o Jo 0
1 1 1
[ (@ +3)m@+y) - yinG) - D)dy =3[0+ D + 1) - 3y -y )] =
0
In(4)}-15 Q, =I; + I, = In(16) + = — 3.5

1 -1 1 -1 1 -1
Q,; = f f In(1 + x?) dxdy + f f In(1 + y?) dxdy = 2 f f In(1 + x?) dxdy =
0 70 0 J0 0 J0

} (GO 1 _on _ n* _ o D )n _
22 n f f x dXdy = -2 Z" 1 n(2n+1) 2 n=1 5, + 4 Z" 1 2n+1
=2In(2)+n-4
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11'2 4
0=0(0; —0,) =5+ +In(2) -2
2355. Find:
UIn(1 + x?)
a [,
0

1+ x?2
Proposed by Shirvan Tahirov-Azerbaijan

Solution 1 by Amin Hajiyev-Azerbaijan

IBP
~

a= fl In(1+x?% )d ® (=) fol xIn(1+x¥)dx =

1+x2
(_1)n 1 x2n+1
dx =
Zn 02n+1jo x2+1*

2n+1

ano(—nn lZn —In(1+ xz)

1" Lxtan™* ~ Ixtan'(x)
In (Z)Zn i f D =@ e () ~2 | St =

xtan—l (x) arctan(x)=>t T i
—-In(2)-2| ————d =2 —In(2) -2 | ttan(t)dt =
i@ -2 3@ -2 | "ttan(®
T

T n T
Eln(2) + 2[tlog(cos(t))] 4_» f4 log(cos(t)) dt =2 f4log(cos(t)) dt =
4 0 0 0

T _4n T —1)"sin™
2An(2) ff dt + 235, C2 3 cos(zne) de = Fn(2) + Tg, CXG)

4
E ln(Z) -G

Q—fl In(1+x2 )d ln(Z) -G

1+x2

Solution 2 by Bui Hong Suc-Vietnam
We have:
fog In(tan(x)) dx = fo%ln(sin(x)) dx — fo%ln(cos(x)) dx = -G
{f(}t In(sin(x)) dx = fo% In(sin(x)) dx + fo%ln(cos(x)) dx = —gln(Z)}
f% ln(ﬁzm) 4 _2 f4 In(cos(t))=

0 1 20t
® cos2(t) cos*(6)

Q—fl In(1+x2 )d

1+x2 e
tan
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2(7In(2) +3) =2In(2) - G
2356. Find:

1In(1 — x?y?) + xyln(i ; Yy

Xy
Q= J J dxd
0 Jo 1 - x2y? Y

Proposed by Shirvan Tahirov-Azerbaijan

Solution by Bui Hong Suc-Vietnam

We have: {(s) I'(s) = fooo::—:lldx Li;(1) =¢(3)
1 W@ @) 7B) 1w Q)
Lt (E) ~ 76 1z 8 Ltz (_) N

2) 12 2
ln(1 x y2)+xyln(

%)

1+xy

P xdy =

J‘l J‘lln(l —xy) +In(1+ xy) + xy(In(1 — xy) — In(1 + xy)) p
(1 xy)(1 + xy)

f flln(l ) i dy +f f11n§1++x§y) ey - —f:%follnu—xy)d(ln(l_xy))+

xdy =

ldy (1 1 ld 1
j _yf In(1 + xy) d(In(1 + xy)) = —(—f —ylnz(l —xy)  +
A 2" Joy 0

ld 1. 1 1im?(1-y)d Tm?2(1+
f —yln2(1+xy) ):_(_f &4.] Mdy
o Y 0" 2" Jp y 0

y
I J
17..2 In(1-y)=—x ,0 .2, -x 0 .2
In“(1—y)dy™ 2 f x‘e f x“dx
I=| ———= = = ={(3)r@) =243
J;) y 0 1_e—x 0 ex_l (()() (()
X=—
2 r+ 2
] _ fol In (;+y)d “ ﬁl llnx(xz)d fl l?l(z))d fl In? (x)d fl In (x) dx=
2 2

n3 (x)l
1 —_—

(-In2(x) In(1 — x) — 2In(x) Lip(x) + 2Liz(x)) 1 i +

2Li5(1)2Li3 (5) — 21n(2) Li (3) - m3(2) + =2 ' 2 —2(3)-

m32) w?m(2) , 773 w2 In2(2) 2in3(2) ¢(3)
2 + 23 _2m@) {Z - }— =
6 12 8 12 2 3 4
Hence: O=2 {—2((3) + @} =1 ¢(3)
T2 4 8

Note: {(3)=Apery’s constant

2357. Find:
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L xIn?(x)
jo x2+x+1

Proposed by Shirvan Tahirov-AZerbaijan
Solution 1 by Pham Duc Nam-Vietnam

We have: )", sin(n@) x" =

xsin(0)
x2-2xcos(0)+1

21T X 2 [ee)
=>Let: G-? => Zirrl ﬁ =1 Sln( )x
_ 2 oo . .27mn 2 _ S 2nn
=>0==Y0 sm(T) f x"In*(x)dx = — in(=-) (n+1)3

And we also have:
I{ 0,if n =0 (mod 3)
Sm(mk{ 2L if n = 1(mod3)

w

23, if n=2(mod3)

1 gy 1 _ 2 8 5ray
n=0 (3k+2)3 2 n=0 (3k+3)3 - ( ((3) 81\/_ ) 27 ((3) {(3) 81\/_

Note: @ G) = gd—z cot(mz)] _ =1~ (2')9( )+l (%n))

d

>=0=2)""

And: Clyyeiq (5) =5 (1 — 372K)g(2k+1)
=@ (2) = "n® - 18 (((3) +2 ((3)) = =7 — 26{(3)

0 1 __1(4 3_ _13 s
But.Zkzom = (3\/_17.' 26((3)) =27 {(3) 81\/_1.[

Solution 2 by Bui Hong Suc-Vietnam

In?(x) 2In(x) 2
nil miDZ @y Dd

1
.f nan(x)dx — n+1[
0

2 w _ 1 i
U3, = n=0 (T = 13¢(3) e

o, - 1 4k[n? xkin? (x) _ fl x*(1 — x)In%(x)dx _ fl (xk — X1 2 (x) o
0

0 Z?oxl (1 —x) Xy & 1—x"
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Y20 fol(xk — 2k x In?(x)dx = Z""O{f xYkn2 (x)dx — f x”“"”lnz(x)dx}

I{ nf ki1 In?(x) 2 In(x) N 2 \I

ZOO 4 nj+k+1 (mj+k+1)? mj+k+1)3 5
=0 | mjtk+2 In?(x) _ 21In(x) N 2 |0

\ nj+k+2 (Mj+k+2)? (mj+k+2)3|)

_ye { 2 }_ 2 o 1 1 _
Tey=0 (n]+k+1)3 T (mj+k+2)3) T w3 (,+"+1)3 (,+"+2) -

(e (351 - (357)) msemssen o=l R aw = 56 (3.3) - 3.3 =

2 2m3 8 43
2—7<13((3) —ﬁ—f(@) =§((3)_81\/§

2358. Prove that:

111 N
I:Of!!; ’mdx ydz— (2 \/E)

Proposed by Ankush Kumar Parcha-India

Solution by Togrul Ehmedov-Azerbaijan

111 111
:J. J. ﬁ\/fﬁdxdydz+0fofof \&\fﬁdxdydz
111 111
A [s5wa ][] fEamen
11
=Eff dydz
> 00 \/;+\/E
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l?jj (4t2—4\/_)dtdz—5ff tzdtdz——ff Vzdtdz
0 vz

48 (16v/2 —4) 48 88\/_ 92
=?{ 35 }_?{ 105 }=35(2_ﬁ)

2359. Find:

1 201 —
— Jo (xln (arccosz(l — xz)) + W)dx

Proposed by Shirvan Tahirov-Azerbaijan
Solution 1 by Ankush Kumar Parcha-Iindia

xz —X

1-x-

—
21—
We have fol xIn(arccos?(1 — x2))dx + fol o (; Y dx =
1-x> lx|<1 cos~1(x)-x Note section (1)
/—*ﬂ
f Incos™1(1 - x)dx + [, 1in? (x)— Jo Incos™1(x)dx+Y ¢y f x"1n2(x)dx=
Note section(2)

Note section (3)
2sin(x)In(x)dx +2Y, N—1 —> ln(E) - Cin(E) +2{(3)
0 <N ;3

=
cid) - —1n( )+1n( )+2((3)

fol(xln (arccosz(l - xz)) In*(1- x))dx-2((3)+C|(—)
Note Sectlon
1)f01 x™In"™(x)dx = 1™

(m+1)n+1
2)[y =Bt = cin(x)

3)Ci(x)=In(x)-Cin(x)+,

Solution 2 by Amin Hajiyev-Azerbaijan

1 In?(1—x
f <xln (arccosz(l — xz)) + ¥> dx =Q,+Q,
0 x

N

1 1-x“-x
0 = f xln (arccosz(l - xz)) dx =
0

0y = fol log(arccos(x)) dx — {arccos(x) 1 }_

dx sin(t) -
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IBP
O = fz sin(t) In(¢t) dt = 2 cos(t) In(t) + fz cos(t) d —

T T T
T 2 cos(t 21 2 cos(t T
—10(0)+f ()dt=—j —dt+j ()dt+ln(—)=
2 0 ot 0 t 2

|()+f2cos(t) 1dt— (;t)_y

1-x-x IBP
1n?(1- ~  lin? w 1 -
Q,=[,— (x Ddx = Jo 1;_(::) dx = Y2 [, x"In*(x)dx = 23(3)

Q=04 + Qp =23NCI(7) —

z cos(x)—1 dx

Note section: Cosine integral Ci(z)= In(z)+v+f

For a€Z,the following identity holds.fo % dx=(-1)T(a+1){(a+ 1)

2360. Find:

- .[1 In(x? + 1) + arctan(x) p
—Jo x2 +1 *

Proposed by Shirvan Tahirov-Azerbaijan
Solution by Ankush Kumar Parcha-India

arctan(x)-x

'In(x? + 1) + arctan(x) n
= .I; i1 dx = f [ln (1 + tanz(x)) + x] dx

= <%2>% + jj In (sec2 (x)) dx =

1 (n? 1 O
TR A I WA

fo% cos(2nx) dx] =

2 D e
2

- 1"y -
§+Eln(2)+anN sm( ) §+Eln(2) ZnEN(2n+1)Z

ST T
32 32 "

Note section:
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In(cos(x)) = —In(2) — Z
nenN

sin?(x) + cos?*’(x) =1->1+ tan2 (x) = sec?(x)
Dirichlet Beta Function: B(2)

cos(an)

-n*
2 = _——— !
B2 E @1 G (Catalan’sconstant)

2361. Find:

*xIn(x)(1 — In(x))?
- fl A+ a+x2 &
Proposed by Shirvan Tahirov-Azerbaijan
Solution 1 by Amin Hajiyev-Azerbaijan

Q_fooxln(x)(l—ln(x))z dx = lfooln(x)(l—ln(x))z dx _lfooln(x)(l—ln(x))z

N (14+02(1422) 271 (1+x2) 271 (1+x)2
0 Q
q - J‘°° In(x) — 2In%(2) + In® (x) B fl In(x) + 2In%(x) + In® (x)
= 1+ x? b 1+ x? B

—Z (-1" f e (nGo) + 200 () + Ind (1)) dx = zw D" 4Z°° G
n=0 n= 0 (Zn + 1)2 n=0 (Zn + 1)3
{(Znzo azn+1= 2En_1an ZEn_1( Dazns1}

© ( 1) 2n+1
o s = 6=+ {20 s

(o)
converting the summand
3 m nn 3
b4 3 i 3 -1)"i T N R .
=Y - ;‘f=1(n+ =G—35— 3iLi (i) + 3iLiy (—i)

nt i

*In(x)(1 — In(x))?
o= fl a+nz
_ (MIn(®)(A + In(x))? gy = ln(x) + 2In?(x) + In®(x) dx =
“fo A+x7 "“fo (1+%)7? T

