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ABSTRACT. In this paper we present some inequalities with Fibonacci numbers
related to Ionescu - Weitzenbock’s inequality

Let m positive real number and n be positive integer number. If ABC, is a
triangle with area S and usual notations then we have that:

(1) a2(m+1) N b2(m+1) N C2(m+1) N 4m+1\/§5
(Fom? + Fopimg)™ — (Fpymj + Fppam?)  (Fam? + Fopam?) = 3mF,

o mET gy
(Fub? + Fpyic?)™ - (Fpc? + Fopia?)  (Fhpa? 4 Fpyqb?) = 4mET
a2(m+1) b2(m+1)
3
B Bt FopemZ & Fram®™ T (Bard & Foram2 + Frgari®) |
N C2(m+1) - 27n+2\/§s
(Fom?2 + Frpam2 + Fppom?) = 3mF™,
m2(m+1) ml2)(m+1)
4 a
( ) (Fn(l2 + Fn+1b2 + Fn+202)m + (Fan + Fn+102 + Fn+2a2) +
n mz(m—H) S 3m+1\/§s
(Fnc? + Fpp10? + Fry0b?) = 8mET,
Proof.

We use Radon’s inequality, the well-known formula

3
mZ +mi+m? = Z(a2+b2—|—62),

and Tonescu-Weitzenbock’s inequality, i.e.

a2—|—b2—|—6224\/§5

Proof of (1).
We have:
W Z q2(m+1) _ Z (a2)m+1
" (Fom2 4 Fppim?)™ (Fom2 + Fppam2)™’
and by J. Radon’s inequality we deduce that:
s (a2 + b2 + ¢2)m+1 B (a2 + b2 + c2)m+! B
" (S (P2 + Faramd))™ (B + Foad)™ (2 + m2 + m2)™
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(a2 +b2 +cQ)m+1
Emo(m2 +mi + m2)m
But, m2 + m? + m? = 3(a® + b* + ¢?), so: W,, > 3mF"’ (a® +b% + ¢2).
By Ionescu - Weitzenbdck’s inequality, i.e. a? + b2 + ¢? Z 44/38S, we deduce that:

4m+1
W, > 3mF7:L[S, so (1) is proved.

Proof of (2).

We have:
2(m+1)

n=Y D
" (Fub? + i)™ (Fnb2% + Fppq1c®)™
and by J. Radon’s inequality we deduce that:
v > (mi+mi+mymt (mi4mp+m)
" SR A B @) (Bt B @@+ )
~ (mZ+mi +mZ)mtt
F;Z‘li‘2(a2 + b2 + cQ)m

Since, m2 + m? + m? = 3(a* + b*> + ¢%), we have:

3m+1

Y, > ———(a® + b+ ).
4mALE,

By Ionescu - Weitzenbock’s inequality, i.e. a? 4+ b% 4+ ¢ > 44/3S5, we deduce that:
3m+1f

Y, > 4mFﬂ2 ————5, 50 (2) is proved.

Proof of (3).
We have:
g Z a2(m+1) _ Z (a2)m+1
" (Fnm? + Fn+1mg + Fpyam?2)™ (Fnm? + Fn+1mg + Fpypam?)™
and by J. Radon’s inequality we deduce that:
(a® + b* 4 )™ H! B (a® + b 4 )™

Zy >

(a +b2 +62)m+1
T2 E L (md + mE - m2)

Since, m2 +m2 +m? = 3(a® 4+ b> + ¢2), we have:
a b c 4
2" 2 2 2
an?’mFr?ﬁrz(a +b° 4 ¢%).

By Ionescu - Weitzenbdck’s inequality, i.e. a? 4+ b? 4+ ¢ > 44/3S5, we deduce that:

2m+2
Zn > 3mF;;l+CS’ so (3) is proved.

= (X (Fam2 4 Fygamg + Fopom?2))™ — (Fy + Fpg1 + Fpp2)™(m2 +mg +m2)™
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Proof of (4).
We have:

X, =¥ mg " ¥y (m2)"+!
" (Fra? + Fpy1b2 + Fypyoc?)™ (Fna? + Fpy1b2 + Fypyoc?)™’
and by J. Radon’s inequality we deduce that:
> (m + mj + mg)™ _ (mj + mj + mg)™ ! _
" (- (Fna? + Fpy1b? + Fiypac?))™ (Fr + Fog1 + Frpo)™(a? + 02 + c2)m
_ _(mG+mf +mg)m
2mFT (a2 4 b2 4 ¢2)m

We know that: m2 + m7 +m?2 = 2(a® + b + ¢?), so:

3m+1

> -
= 93m+2
2m+F;L7_L~_2

X (a® + b + ).

By Ionescu - Weitzenbock’s inequality, i.e. a® 4 b + ¢ > 44/3S, we obtain that:

3m+1\/§

Xn 2 3m m
25m BT o

S, and the proof is complete.
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