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Abstract. In this paper we will give a simple proof for Sandor’s inequality

and a few applications.

SANDOR’S INEQUALITY
If x > 0 then:

(1)
x

arcsinhx
<

sinhx

x

Proof.
Let be f : [0,∞) → R; f(x) = sinhx− x

f ′(x) = coshx− 1

f ′(x) = 0 ⇒ coshx− 1 = 0 ⇒ coshx = 1

ex − e−x

2
− 1 = 0 ⇒ ex − 2 + e−x = 0

(
√
ex −

√
e−x)2 = 0 ⇒

√
ex =

√
e−x

ex = e−x ⇒ x = −x ⇒ 2x = 0 ⇒ x = 0

min
x≥0

f(x) = f(0) ⇒ f(x) ≥ 0; (∀)x ≥ 0

sinhx− x ≥ 0 ⇒ sinhx ≥ x

sinh2 x ≥ x2 ⇒ 1 + sinh2 x ≥ 1 + x2

cosh2 x ≥ 1 + x2 ⇒ 4
√
cosh2 x ≥ 4

√
1 + x2

√
coshx ≥ 4

√
1 + x2

(2)

√
coshx

4
√
1 + x2

≥ 1

By Cauchy - Schwarz’s inequality (integral form):∫ x

0

(
√
coshx)2dx ·

∫ x

0

( 1
4
√
1 + x2

)2
dx ≥

≥

(∫ x

0

√
coshx

4
√
1 + x2

dx

)2
(2)

≥

(∫ x

0

dx

)2

= x2

∫ x

0

coshxdx ·
∫ x

0

1√
1 + x2

dx ≥ x2

sinhx · ln(x+
√

1 + x2) ≥ x2

sinhx · arcsinhx ≥ x2

For x > 0 we obtain (1):
x

arcsinhx
<

sinhx

x
1
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□

Application 1.
If 0 < a ≤ b then:

ea + e−a + 2

∫ b

a

x2

ln(x+
√
1 + x2)

dx ≤ eb + e−b

Solution.
By (1):

x

arcsinhx
<

sinhx

x
⇒ x2

arcsinhx
< sinhx∫ b

a

x2

arcsinhx
dx ≤

∫ b

a

sinhxdx∫ b

a

x2

ln(x+
√
1 + x2)

dx ≤ cosh b− cosh a

cosh a+

∫ b

a

x2

ln(x+
√
1 + x2)

dx ≤ cosh b

ea + e−a

2
+

∫ b

a

x2

ln(x+
√
1 + x2)

dx ≤ eb + e−b

2

ea + e−a + 2

∫ b

a

x2

ln(x+
√
1 + x2)

dx ≤ eb + e−b

□

Application 2.
In ∆ABC the following relationship holds:(∑

cyc

sinhA

)(∑
cyc

arcsinhA

)
> π2

Solution.

sinhA+ sinhB + sinhC
(1)
>

A2

arcsinhA
+

B2

arcsinhB
+

C2

arcsinhC

BERGSTRÖM
≥

≥ (A+B + C)2

arcsinhA+ arcsinhB + arcsinhC
=

π2

arcsinhA+ arcsinhB + arcsinhC(∑
cyc

sinhA

)(∑
cyc

arcsinhA

)
> π2

□

Application 3.
In ∆ABC the following relationship holds:(∑

cyc

sinh a

)(∑
cyc

arcsinh a

)
> 108r2
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Solution.

sinh a+ sinh b+ sinh c
(1)
>

a2

arcsinh a
+

b2

arcsinh b
+

c2

arcsinh c
≥

BERGSTRÖM
≥ (a+ b+ c)2

arcsinh a+ arcsinh b+ arcsinh c(∑
cyc

sinh a

)(∑
cyc

arcsinh a

)
> (a+ b+ c)2 = 4s2 ≥

MITRINOVIC
≥ 4 · (3

√
3)2 · r2 = 108r2

□
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