—Dkk
{fol a1k (x)dx:—(nllc)+1 |}

Qz= X1 (—1)™n fol a1 (ln(x) + 2In%(x) + In3 (x)) dx = =

m@=a-21"")4@)
=1In(2) —43(2) + 6n(3) =

Dirichlet eta function

10101( LR Dl

ln(2)-zz(2)+§z(3)=ln(2)+§6(3) -

=3 (Q — ) = 2+ 2iLiy(—) - diLi, () + T -2 -2¢(3) - T
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Solution 2 by Gbenga Ajeigbe-Nigeria

_ f“’xln(x)(l —In(x))? e flxln(l)(l —1In (1))2
1 0

X X dx—flxln( )(1 Zln( )+ln (;))dx _
1+ xz)(l + x)2 (x2+1)(x+1)2 0 (x2+1D)(x+1)2
) 1o )
@Dt 2P T @inar 2Pt @rnar A 2BHC
xin(; ) _ (1 xin) 1 x? ln (x) 1 lxin(x) _
fO (x2+1) (x+1)2 — Jo (x2+1)(x+1)2 f 2 fO x+1 dx
1 (1 xin(x)
270 (x+1)2
g N 4 B () =—1(1—G)+1(1—”—2)+1("—2—
n=0 (2n+3)2 n=0 (2+ )2 n=0(2.4n)2 2 12

In(2)) = G ln(2)

_ xln (1) _ xIn2(x) 1 x2 *%In(x) 1 xln(x)
B= Zf 0 i@z tr T ~2J, @+ (a+1)2 =l =g ealsd zfo dx —
-2
1ftain@ Z (-1)" Z'Zw (-D" Z'Zw G _
o (x+ 1)2 neo (34203 o2+ n)3  “ Lo (2+n)3

w

/4
16

2L (32 - m¥)2( (4 - 3¢(3))) — 2L (94(3) — m2)) == -7

xln® () L xlnd3(x) 1 (1x%Ind(x)
C:,fo(x2+1)(x+1)2dx:__];(x2+1)(x+1)2dx:§f0 dx

x2+1 B
1f1xln3(x)d 1 (txln3(x) 3 (D" 3™ (—1)"+
2), x+1 2), a+ 12T 72 n0(3+2n)4 neo (2 + )%

3! G) 3 9(3)
) n0(2+n)4 21L14( l)——lLl4(l)—T
I—A 23+c
G 3 ln(Z) n? nd
I—E+ElLl4( )——1L14(1)——((3)— t e "1
Note :
67
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2362. Find:

. f xln(x)
) xt+x2+1
1
Proposed by Vasile Mircea Popa-Romania

Solution by Togrul Ehmedov-Azerbaijan

oo 1
I_f xIn(x) lf In(x) dx — 1I
T T4 rx+1 T T4t
1 x—>1/x 0
1 o)

In(x) (1-x) ln(x) y(1—eY)eV
o[ e [0 it
x2 +X+1 1-x3 1—e 3y

0 0
= z y(1—e Ve Ve 3K dy

oo

ye-Gk+Dy gy +z f ye-Gk+2y gy
k=00

i r(2) > T(2)
k=

Gkt 12T L, Bk + 2)2

8

2363. Find:

k_

- k
7 w

= LI—IB n _[ 1+ tank(x) / /
0

Proposed by Khaled Abd Imouti-Damascus-Syria
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Solution by Togrul Ehmedov-Azerbaijan

We know that
n n n
73 2 7
[ j 1 f cosk(x) 3 J sin¥(x)
171+ tank(x) sink(x) + cosk(x) =~ J sink(x) + cosk(x) X
0 0 0

N3

T
2
B 1f sin¥(x) + cos¥(x) dx 1_[
~ 2 ) sink(x) + cosk(x) = 2

0 0

=i (5,07) (3, 6)) -1 1<¢‘1—1)>
(

k=1

T[n
=Llim<(1) ‘1>= ™ lim

™ —41n-0 n

2364. Find:

Z‘” (—D)"H,p® (n)
n=1 n2

Proposed by Shirvan Tahirov-Azerbaijan
Solution by Amin Hajiyev-Azerbaijan

Zoo (_1)nﬁn(Hn—v - 1) _ Zoo (_1)nﬁn (H _ 1 _ ) _ Zoo (_1)nﬁan _
n=t n? Ly n? "on V) Ligy n2

o0 -1 nﬁ 0 -1 nﬁ
Z D) n_yz (-1 n 0=y — 0

n=1 n=1

n3 n?
— (=@ X )
0= CVH.Hy = m Y (=D"Han
1 n=1 nZ n=1 nZ

oo Hn 1 xn
_z 2 dx
n=1M*Jy 1+x
=In(2) Tir, e [P0 gy g fHIRAED gy HINADIRASD gy

) 5 0 1I-x 0 1+x
1 In(x)In“(1+ x) f
ittt O]

1
1 +xdx =J1In(2) = J, +J3 —J4a —Js —J6¢(3)
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*® (-D"H,
=y Co,
n=1 n

= —zm 1(—1)"Hn flx"‘l In(x) dx
n= 0

B IInx) e
_ _fo - (anl(—n H,x")dx

_ 1 In(x)In(1+x) _ 1In(®)In(1+x) _ 1In(x)In(1+x) _
_fO x(1+x) dx = fO x dx fO 1+x dx =
IBP

% 1ﬂf1x"‘1 In(x) dx —

17,2 17,2
In“(1+x) x__3((3)+%j In (1+x)dx _5¢3)
0

[ ln(x)ln2(1+x)]0 zj . =-= x .
1

_ Liz(x) _ n ! ny: _ n 1y
J2 = jo =y o [ atis@dr =) D" [ i@
{fol n— 1Ll (x) ((3) ((2) Hn}

R OO

- _zn 1( D ( nz +n3)
-((3)2 - _|_ 2) Z (nl) 1010 1( 1) Hyn _ ((3) In(2) — _(2(2) Z 1) Hy
={(3)in (2)1-12 (-1, [, 2" 1zn2(x)dx— {(3)In@) - +1 fl—‘““+">’"z<">d

x(1+x)

e s t
subtltatwn—>x=1—_t

@~ 0 g - g3y i) - -

2 1,301_
_(len(l tt)ln (t)dt+len 1 t)dt

2 2
zlen(t)ln a-n | _ len(l t)in (t)dt_l_len (t)dt_[ In(1 — t)ln3(t)]2+ J-Ozln ® q¢ +

t t
p L IBP
31—
7 dt =1 n*(2) +3 fZ’” Dt - 7ot O gp 4 [ 0 e =
————
1-t-t

aLiy() + 2@ + 2t (@) - Tin*(2) - =

1 201 IBP 1 n(1=6)in2 1 201
p=f2R0m 0 dr = Zint(2) + P2 e = S int*(2) - [PROT 2 dr

1-t->t

1 204_ 204_ 2.4
_1 ln4(2) _ fz In(t)In“(1-t) dt + fl In*(1-t)In(t) dt = ll‘n‘l(Z) n fl In(t)In?(1-t) dt — P
2 0 t 0 t 2 0 t
1-t=>t
2P=§ In*(2) +2{(4) - 2 Z,‘;‘; 2= —ln4(2) +2¢(4) — —((4) P= —1n4(z) =
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-

J2 =¢(3)In(2) _ﬁ_E(L ZP)
2 4

1
= 2 (2) - E In*(2) - 2Li, ( 2) +os- Zc(s)ln(Z)

Lis;(1 - x) 1-x=>x flLi3(x) S
<[ 4 T U = 3 e tnig =
Js jo 1vx & 0 2—x T Lip2n ), * i3 (x)dx

Zj12n<z(3) (@) ) ((3)“1() ((Z)le() Z;fo;g

n  n?
{1 _m%(2) 2In(2), 2 }

2 17,2
Jo X" () dx=—55"+ 2o To3gm

4 2

nt o«
= ((3) In(2) — 7 + —ln2(2) - —ln4(2)
_ - 2
ln ) Zn 1n2n
1
1 L3 (%) 1 > In(1-x)in(x) ,
IN(2)Z5q o — ¢y dx L e
a0y 1
fozl'i D zz—o(—l)"n!(“)((—ln(Z))a—nunH@)] BT
13)in(2)- = + L znz 2) + Ll4 ( )+ % —2In(2){(3) + - Im*(2) =
7 T N2 4 '@
((3) In(2) 80+12 In2(2) + Ll4( )+
j‘lln(l x)Li,(1 - x) 1- j‘;’xj‘lln(x)Liz(x)
.= = | =2y
0 1+x 0 2—-x
© 1 1
_ Z — | *x1In(x) Liy(x)dx =
n=12 0
n-— 1L ( )d _((2) Hn
zoo 1 9 f ey ( )d {fo i2 xﬂx n nZ}Zoo 1 9 ((2) Hn B
n=12m0n 2 0ax B n=120n\ n nz)

Zw 1 (2H, +H(2)n 22(2) 3L (1) 71t4+ln4(2)+1r In2 (2
w12\ m3 Tz 2 )T °Me\2) 72887 8 gm (@

1 (YIn(x)In?(1—x)  1- ! lIn(1 - x)lnz(x)
g = Ej- dx f dx
0 0

1+x 2 2—x
1~ 1 (1 a2
= EZ 1ﬁf Fx"_l ln(l - x) dx
n=

{f X 1]n(1ﬂx)dx——— Z 1 62 ( n)
B 24,4202\ n
(2 3
Z 1 2((3) Z((Z)_ZHH_ZHH _ZHn)
2 12" n n2 n3 n2 n
H(a)
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-2In(2)((3)+———ln2(2) 201 32n 61“4( ) Li ()+4Zn 1 32"_

flln(1+x)ln2(1 x)d
0 x
“2n(2R(3) &~ Z In?(2) — 253 —6Liy (D) - D L T n2(2) -
36 n=1 32"2 La\z) 122 4 12
1In(1+x)In“(1-x)
fO fdx
T

13(1-%) 1 3G i) 1 In3(1+x)

6f0 — dx—¢l dx fo . X

1In(1+x)In%(1-x)
T= [, MO gy

1-x2-x PO .

=2Li, (5) - m +21n(2)¢(3) - —an(Z) + = In*(2)
2. = —6Li4( )+1;T':)——l 4(2) > Js = —3Ll4( )+1;T’:)——l 4(2) Jo =
{3) [y —dx = (3)In(2)

1+X

1\ 29 2
0 =@ J1 ~Ja +Js —Ja—Js 4@ = 3144 (3) - o8 T e) + Lmtc2)

oo 1"H 1 o . 1 11 1— l 2
Q, = Z ()—3n = _z (_1)anf A" 1n?(x)dx = _J. n( x)In”(x)

2 x(1+x)
_1, 1 In(1-x)In%(x) 1In(1-x)In%(x) 1
'E(fo fdx-fo fdx) ==

dx

flln (x)d _
0 1-—x
~———————
IBP {fol hll Ecx)dx (- 1)“a'{(a+1)}
1 1 In(1-x)In?%(x) _ . (1 n*t n? n2 1,4
2 fO 1+x = 2Li, (2) 60 1zl 2)+ 12 Zin (2)

—4L¢4( )+((4)+ln2(2)((2)——ln4(2)

o 1)"H,, P . n 1 In(1 —
Q3 = Zn 1% = — anl(—l)"Hnj; x" ln(x)dx = —fo n(fc)(ln-l(— ) i dx
—fl ln(x};:il % dx — | = 18—3((3) - "fln(z) -{(3) = 3((3) - "{ln(Z)

1In(x)In(1-x)
0 x d

13- In@2)¢(2) (@

4 4
Q:Ql—nz—ynszsLi4()—%——l 2(2) +3 ln4(2)—2Ll4() i

60
~n2(2) - Sin*(2) —,C(3) - ZIn(2))

Answer:
© (—D"H, O (n)
anl n2
_..Nn t 1 w?in?(2) 5 t
- Lis(3) - Zegg * 7D~ g5 @@~ D)

Note section

Harmonic numbers: }}}}_ 1k =H,; X} 1km = H(m)
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] (2) 82 3) © In(1+x)
_ — — . — _ . +x)n -~ ="/
Gnltin =@ —H i Sy =2~ 28(3); ) (ka)Hy =~
H,=9yOPnm+1)+,
Skew harmonic numbers:
o (-1)k1 N L
Zkl k —ln(Z)—JO 1+x n
Z“’ ) Hox ln(1 x)
n= 1( ) 1+x
a Hn_z(Z)_ © H, _ 1
) 2y Z =43~ 3m@)4(2)
Zn 1112271+ Zn = T ‘4(2)+ ’ ( >
% n 1 ,
Zn=1n32n Lty (2) +1n(2) Lis (2) "2 L, 2 (2)
Polylogarithm function:
" , , (1 w2 m2(2)
Lla(z) - n 1. a na ; Lla(l) = ((a) le (E) = E— T
i) Li,_ 1 2) H
Li,(z) = He1@ 1 ) (1 —2) ; f AL (o dx = S =
9z z 0 n n
1 {3 2
j 2" 1Liz(x)dx = 3) )——((2)+ 3
0 n n n
1
z _In*(2) 2In(2) 2
-fo x" n*(x)dx = in + iz o3
2365. If a > 2, then :
T 2al—cosx T
2a.cos (—) + ezf“ PR <2(a+1). cos( )
o a+1

Proposed by Pavlos Trifon-Greece

Solution by Soumava Chakraborty-Kolkata-India

1—cosx ? 2

<
x3 5x

Firstly,x > o > 2 and now, V x € (2, ),

?
@2x2+5cosx—530
O]

LetF(x)—Zx +5cosx — 5V x € [2,0)and then : F'(x) =4x —5sinx

sinx<1

> 4x-5 > 3>0=>F(x)isTon[2,0)=F(x)>FR2)=8+5c0os2-5

73 RMM-CALCULUS MARATHON 2301-2400



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

~0.919>0-~Vx€E (2,2),2x*+5cosx —5> 0= (%) is true
2a 2a

1—cosx 2 1—cosx 2 4
L Vx € (2,0), 3 <—=>2f 3 dx<2f—dx=—(ln2a—lna)
X 5x X 5x
[0 4
4 2al—cos x 2al—cos x
=§-ln2=>e2f°‘ B Yo (lnz) V1 ZOLCOS( )+e2fa IE
T
<2acos( )+V <2(a+1)cos( +1)
T ™ ? V16
o (a+1).cos(a+1)—a.cos(5)(3)7

L L
Letf(t) =t cos; and then : f'(t) = T sin— " + cos— . LHS of (¢)

—f(a+1)—f((x) ((a+1) a)— sm:+cosE(2<a<E<(x+1)

T 1
LHSof(-)zz.sm‘é +cos€—>(1)and : E>2--O< : <Eandlet

m m
P(B) = 0.sin@+cosO VO e [O'E) ~P'(0) =0.cos0=>0=P(x)isTon [0, E)
=P(x)2P(0)=1-v0¢€(0

5

Tt

’E) ,0.5in @ + cos® > 1 -~ via (1), LHS of (+) > 1

2al—cosx T
1)

> 2fp —p3 W

6 T
= (o) is true - 2a. cos( ) +e
Va>2(QED)

> <2(a+1).cos (a

2366.

2 X
Iffl arctan (x)log(1 —2) e 7n{(a) m{(b)In(2)
0 1+ x? 128 32
then prove that :

. (Lia+b(_x) Lla b(_x))
. 152 —G+—1 (2)—m((5)—53(6)

Proposed by Shirvan Tahirov-Azerbaijan

Solution 1 by Amin Hajiyev-Azerbaijan

Larctan® (x)log(3 - 7)) | farctan@)ox) (g 2 tan(x)
f dx j 2In( Ydx
0 0

1+ x2 - n 2(1 - tan?(x))

™
1 tan(2x

=j x21n< ( )>dx=
0 2
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NE

T

f x ln(tan(Zx))—ln(Z))dx—f x ln(tan(Zx))—ln(Z))dx—ln(Z)f x*dx g—w
0 0

.3 3
%f x%In(tan(x)) dx — ln(Z) 4 1 _mn(2)
0

8 192
T
Fourler series

T ZZW 1 f (2x(zn+1))d _ZZ 1 n? sin(2wn)
;= o2n+ 1 x* cos(2x(2n * o (Zn+ 1) 82n+1)2

iBP
sin(2mn) ncos(Znn)

Z sin(2rn) 1®° sin(2mn) nz cos(2mn)
42n+1)3  4Q2n+ 1)2 T 4 Lipo(2n+1)3 2Lun—o(2n+ 1)4 neo(2n + 1)3
{sin(2nrn)=0,n£Z}

_n Zoo (-1 [ 1 _ 7mi(3)
_4( n=0 11.3 n= 0 - 16
1 n2In(2) _ 7mi(3) _ m(2)In(2) 4 _ 7n((a) _ mg(b)In(2) _ _
Q_s(] = 192 _( 12% 32 Q= 128 32 la=3,b=12}
©(Li —x)—Li X ©Lic(—x “Lii(—x
I:f (Lig+p lab ) x=f 5( z)dx_f 1( Z)dx=11—12
1+x o 1+x o 1+x
“Lis(—x)
I, = d
1 fo 1+x2
O | 1 [lxin*(y)
= - dy)d
,L 1+x2( 24 ), 1+xy y)dx

1t * 1
= _—f ln4(y)(f Ara)d +x2)dx)d

4 _In(y) 1yln*(y) (y) 1n® (y) __T 1
fO n*(y )(2 1+y2  1+y2? ) - f 1+y2 fO 1+y2 48M + 24N
f yln“(y)
= dy
1+ y?

® 1 BP24° (- 24 45
= 2Lyt nay S Y G = 9 =6
_(fmie) w (o 187 (-1
f ady=. (1) f YY)y = 120 oo = ~1206(6)

P VI VR . ()N
1__E 24" = " "1024 °F® o
Dirichlet beta function : B(z)=)’, 0(2 )
| _J‘°°Li1(—x)d B f°°ln(1+x)d B f°°ln(1+x) flln(1+x)d B
25 vz T 1w T, 1422 Ty T1+az YT
fl In(x) p 2f1ln(1 +x)d K 2p
1+227 %) Tz TN
ln(x) n ! 2n _ ® (_1)n —
K= j T+ > d - 0( 1) j ln(x)dx__znzg—(2n+1)2__a
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0

{arctan(x)—-x}

www.ssmrmh.ro
T
= _(* n
112 X = J;) In(1 + tan(x)) dx = fo ln(\/fcos( — x)) dx —
3Xo%
i In(2) (% i min(2)
f In(cos(x)) dx = f dx + f In(cos(x)) dx =
o 2 Jp 0 8
I,=K—-2P=-6-—In(2)

1 + x2

j:oLis(—x) e L‘”ul(—x)

Answer:

15
1+ 2 dx =1, —12—G+—1n(2)—m{(5)—5ﬁ(6)
Solution 2 by Pham Duc Nam-Vietnam
1arctan?(x)log( 1 _xxz) 1 arctan? (x)ln( - 2) arctan®(x)In(2)
I - = —
J;) 1+ x? dx J;) 1+ x2 dx
2x 2x
1 larctan® (1 xz) In(7="3 1 73In(2)
_ — S 2 — _
4];) 1T 22 dx In(2) arctan (x)o I; 192
2x 2x
2
I, = lflarCtan (1 _xZ)ln(l _xZ)dx let:x = u—) dx = —Le
174, 1+ x2 ' +t (1 +t)?
1 —x? 2x
. _1f1arctan2( T )ln(1 —xz)
174/, 1+ x2

dx -

;In (%) <arctan2 (%) — arctan (

2 1—x2
21 1[ 2x d
1_4 0

1+ x?
2x s
—fl ln(1 2)(2 arctan (—xz) -
8Jo

X =
1 7) x—>tan(x)
172 dx j In(tan(2x)) (4x - —) dx =
T (3 Xo2X g
— l 2x)dx——| 1 2x))dx =2 — l d
ZJ;, xIn(tan( x))2 J\c1 f n(tan(2x)) L xIn(tan(x))dx
~33 | xIn(tan(x))dx =
T 7T
88 (3)——03=a((3) I, = m((B) ————>>>>
In(2 7
[ - m(( - > In(2) 1

n{(2)In(2)
YraNET) =)128((3)_ 32

_ Is(—X) — L1 (—X
-l

a=3,b=2
®Lic(—x “In(1 + x
em [THsCD) gy [“InCLED
1 + x2 0 0

® Lis(—x) 1
o= [0

0

dx =
1+ x2 1+2 Jit]z
1 X

dx=—— | In*(t)dt dx =

1+ = 73g) W®at] A AT ™

Lin*(t) j“" x+t t 1 (tin*(o
= at | ( e ety
24 )y 1+¢t2 )y \14+x%2 1+axt 24
76 |

dt(tarctan(x) +
o 1+12 ( )
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1 o Lint*(t) m m  (Yin*(e?)
E1n(x2+1)—1n(1+xt)) =22}, 1+t2(2t—1 n(t)) dt = 15%] T )
11In5(t) w1t n n
T tl‘“‘ O LS (1) [ S @t
n"(t
apply:J;) 171 dt = (——) @"-1){n+1D)rn+1)n=4=>
fo“’; O gt = 1615 {(5).1(5) =2¢(5)  =>
120 <
J= e O~y (DM o= 1 4(5) ~ 5B()
6 +ZIn(2) - " ¢(5) - 58(6
J=6+3 . - 25T 5) - 5p(6)
2367. Find:
G 1

NgE

-3

n=1

7k n+ ? . glB@

Proposed by Shirvan Tahirov-Azerbaijan

w
Il

1

Solution by Amin Hajiyev-Azerbaijan

i i 2n+l(c(nl?:k)3 %i 1)"]' x" og?(x) ki ;—l;dx
n=1 =1

n=1k=1
_ Gs

1 (tlog?(x)  (-1)"x™ 11 xlog*(x)
_:f dx = —— dx =
2)y 2—x ] 2n 0o 2—x)(2+x)

1 (1xlog?(x) 1 XIOQZ(x) 11 (! 2n+1], o2

5|, = ‘sfo PR _ﬁzﬁfo ey =
n=

2 i ~ i 4 _ 1.1
16.4 4"(n+1)3_ 322 73~ gls(P
n=0 n=1

2368. Find:
n
(2n+ 1)log (%)
Q = lim :

T
n—o n3sin (—)
n
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Proposed by Khaled Abd Imouti-Syria
Solution by Daniel Sitaru-Romania

n" T n"
[ @n+Dlog( 37 1 2n+1 5 leglyr
Q = lim 3 T = lim E . n . = . - —
n—>oo = n—>oo L
n3sin (H) sin (H)
n" (n+ 1)t n"
1 tog (3r)resz  tog (“arr) ~tes (3
=—-2-1-lim———= =2 —lim =
T n—oo n T n—-o n+1-—-n
_2 ()M )
T %9\ Ty wn) T
_21_ J ((n+1)">_21_ ' (1+1)"_Zl 2
T e 09T ~ o %9 n) "9

2369. Prove that:

log(x +y) V2 -1
= ———=Zdxdydz = 8V2log(2) — 64( >
1277 :

Proposed by Ankush Kumar Parcha-India

Solution by Togrul Ehnmedov-Azerbaijan
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111
log(x+y) log(x+2) log(z +y)
I=jjj{ + dxdydz =
500 x+y Vx+z Jz+y
[l 1l (x+y) ‘ol 1log(x+z)
0g
= dxdd+JJJ dxdydz =
s e
000 000
111l (z+y) 111lo(x+)
o
+fff & ydxdydz—SJJJ 8 ydxdydz=
Jz+y X+y
000 000
Ll 11 (x+y)
o
=3f”udydx
x+y
000
Let,/x+y=m
1 vVx+1
1=12fj log(m) dmdx =
0 Vx
1
- 12.[{\/_x+ Tlog(vX ¥ 1) — VX 7 1 — vxlog(V) + vx}dx =
22 16 16 2-1
=12{T\/_log()—T\/_+?} 8\/§log(2)—64<\/_3 >

2370. Find:

B fl fl fl dxdydz
0o Jo Yo \/ x+2y+3z
Proposed by Ankush Kumar Parcha-India
Solution by Mirsadix Muzefferov-Azerbaijan

flflfl dxdydz flfl(z,/ T2y 737) -dyd fl(z\/ T2y +37) - Iy T 30)dy - d
_ = x z z= x z) — z z
0o Jo Jo Jx+2y+3z 0o Jo Y 0 Y 0 Y Y yO
3 3
1 [(2y+3z+1)2 1 (2y+32)2 1\1
0

3 2 3
2 2

3 2 3 2 s 2(32)2
(—(3+3z)2—§(32+2)2—(§(3z+1)2— 3 dz

_fo .
1 5 5
3| [ 325 - G2+ 2 - @2+ i - @b as = 5 | E22 2 Bz 427 %‘ -

2 2
%(36\/3—25\/3—16\/Z+9\/§—9\/§+4\/f+ 1) =:—5(36\/3—25\/§+4\/§—31)
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2371. Find:

e

Q(x) =

J%iogx
J Jlog(1+e—x)+./logx
Proposed by Khaled Abd Imouti-Syria

dx

Solution by Daniel Sitaru-Romania

e

J%iogx
dx
/ Jlog(1+e—x)+./logx
y=1+e—-x, dx=-dy
x=1=y=e
x=e=>y=1

Jlogl+e—y)
e \/log(1+e—(1+e—y))+\/log(1+e—y)

B Jlogl+e—1y) dy = : Jlog(1+e—x) .
4 Jlogy +/log(1+e—y) 4 Jlogx + \/log(1+ e —x)

Qx) =

1
Qx) = —

(—dy) =

e

Q0x) = J6iogx

4 Jlog(1+e—x)+,/logx

Jlog(1+e—x)

B(x) = 4 Jlogx +/log(1+ e —x) *
20(x) = Jlogx dx Jlog(1+e—x)

x
4 Jlog(1+e—x)+,/logx J Jlogx+./log(1+e—x)

e\/logx+\/log(1+e—x)d
x
4 Jlog(1+e—x)+,/logx

2Q(x) =

2Q(x) = fdx
1

20(x)=e—1
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ﬂ(x)=e;1

2372. Find:

T xZ
Q = =4 2
Jo (sm (x) + cos“(x) + T x2> dx

Proposed by Shirvan Tahirov-Azerbaijan
Solution 1 by Amin Hajiyev-Azerbaijan

™
Q= f <sin4(x) + cos?(x) +
0
cos(x)—t, %=—\/1—t2

2

1 + x2

)dx=91 +Qz+9.3

" 11 _ $2)2 1 2,
Ql =f0 sin’(x)dx 25 L (113_tt)z dl:zfo (l;tz)%dt;gt
b p (L) PRI _rarpra-pve  Fee(F) an
fot =0 t_p<i'i)‘ re 2r(~3) - 4 8
3
b4 1 1 1 1 1 3 1 r(3 L
Q, =J;) cosz(x)dxzzj; t2(1-1¢?) Zdtzf0 tz(1-t) 2dt=p(z;z)= rgg))r(z)zg

T x2 Tl’ n 1
Q3=,Lmdx=.f0 dx_-fo 1+x2dx=1t—arctan(x)

3 ® 157
Q1+ Qy+03 = 3 + 3 + m — arctan(x) = e arctan(x)
Solution 2 by Cosghun Mammedov-Azerbaijan

2

1+ x2

T
0= in*(x) + cos?(x) +
J; <sm (x) + cos*(x) 1+ 22

T 2
>dx = f <(sin4(x) —sin?(x) +1) + ad )dx =
0

T 2

w
Q= f (sin*(x) — sin?(x) + 1)dx + j dx =0, +0,
0 0

"1+ x2
m 1 3 m 1,2 3
_ A0 cin? -2 _ 220N 2 -
Q4 —-L (sm (x) — sin (x)+4+4) dx fo <(sm (x) 2) +4> dx

T(/1—cos(2x) 1\> 3 (" cos(2x)\*> 3 _ [™(cos*(2x) 3 B
[E=5025) o f)oe=[[((-2252) #8)ee= [ (25522 F)ee

J:T <cos(4x) + %) dx = (isin(4x) + zx)g = %n’

8 32 8

o f" = d fn(l : )d ( tan()g ¢ )
= X = - x = (x — arctan(x)), =  — arctan(m
27 )p 1+ 2 0 1+x2 0 (

7 15
Q=0 +Q, = e + m — arctan(m) = e arctan(m)

2373. Find:
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T

a- [* xcos?(2x) p
~ Jo (1 +5sin(2x))(1 + cos(2x)) *

Proposed by Shirvan Tahirov-Azerbaijan
Solution by Amin Hajiyev-Azerbaijan

j% xcos?(2x) J%x(l —sin(2x)) Z’f_:’tlfgt(l —sin(t)) =
0 0 0

(1 + sin(2x))(1 + cos(2x) ¥ = 1+cos(2x) 4 1 + cos(t) -

1 ff t dt J% t sin(t) dt
4( o 1+ cos(t) o 1+ cos(t) )
z t 1P t % z t T X g T
Q = fo Treosipdt = [ttan(iﬂ 2 —L tan (E) dt =5 +2 [1og(cos (E))] 2=5
—In(2)

Y3

_j‘i tsin(t)
27 )o 1+cos(t)

V3 T

= f: ttan (%) dt IF:“P - [Ztln (cos (%))]% + 2 f:ln (cos (%)) dt =
L4 o0 n T IBP
gln(Z) —2In(2) foz dt = —2; (_i) foz cos(nt) dtggln(Z) —mln(2) —

) o (—1)" sin(nt)%_ LI c (—1)n5in(n2—n)_26 LI
; n [ n ]O__En()_ ; n? =26-5In2)

1 1 In(2) G
Q :Z(Ql _-QZ) :Z(;—ln(z) - 26+gln(2)) = %—¥_5+gln(2)
z xcos?(2x) m @) € o
o (1+sin(2x))(1+cos(2x)) ~ 8 4 2 8 n(2)

2374. Prove that:

f‘x’f‘x’f‘” dxdydz m
o Jo Jo (A+x2y)(1+x222)(1+y%22) 442
Proposed by Ankush Kumar Parcha-India

Solution 1 by Cosghun Memmedov-Azerbaijan

82 RMM-CALCULUS MARATHON 2301-2400



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

f°°f°°f°° dxdydz x_’ﬁ_f/xf‘”f‘” f°° dxdydz 3
o Jo Jo A+x2yH)(A+x22)(A+y2z2) o Jo Jo (2 HyD)(E+22) (Y2 +22)

y’ dxdydz
f f f <xz+z2 x2 + y? )(1 + 22y2)(22 — y?)
f f 1+ 22 2)(22 ) (ztan™1 (g) — ytan™1 (;)) 0(;3 dydz

IBP
dydz =

T 1
_f f (y+;7)(1+z2 )2)
f f tan‘l(yz)d i ( ysy’:"etry f f tan‘l(yz)d

z(y + z)? zy(y + z)
z=t) t) tan‘l(t) tan~! m? (®tan~1(t)
L0 [T g T[T [, e
t(t+z) 4 Jy t 0o Z2°+t 8 Jo 2
Z
1
4 IBPn2 ) N S | 3
- t tdt_7 = — dt = — dt =
f an”H(d(t2) = 4 )y 1+1¢t2 zfo 1+t 42

Solution 2 by Pham Duc Nam-Vietnam

1 3
fo fo fo A+ 2y +y22) (A + 2220 VT4

1 *® 1
_E,I;, ,[;, 1+ y2z2 dydzf_oo (1+x2y2)(1+xzzz)dx
_j‘°°j‘°° 1 . R ( 1 R i)
o Jo 1+ y222 yaz| mi.res (1+x2y2)(1+xzzz)'x_y'x_z

g [t
— ), ), 112227 | +lm(x ) 1

\ \ ot 1+ 2 2)(1+x2z2)//

ffmdy‘h(m( 5 79) ff (y+z)(1+yz2)dydz

t 1 1
t—yz:>y——:>dy——dt:>1— f f —dtdz =
z 0 +z(1+t2)Z
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Vi3 1
- Efo fo t+ 2 1 ) ez

_nj‘” 1 dtjoo 1 d_nf‘x’ 1 d(nl f
2, 1+t ), t+z2 Z=3 o 1+182 Z\f \/—(1+t2)

__f ;dt
2 )y 2vt(1 +t2)

f ——d(Vt) = Jw ! dt—nsz £ -
(1+t2) o 1+t 4 ) 14+t
71'2 @ 1 Glasser's master theorem 11'2 *© 1
2l e > T Tzt
—o 1 2 .
(e-5) +

7 e (o) -

= ——=arctan | — = —

4 V2 V2 /., 42

Proposed by Ankush Kumar Parcha-India
Solution by Cosghun Memmedov-Azerbaijan

Q=f01 foll H"'y\/—)dxdy =
1 3, .3 3 01 1 3
= [, [y m(x*+y )dxdy—;fo Jo In(xy)dxdy=M—K

M=y i In(e® + y3)dxdy = [ In(1 + y¥)dy-3J, [ - x Astxdy=P-3Q

P=/, In(1 + y*)dy =In2 343}

dy=

1+3

=In(2)-3+3C In(2) + %=zln(z)+%—3

il ———dxdy = ffo By dxdy

0 x3+y3

Q= Iy
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1 1
2Q=, Ji 5 dxdy=1 & Q=1

D _ T 3: T 9
M=P-3Q 21n(2)+—\/§ 3——2 2In(2)+—\/§——2
K—lll dd——lll xdxd+111 dxdy =-2
—fo fo n(xy) dxdy fo fo n(x) y fo fo n(y) dxdy
_ _3 _ mT 9 E _ n'_E
Q=M 2K-2In(2)+ 52 2+2x2—2In(2)+—‘/§ >

2376. Find:

g (sm k) £k

—Gk-Dek+1D *El-uil
Hk—l 4_k2

Qx) =

Proposed by Khaled Abd Imouti-Damascus-Syria
Solution by Pham Duc Nam-Vietnam

» sin(k) £k
B k=1""f
Q(x) = - Ck-D2k+1)’ € -1
k=1 4Kk2
0 O ik i Dk
. Z Sln(k) Z %xk _ SZ (xi) = J(—In(1 — xe'))
=1 k=1 k=t

= F(—In(1 — x cos(1) — ixsin(1))) = arctan (%)

2 2k-1)Q2k+1) 174k?

A6
%k = _— —_ —
4k? 4k? 2k

k=1 k=1

om0 1, (1- (2)), vtz == i (1- ()) = 252 =2

2k T

sm(k) K
= Q(x) = Zic1

o xsin(1)

2377. Find:
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x(x sin1 + 1) (a* + b* + cx)%
X

1

Q(a,b,c) =lim X ((1 . x)% - e)

x—0

,a,b,c >0

Proposed by Khaled Abd Imouti-Damascus-Syria

Solution 1 by Pham Duc Nam-Vietnam

x(xsin (%) + 1) a* + b* + ¢c* %
Q(a,b,c)=lin(} 1 ( 3 ) ,a,b,c >0
* 1+x)x—e
1 1(1)’““‘(%) x 1 b* 1 X 1 3 1
. 4 xsin(= a: — — c — 3 x
=11imx(xsm(x)+1) x X t—t—t% _
e x—0 e%ln(1+x)—1 -1 3
1
1
1 xe**n(z) 1 In(abc) +% *
= —lim —; 1 X 3
€ x-0 s m(1+0-1 _ 4 ;ln(l +x)—-1
1
Eln(l +x)—1
1 1 %
. (1 X X
= —lim exsm(f) (1 + §xln(abc)) =
e x>0 ZIn(1+x) -1
3 1
11_ x2 (1 + 1 1 ( b ))xln(abc)?ln(abc)
_exl—%ln(1+x)—x gz X manc
1 x? 0\ 1/ 1 2x
= 3\/abc—lim—<—> L—?— VYabc =1lim =
ex>0Iln(1+x)—x\0 ex-0_X
1+x
1 23/abc
= —23\/abczlin(}(1 +x)=— -
X—

Solution 2 by Yen Tung Chung-Taichung-Taiwan
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.1 1 .1 1
x(xsm§+ 1) (a* + b* + c*)x _ ( x(xsm;— 1)>lim (ax + b* + cx)z B
= i - ) =

lim

lim

- 1 1 . 1 .
=0 3x<(1+x)x—e) 20 1+x)x—e x>0 1003
0
0
2 23/abc
= (-2) (Vabe) = -
e e
where
(i) lim x(x sin%+1) — lim xgx sin1+1) _ : x(;l\c sin%+1)
x-0 (1+x)x—e x-0 e}ln(1+x)_e x—-0 e}(x_§x2+o(x3)>_

. x(xsin%+ 1) _ x(xsin%+1)

x-0 el—%x+0(x2) —e x-0 e (e—%x+0(x2) _ 1)

_ lim —lim x(xsin%+1) _

0 e <(1 - %x + 0(x2) — 1)) 0 e <—%x + 0(x2)>

xsin%+1 0+1 2
= lim = =——

xq0e<—%+ O(x)> e(_%) °

x(xsin%+ 1)

( \
bk 1 I In(a*+b*+ x) In3 I a*Ina+b*In b+c*Inc
(i) lim (a ) =exp 4 lim —= <ot $ = exp < lim —— &b+
x—0 3 | 2 | x—0 1
k 9 } L'Hopital Rule
0
1
_ exp {ln a+ ll; b+1In C} eIn(ab)3 _ 3/aps

2378. Prove that:

Z zng(ln)i:ll(c)?’ =L (_ %) ~Lis(= %)

1k=1

NgE

=
Il

Proposed by Shirvan Tahirov-Azerbaijan

Solution 1 by Amin Hajiyev-Azerbaijan

87 RMM-CALCULUS MARATHON 2301-2400



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

VN (DT G O e G Ol fl I
n 5 x"k-1log?(x)dx =
222 K(n+ k)3 2 2k 2 ),

n=1k=1 k=1 n=1

o)

Ekz 1)kf . 1logz(x)z(_1)n

_1 ) (_1)kf1 ——% x*og?(x)dx =
2 2k Jy 1+2

k=1 2
1 (tlog?(x) o (—1)kxk xlog?(x) .

_Ejo x+2 Ly 2k dx = (x+2)2d fx) = Z(__) -
a . n(1)x"1_ © n(1)""__ 2x

*{Ef(x) Ln= o (x+2)2 L= o (x+2)2}

1 s n(_l)n 1 . 5 I’liP 1 d n( 1)11
-3 ) o .]; x"log?*(x)dx = T2l mr
n= n=1

3O i Y =32 (-5) -1 26 (-3 +1)-

i) -n(-]

Solution 2 by Ankush Kumar Parcha-India

n=1k=1 meN
1.1 1.1 1y 1
=3 'W‘ZN(_E) 'W:L”(_E)_L"“(_E)

meN me
(D ra+b =) @-Dfm
Note : J a,bENz nENZ Z
| And, fla+b) = f(a+b)
k a ,beEN a€eN beN

2379. Prove the below closed form
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Ttan™ 1(x) T ,[2V2+10V2
i m =5 /2+2\/§tan ( - )

Proposed by Ankush Kumar Parcha-India

Solution 1 by Rana Ranino-Algerie
Ttan 1x
X
o V1+x

1\/1-|-_x T 1Vi+x
2tan! 1+ —ZJ — =2 —d
[ an 1(x)V x| 152 dx = 7z e X

QBT
W2 , tr=22+27

V2 2 VZ 42
T te + V2 t“ —+2
=——2f ——d —Zf
1 0

V2 -2t +2 t4—2t2+2dt

V2
LAY o (13
1

N 2
(t—ﬂ> -2+2V2

V2
A3 1_t2
dt—Zf dt
1

vz : <t+ﬂ> -2-2V2

t
PPN ! d zfl_ﬁ ! d
= — — u — =
V2 1-vz u2+2(vV2-1) 1+v2 V2 —2(2V2 + 1)

T z-1 1
_5_41, u? +2(V2 - 1)
VZ-1
|

U S| N
Q= ﬁ 4lﬁtan \Z(ﬁ 1)/J =

:%—2 /2\/E+2tan‘1< \/EZ_ 1)

Using identity: 2 tan~1(a) = tan™?! (122)

§|
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a="1_ /2\/2 +2tan~?! (:i{t) = % — Jmtan‘l (43\/\?:21
2

V2

N

r [ - (Vz-1)( V2)
0T 2\/E+2tan1(2\[ 2 1722+12 2>=

T [ 242 +10V2
= —— 2\/Z+2tan‘1 _—
V2 ( 7 )
1 -1
tan 1x T / 22 +10V2
dx = —— 2\/§+2tan‘1 _
.fo Vi+x V2 7

Solution 2 by Cosghun Memmedov-Azerbaijan

1 -1
tan " x IBP 1 Vvx+1 4
= dx = 2(tan"1(x)Vx +1 f =——2A
0o Vx+1 ( )|° 2+1
f IVx+1 £ T, fﬁ t? it t*_g 5 V2 V2 gt —
Zr1? = 0o tH—2t2+2 o tr—22+2

2 o2 V2242
S L SR 3
V2
dt =

V2 2
t° +
PR A L .| 2
t2+< ) -2

t

\/2+\/E< . V2-1 _1< 1—\/§>
= tan — tan =
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V242 / 2\/_ : \ \/T [\/(2\/2 2)(12 8\/_)\
_Tt \1 (\/— ) 2 \ 42 - /
2V2 -

a="_24=-=2 /2+2\/Ztan-1 22 +10v2
V2 V2 7

Notes: tan~1(x) + tan~1(y) = tan (1;;;)

Answer:

1 -1
tan" " x b3 2+/2 +10v2
dx = —— /2+2\/2tan‘1 e —
.fo Vvx+1 V2 7

2380. Find:

n

a=1im—>"mn(})

k=0

Proposed by Khaled Abd Imouti-Damascus-Syria
Solution by Pham Duc Nam-Vietnam

L=1lim— Zln(c —lnm—ln<ﬁc,’;>

k=0
n+1
iy P20 Cia) — ([0 €1) _ In (Mo 75 r—1)
n—-oo (n+1)%2 —n? n—-oo 2n+1
l (n+1)n+1
M eror) @+ Din@+1) —In((n+ 1Y)
= lim =
n-o 2n+1 n—»oo 2n+1
. m+2)In(n+2)— ln((n + 2)!) —(n+1)In(n+ 1)+ ln((n + 1)!)
* lim
n-o 2n+3-2n-1
_11_ ( | <n+2>_|_2l (n+2>>_1l_ : (1+ 1 )"“%4_21 <n+2)
T2\ MM Mar1)) Tz 1 "nr1

L yim (1o (e57) + 210 (1 4+ — 1
= — i — ==
an‘?o(“(e" )+ n( +n+1>) 2

91 RMM-CALCULUS MARATHON 2301-2400



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
1
> L= 2 by Stolz — Cesaro theorem

2381. Find a closed form:

® x2 + sin(mx)
f dx
o 1+ exp(mx)

Proposed by Shirvan Tahirov-Azerbaijan
Solution 1 by Amin Hajiyev-Azerbaijan

J‘°°x2+sin(1tx)d _f°° x? p +f°°sin(1tx)d PSR
0 1+e™ x= o 1+e™ o o 1+e™ ¥=t 2

Q—foo x dx {e”x—lnx——ln(t)dx——l}
7)o 1+em™ ot Comt

1 (Yl2®dt 1 (1in?) 1% 1
= — — - — - _ n n 2
0 n3f0 - n3f0 ot n3Z( 1) fotln (Ddt

1 +t3
B g z D" 33
B m+1)3  2n3

0 1 {mx=t}
sin(mx 1 sin(t
O, = f —( )d = —f ( )
0 0

1 o .
Tren @ = | Tiet dt = ;I ; note {sinh(it) = isin(t)}
“ sinh(at) et"tlf tt 1f°° t e
()= ————dt = —dt--| ——dt=
@ fo 1+et 1 t(t+1) 1 tt+1)

to

t

100 1foot‘“ <1 1 )dt—1 foo e dt fmt‘“‘ldt =
2o 1+t 2J; t 1+t/) 2| Jp 1+t 1 B
{mr csc(mwa) R{a}<1}

1 (1‘: csc(ma) — —) I1(i) = (n’ csc(mi) — %) = %.(1 — m csch(m))

sm(t) smh(lt)
——(f T+ e - d ——(f 1+ et t)—ﬁ(l—n’csch(n’))
J‘ +sm(1'tx)d _f d +j°° sin(n:x)d B
o 1tem T 1yem™T) 1+e’"‘ x=
3¢(3) 1
3 +ﬁ_§ csch(m)
Note : {(3) — Apery's constant
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Solution 2 by Ankush Kumar Parcha-India

* x? ®  sin(mx)
We have, f S EEE— f
o 1+ exp(mx) o 1+ exp(mx)
01 o
0 - foo x2 d an__:»x 1 f xZ d Note .E_fction 1 Z( 1)111: { Z}
17 Jo 1+ exp(mx) S o 1+exp(x) o= 3n<1v ¥ i)
Note Section 9 (=)™ 1 2 note 1(s)=(1-2175).3(s) o x2 37(3)
— 3 3 3 3
o) 4 < n o 1+ exp(mx) 2
Q. — j'°° sin(mx) ,_:’ 1 f°° sin(x) note s,ifilfm @
27 )y 1+ exp(nx) Com), 1+ exp(x) a
1 Noteiictlo 1 e ( 1)1! 1 1 (_1)11—1 Noteff\ction
_Y GO = o) A A=l
TN @ T T n-—t @
5[y (1-2) -y - —)]
©(z) — O (2) e
Note : ( 3{¢<0>(z)} B )z.w @ ; PO (2) =9pO(z) )
1 . Note section (5,6,7)
O P e e R
2 2
7/ i /4
[2l+ncot<2)+ntan(2)] >2—+ [tanh( )—coth(i)]e
sin(mx) 1 csch(m)
- 2m 2

Q, = —_—

2 _L 1 + exp(mx)

Put the values of Q, and (, in equation — (1). We get
csch(m) 3¢(3)

0+ 0 _f Z4sin(my) 1
17527 ) 1+exp(mx) ~  2m 2 273
Note Section :
< f(t
1.Maz Summation Identity : Z DL {f(OI(n) = lf-l(— Zt
0
n{N

2.L{t}(s) =
s> |F(w)]

3., (sin(wb))(s) = %
" Z (- )n 1 [‘I’(O) (1 __) 1/’(0)(———)]

(2
5.9 (2
6.9 (1+2) =9 (2) +—
PO - 2) =9 (2) + meot(mz)

z) —yp© (% - z) = mtan(mz)
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Solution 3 by Cosghun Memmedov-Azerbaijan

® x2 + sin(mx) ®  x? * sin(mx)
Q=f —dx=f dx+f dx=M+K
0 0 0

1+e™ 1+e™ 1+e™
0 xz {m\’f:x} 1 0 xz 1 © xze—x
MZJ;, 1+e”xdx - ?0 1+exdx=Ff0 1+e"dx=
N k f ¥ D) 24 {X(n:) g N G T
74 0 (n +1)3
- {dt n+1

—1)n 2
(3)2 =3 = 55 8®)

K= J‘ sin(mx) {”x_’x}lf sm(x)d B 1gf°° e* dx =
1+e”x mly 1+e* x_n o 1+e* x=
1_ [ exi-D 1 (< ° . 1 (o Dn
—7f _dx=-73 Z(—1)"f e xmnt1-Dgel — Z g Z o)
T Jy e*+1 13 0 T n+1-i
1 D" 1e Dt 1 z 1 ~
m+1)2+1 wmlan?+1 mln?+1 mli4n?+1
=0 n=1 n= n=1

% (rcoth(m) — 1) — % (% coth (g) - %) = %(coth(n) — coth (g)) + %r =

™ ™
1/{e"+e™ e2+e2> 1_1(e"+e‘" e”+e‘"+2) 1

— — 4+ —== _ R
2\e™—e T e% _ e—% 2w 2\e"—e’ ™ e —e ™ 21
1 1 csch(n’)
et —e ™ 2211' 2 3 2
3 csch(m) 1 7w*+3{(3)—m’csch(n)
O=M+K=-—(3)- +—=
23 (@ 2 2m 2m3

Solution 4 by Nelson Javier Villaherrera Lopez-El Salvador

[ = J‘°°x2 +sen(mx) f‘” x% + sen(mx) e ™ p jmxz + sen(mx)
0 0 0

. = e ™dx =
1 + exp(mx) 1+ e™ e mx e ™ +1

0 —1TX oo ®
J; [x? + sen(mx)] 1o d*= fo [x? + sen(mx)] Z(—l)"‘1 e gy =
k=1

o)

fw Z:(—l)"‘1 [x? + sen(mx)|e ™k dx = Z(—l)k‘1 jw[xz + sen(rmx)] e ™kdx =
0= = 0

2! (4
;(_1)k_1 L[x* + sen(nx)]]:nk = ;(_1)k_1 [(nk)3 + (k)2 + nz] =
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Z( Db [n?l!c3 1t2k2n+ nz]
Z( 1)k 1[n3k3 nZ(kz +1)] z [2 (ns1k)3k 1 ;(k—zlzk]__l] =

2 O (—DF? c (ot Z Z o (DG + k- k)
I 2| " mig 2Dl B

Tl + L k- jk+)) =

k-1
ns<2ks Zzsks> ,ZnZ( 1)<k (’,Lfﬂ'f” nsst Zzsk3>+
( )kl ( )kl
121:2(_ )k1<k j k+]) 3 Zk3 4Zk3) ]21:2( 1] k1+j>:

2 3 N z( k-1 z( 1)k1 3((3)
1t34- k3 j2rm ~ k—j ~ k+] 2m3 j21t

N 3)
_[z:k+j_2:2k2+j)=32(1t2 ]21t Zk —-j ;k+1_(;k
(3) N N N
S - 2 ;—@)&

k=1 k=1 k=1

3¢(3)
23 ,-z—n[

[wG+1-ya- j)+¢(1——)—w<—+1>]

E©
=5 ]z—n(7+¢(1) va-p+w(1-1)-

FpG D~y w0+ oL 1) - —ud 4 ) =

1 j 3703) 2 J I\
V) =S+ e G 7+ DAl T - Dl (§) +w (1-3)) -

2m3 2w 2
2
3((3) T _ 3¢ (3)
2m3 ]21'[ |__ + Dx {l [sen(n'x)mx:j ~ DyllnlrGHra - y)]}y%) 23
4 1[ 3¢(3)
T D,{In(m) — In[sen(mx)]},-; — D, {ln (—sen(n'y))}yzi - 7] =53 +
1 cos(mj) 1| 3¢(3) 1 cos(mj)
j2n [—1‘: sen(rltj) ~ Dylin(m) - ln[sen(n:y)]}y:% g __ 2m3  j2m  sen(mj)
o cos (n’%) B 1) 3 37(3) N 1 {n[ 2cos? (n%) _ cos(nj)] _ 1} B
( i j 2md j2m . j Jj\ sen(mp| j|
sen nz) Zsm( 2) cos( 2)

32(3) 1{ [1+cos(1rj) cos(nj)] 1} 3¢(3) /4 1]
+ T -
j2m

273 sen(nj) sen(mj)| j| 2nm3 +]27T[S€n(71']) j
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3¢(3) 343 1| =
23 Et[(e‘” —em)/2 —_1] - 2m3 Zt[(e‘" —e")/2 *
_3¢B) _[ B
2m3 2w senh(m)

2382. Find:

co co 00 o= =2 =3
sin(x)sin“(2y)sin°(3z
f f f (x) (Zyg) ( )dxdydz
Xy“z
Proposed by Ankush Kumar Parcha-India

Solution by Shirvan Tahirov-Azerbaijan
f°° f°° .]‘°° sin(x)sin?(2y)sin3(3z) dxdydz

—00 v —00 /-0 xyZZB
® sin(x ® sin?(2 ® sin3(3z
=f ()dx.f #dy.j g )dz
o X —o y —w ¥4
® sin(x ® sin?(2 sin3(3z
[ g [ "Dy
© sin x_oo °°s_i;:x T -
M=f ()dx=2.f ()dx=2.—=1t
x 0 x 2
® sin%(2y) ® sin?(2y) 13
sz —zdyzzf —dy=45=12m

3
K = j‘ sin (32)

® sin3(3z 3z= t—-3 sin3(t 81 [~ sin(3t
=2f #dz = 18f 3()dt=— GO 4
0 4 o U 4 Jo t
27 (*sin(t) 27 w w27
2L dt="(35-)="7m
® sin(x ® sin%(2 sin3(3z 27 27
f ()dx.f —(y)d f ( )dZ—M N.K=n2n—mn=—1
—0 X —00 z —00 Z 4 2

2383. Prove that:

1
log? 1 3) log3(2) log?(2
0

Proposed by Cosghun Memmedov,Shirvan Tahirov-Azerbaijan

96 RMM-CALCULUS MARATHON 2301-2400



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Solution by Togrul Ehmedov-Azerbaijan

1 1 1 1
3 jlogz x+1) flogz x+1) d Jlogz(x +1) flogz(x +1)
] xx+ 10?2 X7 X x+1 X (x + 1)2
0
=L -L-1I
1 1
log?(x+1) = IBP log(x) log(x + 1) (3
o [l I8P, | )
X = x+1 4
0 ) 0
log?(x+ 1) log3(2)
I, = j log7 X+ 1) gx =
x+1 3
. 0
log?(x+ 1) log?(2)
13 = de =1- lOg(Z) - 2
0

_iB3) _log’(2) 1log*(2)

2384. Find:
*In(vx)In*(1 + x)
.[ dx
. (1 + x)?

Proposed by Shirvan Tahirov, Cosghun Memmedov-Azerbaijan
Solution by Amin Hajiyev-Azerbaijan

1 (®In(x)In?(1 + x) 1 M In)n*(1+x) 1
.L _]; dx = 2 Q1 — Q2)

2 A+x2 72 1+ x)2
(1+x=t} {1—> t} 1 1—-t\, ,
?In(x)In*(1 + x) X=t co e — DinZ@) | E 7 1ln (T) In(t)
o= R Pl UG O P il LG
0 (1 + x) 1 t 0 t_z t2

1 1—t¢t © 1 1 1
j ln( )lnz(t)dt = —Z—f t"lnz(t)dt—f n3(t)dt =
0 t nJj 0
n=1

2 OOE 1 +6=2 (3)+n3
1n(n+1)3 =2¢ 3
n=

1 — {l—)t} 1 —t 2
@)1 +x) | MY 2ine - D’ @) 11“( t )ln ®
Q :f f B f1

0 1

d =
(1 + x)? x t? 1.
t2

dt =
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jol n ($> I (t) dt - fjl“ (#) In?(t) dt = 2{(3) + %3 - K

0

: : =1}
K =j In(1-1t) lnz(t)dt—j n3(t) dt = —Z—f t"In?(t)dt —
0 0 ny

IBP

zi 1 f%t"l () dt+
nn+1))J, n

n=1

1 1 1
_ _ 2 3(¢) — 2 _ _n2 E - -
[6tin(t) — 3tin(t) + tin’(t) — 6t] 0 > In*(2) Z, ( D2 +

3In%(2) N In3(2) N

3In(2 3
) +31In(2) + 2 >
1 1
- ot Y
n(2) n(n +1)22" n(n +1)32" +1n*(2) +
n=1 n=1
Partial Sum Partial Sum

7¢(3) Wn3(2) n? )
4 ] 3 3+ 3 + l‘l; (2)

1 1 70(3) mw* In’(2) In*(2)
QZ—QI—K, Q_E(Ql_ﬂz)_EK_T_l_E 6 + 2 +ln(2)

Note : {(3) - Apery's constant

+In®(2)+3In(2) +3 =2In(2) +

2385. Find:

1—(1+x?)ft
x?2 )

Q = lim (logn + lim
n—oo x-0

Proposed by Khaled Abd Imouti-Damascus-Syria
Solution by Amin Hajiyev-Azerbaijan

1— (1 + x2)Hn-1
x2
1+ x2 — (1+ x2)Hn

1 = lim(log(n) + lim ) = lim(log(n) + f(n))

— T 2 _ 2 _ 4 _
f(n)—gcl_r)x(} 21+ 10 f1+x¢=t, xc = 1}
d
(n) = li —t_tHn—l' _‘”—(t_tHn)—l' —1_H"tﬂn_1—1 H
fn_tl—{!lltz—t_xl—{llla 2 ety 2t—1 "
m(t -1

1
Q =lim(log(n) — H, + 1) = lim (log(n) —In(m) —y — o+ + 1) =1-,

1
{"answ"”fﬁ"}
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2386. Prove that

1
fo InGo( + 12(:); In - »),, 6—14 (773 + 4min?(2) — 646 — 64Im{Liz(1 + D)})

Proposed by Abbaszade Yusif-Azerbaijan
Solution by Amin Hajiyev-Azerbaijan
0= fl In(x)(1 + In(x) + In(1 — x))
0 1+ x?
_ fl In(x) - jl In%(x) dx Jl In(x)In(1 — x)
o 1+x2 o 1+x2 B 1+x2

dx =‘Ql + ‘QZ + .03
Note:

tIn*(x) (-D"
{.[ 1+ x Zd = Z(—l)n.[ Z"Ink(x) dx = (— )kk Zm

= (—Dkk!' Bk + 1)}

1 In(x) n?(x) 3
91=f01+x2dx=—[;(2)=—a;92_f dx = 28(3) = =

1+x2 16
0, = fol In(x)In(1 — x) In(x)In(1 — ax)

e dx, 2y(a) = f o dx, (05(1) = 25,0,(0) = 0}
0

d d (In(x)In(1 - ax) 1 xin(x)
EQS(a)_d_,I; 1+ x? dx = 0 (ax—l)(1+x2)dx_

a j‘l In(x) p 1 j‘lxln(x) a fl In(x) dx

= X — X —
1+a%), 1+ x? 1+a?), 1+x2 1+a2 1-ax
[o9)

aB(2) 1 D" n _
__1+a2+1+a2 (2n+2)2 1+azz f In(x)dx =

B aG n(2) ? N Li,(a)
1+ a? 4(1+a2) 1+a2 (n+1)2 1+a2 48(1+a2) 1+ a?

0, =T [ d+f Z(a)d Gfl © e p+1,—6I
3748), 1+ ) 1+ a2 T ), 1+ a2 Tag T2 T

1
T
I, = da = t ! =arctan(1) = —
1 j;,1+a2 a = [arctan(a)], = arctan(1)

4
1Liy(a = 1
I, =f 2( zda = Z(—l)"f a*'Li,(a)da
o 1+a P, 0

Notes:
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1
f x" 1L, (x)dx = @ - H—;
0 n n

z — H,, = Liz(x) — Li3(1 —x) + In(1 — x)Li(1 — x) + %ln(x)lnz(l —x)+{(3),

— N n ! n+l1-1y: _ N n ((2) H2n+1
I, = ;(_1) fo a?*1-11i,(a)da = ;(—1) sl Zn+ 1)Zl

© —1)"H - 3 . 0 _an
=((Z)arctan(l)—Zﬁ=%_lm{zlnz }
n=0

n=1

Note: iz (-D*f2n+1) = 1m{z i”f(n)}}
n=0 n=1

3

I, = 121—4 —im {Li3(i) —Li;(1—i)+In(1—i)Li,(1—i) + %ln(i) In?>(1-1i)+ ((3)}
Notes:

In1-i)=1In (\/E (cos (g) —isin (g))) = %ln(Z) +1In (e_Tin) = %ln(Z) — %

n(@) = In (C"S (5) + isin (g)) =In (eTn) - %
= :33“2) - 1@ + 6), Lis( = - XD

T [ G
2 T » .
I, = 22 + 16 In*(2) + 2 In(2) — Im{Lis(1 + i)}

I —fl a da {tan‘l(a)—t dt =

da
1+a?’

I3 = jjtan(t)dt =— [ln(cost)]:)Ir = lngz)

2 3 3

(4 (4 (A G G
- _ - ; ; = In2 el _Z
18 I, +1,—GI; 192 + >4 Im{Li;(1+i)}+ T In“(2) + > In(2) > In(2)

t EO] a= tan(t)}

Y

23

3n® mw
_ —In? — 1 i i
=21 + T In?(2) — im{Li;(1 + i)}

fl In(x)(1 + In(x) + In(1 — x))
0

1+x2 dx=!21+.{22+!23

371'3 3

14 T
_ 2 2oy o : : T o_
=<1 +16ln 2)-6 Im{Ll3(1+l)}+16

1 .
=1 (7n3 + 4mIn?(2) — 646G — 64im{Li;(1 + i)}), Hence proved
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2387. Prove that:

1

foooe"‘z\/(cosh2 (x) —1dx = e;\/Eerf (%)

Proposed by Abdul Mukhtar-Nigeria
Solution by Amin Hajiyev-Azerbaijan

= f e‘x2\/ cosh?2(x) —1dx = f e’ sinh(x) dx
0 0

[ee) e—x 1 oo
= f (e*—e ™ )dx==( e~ XX dx —
0

2 1
et
2
01 = J:o e (x_f)zdx =—|erf (x — %)](‘? = g [erf(OO) —erf (%)] = 7(1 + erf (%))
0y = J:o e_(x+7)2 dx = —[erf (x + %)]("f = 7n<erf () — erf (%)) = g(1 —erf (1>)

1
o= f # [coshZ(x) — 1dx =5 (0'1 0;) = eivm erf (1)
0

Notes.

Error function:\/Z—T_rfoOO e % dz = erf [z]; erf(+o) = +1; erf (+a) = + erf (a)

2388. Prove that :
f1 X ( 1) L (1) : e+1 +Tl'2
o sinh(x) r=r\ Ty 2\ n(e— 1) 4

Proposed by Ankush Kumar Parcha-India
Solution by Amin Hajiyev-Azerbaijan

1 _ 1 xe* —x _ 4. — _ﬂ__l
® = fosmh(x Zf le {ex—t,x— ln(t)'dt_ t}
1
: ?ln(t) e In(t)
o2 [ 2 g [0
t(z-Dt 1o
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1
e In(t) LIn(t)
_z<jo 1—t2dt_f0 — % = 2(w; — wy)

[oe)

w1y

= je ln_(tt)z dt = Z f t>"In(t)dt = Z (— Zn+ Sez,l +1 (2n+ 11)282n+1

iBP =0

1 1 D" < (-D"
=_E<Z@_ nen +Zn2e" nze">=

n=1 n=1
1 1

= —E<1—ln(e— D-1+In(e+1)+Li, (%)_Liz (_E)>

_ 11 <e+1) 1L' (1)+1L'( 1)
“ T2 Me—1) T 272\e) T2 e

1
" —J In(t) df —

1 1 1(n? m*
_ 7(((2) —5((2)> = —§<z+ﬁ> "8’
o= 2o -o0 =2(~gn(55]) Js §) 51 () + )
- tis(-2) -t () - (1)

fl X —L'( 1) Li (1) | e+1+n
o Sinh(x) r= 27 2(e n(e—l) 4

Notes:

Za2n+1 (Za —Z( 1)a,); sinh(x) = &
=0

x"
Li;(n) = Z pery Polylogarithm function

n=1
[ee]

1
{(s) = Z pors Rieman's zeta function
n=1

)=
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2389. Prove that :

sin(x) cos(x) T T
fm <sinh(x)> (cosh(x)) dx = Ztanh (E)

Proposed by Ankush Kumar Parcha-India
Solution by Amin Hajiyev-Azerbaijan

X

B ® sin(x) cos(x) B © sin(2x) 1 © sin(x) B * e *sin(x)
o= fo d fo d fo d fo ¢ sin'x)

sinh(x) cosh(x) = sinh(2x) *=3 sinh(x) X= 1—e 2%

= f z e 2~ Xgin(x) dx = z f e @t Dgin(x)dx = Z(f(Zn +1))
0 n=0 n=0 0 n=0

fla) = fooe

~®sin(x)dx, Using IBP method {u = sin(x),du = cos(x) dx; v = [ e ®*dx
0

1
— __e —ax
f(a) _ [_ e Sln(x) 80 4+ = f ‘axcos(x)dx — % [_ W]g’ — % oooe—ax sin(x) dx
f(a)=—2— f(a) fla)=— . fen+1)= m

:;f(zn-l_l):;(2n+1)2+1:;(2n+1—i)(2n+1+i)

Notes:
m

. d
Polygamma reflection formula: (—1)™yp™ (1 —z) —yp™(2) = n'dz—mcot z)

Hiperbolic tangent function:
e* —e* i(e—ix _ eix)
e + e’ tan(x) = e ix + eix

tanh(x) =
2390. Prove that:

o ( sin(x) cos(x) tan(x) _m 1
fO (sinh X ) (cosh(x)) (tanh(x)) dx = ECOth(n) "2
x)

Proposed by Ankush Kumar Parcha-India

; tanh(ix) = i tan(x)
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Solution by Cosghun Memmedov-Azerbaijan
tan(x) ) dx =

foo ( sin(x) ) ( cos(x) ) (
0 sinh(x)/ \cosh(x)/ \tanh(x)
4sin®(x) 2—2cos(2x) @ 1—cos(x)
©  4sin“(x Y cos(2x - 0 1-cos(x
fo e2X ye—2x_79 X= fo e2X yo—2x_ Zd - f() eX4e—X— 2d
e % 0 e *cos(x) X=
dX fO (1-e —x)Zd

[
=Y>  nf e *dx-Re(Xr,n fooo e *m=9dx) =y* . n x = - Re(} ) =
n-1(1— n2+1) Y= 1? = gCOth(n) -5
" cosh(x) = Ze—x

= coth(n) sinh(x) =

Notes ; Y*% 2+ 5=

2391. Find:
dx {0<p,ttn € Zand 0 < a < b}

bin™(x + 1)

fupe = [ G D
Y
. XP(x+ 1)t
Proposed by Bui Hong Suc-Vietnam (Inspired by : Shirvan Tahirov)

Solution by Noureddine Sima-Algeria
In(1+b) Zne—z(t—1+p)

Pint(x+1) | 1tx=e
— iy~ = ——-dz
o PEAD T g Imase (1 —€79)
1 (o]
— C;{n—l yk+1—m
— m
A-ym ,
® In(1+b) Sy
Z Cz—lf ezt g, ©
k=p-1 In(1+a)
v oo (mD)iyt
o ct- -1 (t+K)In(1+b) V=56t )y
" e‘ydy 2
kzz (t+ k)" f(t+k)1n(1+a)
(t+In(1+b)
n+l dy =

1
> i G
(t+ k)"+1 (t+k)In(1+a)

k=p—1
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t+k)" 1 Llil(n+i+1)
1 i=0

o P o (- . . .
Z k z (t + k)n+l+1[ln1l+l+1(1 +b) — ln‘n+l+1(1 +a)]
k=p—

2392. Prove that:
f LIn?(x) + x arctan(x)
0

1
1+ 2)(1 + x2) dx = o4 (42((3) + 166G + 2m3 + w? — 8nln(2))

Proposed by Shirvan Tahirov-Azerbaijan
Solution by Amin Hajiyev-Azerbaijan

_ ('m*(x) + xarctan(x) (! In?(x) 1 xarctan(x) _
° _J;) 1+ +x?) _J; (1 +x)(1+x2)dx fo (1+x)(1+x2)dx— 0,+6,
_ (1 W@ 1/ [tin*(x) 1in?(x) Lxin?(x) |\
01= 0 (1+x)(1+x2)dx_i<1; 1+x dx+f0 1+x2dx_fo 1 + x2 dx) -
= 1 i(—l)"flxnlnz(x)dx + i(_l)nflenan(x)dx_ i(—l)"flxz”“lnz(x)dx —
? nso0 0 n=0 0 oy 0
(e Sy S o) TN
- <n=0 (n+1)3 + o 2n+1)3 - n=0m> =n3)+B3) - 571(3) = 571(3) + 32
_21433) =
T 32 32
0. = 1 xarctan(x)
2= ) a+ona+a™

1 x+1-1

, du
Using IBP method { u = arctan(x);a = m; v=

1 1 1
= Etan‘l(x) + Zln(l +x2%) — Eln(l +x)}

A+ 0d+Y

1 1 1
0, = (arctan(x) (E arctan(x) + Zln(l + XZ) — Eln(l + x)))(l,
1 (tan~?! 1 (tIn(1 + x? 1 1In(1 +
f an (x)d f n(1+x )d f n( x)d
0 0 0

1+x2 * 74

1+22 *72

X =

2 1+ x?
n? wIn(2) wIn(2) 1 7 1 (1In(1 +x2) 1 ('In(1 + x)
:E 16 B 8 _EL xdx—ZLW X E.fo T2 x
n* mwin(2) 1 1
“ea 16 a7
UIn(1 + x2) o dt 1 -
= L T2 dx; subtitation {arctan(x) = t,a =T 7 t [Z; 0]}
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w

1
J= —Zf In(cos(t))dt; note:{ Fourier series In(cos(x))
0

— _In(2)— Z (=" cos(an)}

n
J =21n(2) f dt+2 Z D f cos(2nt)dt = —1n(2) + Z M = gln(z) -G
0

—flln(1+x)d . subtitati _{1—t dx 2 t[0-1]}
Ty 1+az UM lawn'1+t Yae T T a+p2
1ln( 11n(1
1+t n(1+¢) T T
I= =—In(2)-I, 2I=—-1In(2) I
fo dt = fo 1o dt=4m@ -1 2102
=§ln(2)
n? win(2 1 1 n? G w? G
- P i icri=2 - T n@) - Zm(2 Z1In@2) = — —~In(2) +~
22647 16 Y27 16“() “()+4+16“() 64 8“()+
J‘llnz(x)+xarctan(x)d 0 40, = 3) + 1'[3+1t2 m (2)+G
o (A+x)(1+at) X0 2‘32" 3264 8 T

64(42((3)+2n +m? + 166G — 8mIn(2) )

2393. Find:

1 royin(l — y?»)In?(1 + x
f yin(1 — y*)In“( )dxdy
0 J1

x2(1 + x)

Proposed by Shirvan Tahirov-Azerbaijan
Solution by Pham Duc Nam-Vietnam

1, 2\ 12 1 0 722
yin(1—-y*)In“(1 + x) _f 2 f In"(1+x)
J; ) 21+ dxdy = Oyln(l y2)dy P +r) dx =

x-=
x

, , 1xIn? ( 1) 1 1xln2(1+%) 1
“f fn(1-y"d(1 - y)f 1—+xd"—‘§f0 1k 3!
Lxin?(1 +x)  1BP

1
1 : - = —_— 3 2 —
* Consider : j; T+ dx = 2 3 In°(2) + 2In“(2) — 4In(2)

dx +

1
Lxin?(1 + x) Lx(In(x) + In(1 + 2))? 1xIn?(x)
L .
0 1+x 0 1+x o 1+x
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1
txln(x)In(1 +2) LxIn(x)In(1 + x) Lxln?(x)
2] dx=I+2f dx—f dx
1+x 0 1+x o 1+x

2 had 1
)j xln (x)d =;(_1)nL xn+lln2(x)dx= 2n
= ZZ(—l)"m =2 —E((3)
n=0

Lxin(x)In(1 + x)
2) jo 1+x

1 (o]
dx =— f xln(x) Z(—l)" H, x"dx =
0 n=1

—;(—1) Hnjox 1ln(x)dx=;(—1) Ho o3 =

;(_1)n (H"*Z n Jlr 2 n Jlr 1) (n +12)2 - ;(_1) rzz)z Z( 1)n n+ 2)3

=§—1((3)
1 3 11 3 11
_;(—1) Mt D +2)? =Z((3)+?—E—Zln(2)+2( 1) =Z((3)+?_
T 2In() o
1.[2 |/ N an 3\I ( Tl'
—E—Zln(2)+| ;(—1) Ztl-3|= T__+2 2In(2)
=243 /
=>2- %ln3(2) +2In%(2) — 41n(2)
{(3) m? 3
m? 1
=>]= —Z((B) +?——ln3(2) + 2In%(2)
yin( -y’ +x) 1 T
f _]- x2(1 + x) dxdy = _EI _((3) _E‘Fgln (2)-1In*(2) =

- (21((3) +4In3(2) — 2n? - 24In%(2) )
Note : {(3) - Apery's constant
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2394. Prove the integral relation:

o () (12) o
e 3 _ 18 18 3 _
3 \/coth(31tx) + 1dx = = 13 e 3 \/coth(31tx) 1dx
0 - —=\’0
r(15)" (13)
Proposed by Srinivasa Raghava-AIRMC-India
Solution by Pham Duc Nam-Vietnam

*szo e 3\/‘:oth(31tx)+1dx=j0 e 3 —e6nx_1+1dx=
s~ 7 5mx3 1
=‘/5f0 €3 e _qdx

3 1 1 1 1

t= [————=2>x=—In(1+t3)2dx=—— dt
eémx — 1 x 61 n(1+t) o 2wt + t
3 i 3 _E
V2 r®/1 8 1 V2 (® t6
=I=50 (t_3+1> t3+1dt=2_ — pdt=
o T B+
1
Az e @HwT d(t3)—wB(1 12)
6w 1 12 ~6m \18°'18

0 (3+1)18"18

© _mx, © __mx3|eémr 41
*]:f e 3 \/coth(3n'x)—1dx=f 3 3 W—ldxz
0 0

3 ® _mx3 1
=32 3 |— d
rfo A
t= 1 11(1+1) d 1 1 dt
ebémx — 1 . 61tn t3 o 2wttt +t
1 1
V21 N1 V2 e B
> 1= (t_3+> 1M =og) T =
0 0 (3 +1)18
Y2 [ (tﬂ%‘l Y2 /7 12
V2T O = (2 12)
61 7 12 6m \18°18

0 (3 +1)18'18
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1 (B Gsid) rGrD) r(D)  rGr)
(5 r(i—i) (%)() () ()

wco|©

© _mx © mx
= j e 3 y/coth(3mx) + 1dx = J =3 J/coth(3mx) — 1dx
0 0

Hence proved.

2395. Find:

f tan~1(x)tanh™ 1(x)
0 1+x?

Proposed by Togrul Ehmedov-Azerbaijan
Solution by Amin Hajiyev-Azerbaijan

_ 1+x
1tan‘l(x)tanh‘l(x) dx = 1 J‘l tan 1(x)log(1 — x)
*=2), 1+ x2

A= 1 + x? 2
dx T
1+x2't[z;0]}

0

T T
A—lfztl 1+ tan(® dt—lfztl tan (¢ +7) | dt =
—2), "9\ 1-tan() " T2, I\ T )T

let: {0 = (¢ + 4) do = dtt—B——BEE]}

dx

let {tan‘l(x) =t dt=

. g 4 "2’
12 T 1% (% 1 T
= EJTZ_I (0 - Z) log(tan(0))do = E_[g Olog(tan(0))do — §j§ log(tan(0))do = Ell - §Az
Note: [ F . . ' (t (9)) _ 5 i cos(4no + 20)
ote: { Fourier series of log(tan = 4 1
i _ 0sin(6(4n+2)) cos(0(4n+2)) T
4 20+ 1f Bcos(0(4n +2))d6 = -2 Z m+il  an+z 7 Gn+2Z &
Z 2sin(mtn) cos(2mn) msin(mn) cos(mn) mcos(mn)
2n+1|42n+1)2 4(2n+1)2 2(2n+1) 8(2n+1)

Notes {sm(nn) =0,cos(2rmn) = 1, cos(nn) =(-1)",neNu {0}}

1 Tl'( 1)11. n‘ ( 1)1[
4= 2;2n+1[4(2n+1)2 +8(2n+1)] - 22(2n+ EN 4 (2n+1)2
Notes:

(=1)"

Dirichlet beta function: (z) = ) —5——,
{ i 2n+1)

B(22)=G (Catalan’sconstant)}
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, , ] 1
{Rleman s zeta function: {(z) = {2z Z n< 1)2}

G
az_f

Z sm(0(4n + 2)) s i sin(2mn) N cos(mn)
2n+1 22n+1) g 2n+1| 2n+1 2n+1

b= 51293+ = —«3) e

N

log(tan(0))do = —2 Z

T 1J cos(0(4n+2))d0 =

I G
(2n+1)2
n=0
tan~!(x)tanh™ 1(x) i3 n6 mG_ 7
fo T dx =gl —ph =@+ T =

2396.

EEPWAY ()
Ci(x) =y+logx+2%
n=1

Prove that:

b cos x\2 b, ” ”
f( p ) dx+fCl (x)dx = Ci“(b) — Ci*(a), 0<ac<bh
a a

Proposed by Daniel Sitaru — Romania
Solution by Hikmat Mammadov — Azerbaijan
Z)n

Ci(x) =y +log(x) + Z 2 2

b b
cos x

f dx+f Ci’(x)dx = Ci*(b) — Ci*’(a) - 0<a<bh

a

b
f (FGO2 + f/(0?) dx > f 2f(x) f (0)dx = f(b)? — f(a)?

COos x

= f(x) = Ci(x) = f'(x) =
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b
> [+ (%) )ax> @2 -

2397. Find:

1—u+x%w4>

Q = lim (logn + !cl_r)l(} ",

n—oo

Proposed by Khaled Abd Imouti — Syria
Solution by Amin Hajiyev — Azerbaijan

_ 2\Hp—1
Q= 1111—{?0 <log(n) + Li_r)r(} 1-a -;Zx ) > = Li_l)l(}(log(n) + f(n))

1+ x%2—(1+x%)Hn

— 13 2 _ 2 _ ¢ _
f(n)—lll_r)x(} 211 A f1+xt=tx*=t—1}

— thn % (t — thn) 1— H,tHn"1
f(n)—llm =lim~—=lim————=1—-H,
Z—t x1 0 ., t-1  2t—1

m(t —t)

1
Q = lim(log(n) —H, + 1) = lim (log(n) —In(n) —y - 7t &+ 1) =1-y
n—-oo n—oo

1
{OanSW n— oo En—>0}

2398. Find:

Z Z x2y?(y? + 1)(x + 1)2

: y:
Proposed by Shirvan Tahirov-Azerbaijan
Solution by Pham Duc Nam-Vietnam

ii

x=1

[ee)

1 1
2+1)(x+1)2 B ;xz(x+1)2yzziy2(y2+1) B

x2y
(x+1)2 x—1 x) 1y2 y2+1/
: y:
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(i< <x+1)z>+i<xm\|§< )

x=1 =1 1
lescop ing sum

? 14 /14 1 ? 1
(? - 3> <z - (ot _E)) = (? B 3) (z - g oot + z) =

1
1—8(1t2 —9)(n? — 3m cot(m) + 3)

2399. Prove that:

O 6"HY +3"HP +2"n?HY  w? 2 1
L L T =—1In(2)-¢(3) += le (— —)
Z (—Dmn6n 12 2
n=

wqtiz(~3) 16t (-3)
12\73) 71673
Proposed by Abbaszade Yusif-Azerbaijan
Solution by Amin Hajiyev-Azerbaijan

(- 1)nH(2) (- 1)nH(2) (- l)nH(3)
Z Z Z n=oq + (1)) + o3
=1

=
Notes :
{Z(—l)"nﬁ‘” " =%} { de( 1)n H@xn = ;x“fi‘;‘)}
oSS [ [35 o[
4 =
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= flwdx_flulzi_x)dx
o ¥ 0 1BxP
o N . n?(1+x)
Z( 2 f "1dx — [In(1 + x)Liy(—x)]} — f X dx =
n=1 0 0 { 1 = x}
1+x

dx

1 ln2 (x) i f 1In?(x)
% 1—x

n=1

= —(3) +

dx =

1
{ (2)ln(2) m3(x), ("n*(x) 2 In?(x)
A ]§_L1 xdx+f(,1 x

1
2 l 2
- 111;(2) - %((3) _= ( z J- x"n?(x)dx + z f x"n?(x)dx = In2) _ E((3)

12
ln3(2) n+1ln2 (x)
z (n+ 1)3 z( n+1 °

21 l 3 l 3
——i - | *xrn(odx = 1';(2)—§z(3) "(2) ~27(3) - "(2)+7‘:£3)
B 22n(2) 3 5(3) 721n(2)
O {6

) 2t}

3

az_z( 1)nH<2) i( 1y ( ) H® — LzzEr

n=1
z (—1)"anl3)
0'3 = —_—

nynp@ _ 4 Lis(=%) o no1g@ _ @+ DL (x) — xLiz(—x)
CO™"Hy” = o Z( 1)"nx""H,, *G T 1

NlHNIH

|M8

(—1)™n (_) H® = (1+3)L’2( 3) 3“3( 3):3”2( 1)_1L13( ;>

Ms

2
4 (1+1) 4 3/ 16
o 6"HE +3"nHE + 2"n?H) m2n(2) 2 1
= = —@) o Lip(—
21 (—D"6™n o1t oz toy=—— (B gl ( 2)

+ 3L (—3) - 151is (-3)
22\73) 7168\ "3
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2400. Find:

© H,, — Hn 1\
2 0 (-3)

Proposed by Hikmat Mammadov-Azerbaijan
Solution 1 by proposer

Z n 1_1 H% (21?) <_ %)n - i n! 1:2(371‘1[‘-('-1114)- 1) (=" JOI <1 il - 1- xz) dx

1—x 1—x
n=1

o 1
1T (n+g) X2 - 2
—(—1)"J dx
N 4 n'n o 1—x
n

= \/%i F(nT-:_i) (- j: (%x%‘l - x"‘l) In(1 —x)dx

- 1 ] e 2
_ fol (%%EZ r ("nJ!r 2) (D2t — \/%;_F (n Jnr d (—1)”x”‘1> In(1 - ) dx

n

f1<1 1 1 +1>1 1-nd
= = - —— |In(1—x)dx
0 \Zxy1+yx xWl+x 2x

1

1f1 ! md-wnd f ! m-xd m
=~ | ———In(1-x)dx— n(l-x)dx—-—=
2Jo xy1++x xwl+x 12

0

1 1 1 1 n.Z
=f ln(1—x)dx—f In1-x)dx ——=
0 xv1+x

0o xv1+x 12
1 1'[2
= In(1+x)dx ——
.fox\/1+x( ) 12
—4fﬁ LI 4f1 U nedae-
%), -ttt T 1T Y hir—e ™ 12~
7z
V21
vzl 1-x w? (V2-1 ] V2 -1\ n?
=—Zf —ln( )dx——zZle —— | —2Li, | — -—
o X \l+x 12 VZ+1 V2+1) 12
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Solution 2 by Bui Hong Suc-Vietnam

By Taylor series:

- - 1\" 1-Vitx
S e S Sen (et
Vitx & 4n i n 4 1+x

Hy—Hn
2
)

n(1 x)

Multiply through by ——— then integrate using f x" 1In(1+x)dx =

S (1-vi+x)In(1+x)
; ( J x+1x+l; =

_f (1—\/1+x)(1+\/1+x)ln(1+x)
- x(1+VI+x)V1+x dx
1
1 In (—m> i 1%:_1+x 4-]-1 ln(v) @ B
o (1+VI+x)V1+x %(1+%)11)v3

1 In(v) T1n(v) TIn(v)
=4,fi(v+1)v=4f1 v dv_4fiv+1dv

V2 V2 V2

1 — —
=2In2(w)|Yy —4In(@)In(1+v) |} + f1 M
Vz 7z L v

+x/§>
V2

= 4Li, (— %) — 4Liy(-1) + 2In?V2 — 4In(v2) In(1 + v2) =

d(—v) =

- 4Li2(—17) |11
VZ

=—-21n?v2 - 4In(v2)In <1

1 2
= 4Li, (_ﬁ> +Z 4222 - 2In(2)In(1 +2)

3
Hence
o H —Hn 2
2n _1>n " (_i) n" 2
1(,,)( 1 2 = 4Liy 7z +5 +2In*V2 - 2In(2)In(1 +V2)
n=
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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