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Abstract

During this quest, we define the Riemann integrals using the Darboux upper and
lower integrals. The ideas here are very similar to integration in one dimension. The
complication is mostly notational.

The differences between one and several dimensions will grow more pronounced as we
proceed.

The so-called Riemann sums have their origin in the efforts of Greek mathematicians
to find the center of gravity or the volume of a solid body. These researches led to the
method of exhaustion, discovered by Archimedes and described using modern ideas by
MacLaurin in his Treatise of Fluzions in 1742. At this times the sums were only a
practical method for computing an area under a curve, and the existence of this area
was considered geometrically obvious. The method of exhaustion consists in almost
covering the space enclosed by the curve with n geometric objects with well-known
areas such as rectangles or triangles, and finding the limit (though this topic was very
blurry at these early times) when n increases. One of its most remarkable application
is squaring the area A enclosed by a parabola and a line. Nowadays, Riemann sums

remain a useful tool to study some sequences involving sums. E]

!Bernhard Riemann : The greatest strateqy is doomed if it’s implemented badly.



Preliminaries

1 The Riemann Integral in R

1.1 Definition.

Let [a,b] be a given closed and bounded interval in R. A partition P of [a,b] is a finite set

of points P = {xg, x1,xs,...,2,} such that

a=20<T1<Tp<---<x,=>0

1.2 Remark.

1. There is no requirement that the partition points x; be equally spaced. Partitions in

which the partition points are equally spaced are called standard partitions.

2. Foreachi=1,2,3,...,n. Set

A.Ti =T — X;—1
which is equal to the length of the subinterval [z; 1, z;].
3. The number ||P|| = max;<;<, Az; is called the norm of P (or the mesh of P).

4. Suppose that f is a bounded function on [a, b], we write

M;(f) = sup{f(z) : x € [xi—1, x|}
m;(f) =inf{f(z) : z € [z;_1, 2]}

1.3 Definition.

Let f be a bounded function on [a,b] and P = {z, 1,2, ..., z,} a partition of [a,b]. The
upper Riemann sum for f and the partition P is defined by

U(f,P) =Y M(f)Az;
i=1
Similarly, the lower Riemann sum for f and the partition P is defined by
L(f,P)=>_ mi(f)Ax;
i=1

Remark.

1. Since m;(f) < M;(f) for all i = 1,2,3,...,n, we always have

L(f,P) < U(f,P).
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for any partition P of [a, b]

2. For a non-negative continuous function, the upper Riemann sum U(f,P) represents
the circumscribed rectangular approximation to the area under the graph f. Similarly,
the lower Riemann sum represents the inscribed rectangular approximation of the area

under the graph of f.

* * * *
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Figure 1: Riemann sum. Figure 2: Upper and lower Darboux sums.
Lemma 1.1. Let f be a bounded function on [a,b]. If m < f(x) < M for all x € |a,b], then
m(b—a) < L(f,P) <U(f,P) < M(b—a)

for any partition P of [a, b]

Proof. Let P = {xo,21,x9,...,2,} be any partition of [a,b]. Since M;(f) < M for all

1=1,2,3,...,n, we have

U(f,P)=>_ M, AxZ<ZM T —xi 1) = M(b—a)

=1

Similarly, since m;(f) > m for alli =1,2,3,...,n, we have

:Zn:mz( A:L’Z>Zm ~—£L‘11 m(b—a)
i=1

Hence,

m(b—a) < L(f,P) <U(f,P) < M(b—a)
for any partition P of [a, b| O
Definition

A partition P’ of [a, b] is called a refinement of P if P C P’.

Lemma 1.2. Let f be bounded on [a,b] and let P" be a refinement of a partition P of [a, b].
Then

L(f,P) < L(f,P) <U(f,P") <U(f,P)
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Proof. Let P = {xg,x1,22,...,2,}. Suppose that P’ = P U {z'}. Furthermore, we can,
without the loss of generality, assume that zo < 2’ < x1, so that P' = {xg, 2/, 21, 29,..., 2, }.
Now, let

Mi(f) = sup{f(x) : © € [zo, 2]}
MY(f) = sup{f(z) : x € [/, 1]}

Since f(z) < My(f) for all x € [z, 1], we have that f(x) < M,(f) for all z € [zg,2'] and

also for all # € [/, z;]. Therefore,
Mi(f) < Mu(f) and  M{(f) < Mi(f)
Hence,
M{(f)(@" = xo) + MY (f) (21 — 2') < My(f)(2" — @0) + My(f) (21 — 2') = Mi(f) (21 — x0)

Now,

= ZMi(f)Axi =U(f,P).

Showing that U(f,P") < U(f,P).
If P’ contains more than one additional point, we repeat the above argument the appropriate
number of times. That L(f,P) < L(f,P’) is proved in a similar way. O

Definition

Let f be a bounded real-valued function on a closed and bounded interval [a, b]. The upper

and lower Riemann integrals of f, denoted by

/abf(:v)dx and /Lbf(:v)dx

respectively are defined by

/ f(z)dx = inf{U(f,P): P € Pla,bl}

/ f(x)dx = sup{L(f,P): P € Pla,b]}




Theorem 1.3. Let f be a bounded real-valued function on [a,b]. Then

L}@mngZqu

Proof. Let P and P, be any two partitions of [a,b]. Then from Lemma
L(f7P1) S L(fv-PlUPQ) S U(f7P1UP2) S U(f7P2)

Thus,
L(f7P1> S U(faPQ)

for any two partitions P; and P,. Hence,

b
/ﬂ@M=@MMHKU%B)

That is b
/f@ﬂxzmﬁ%)

Taking the infimum over P,, we obtain

/Lbf(Q?)deingU(f,PQ):/abf(x)da:_

Hence, the result. O

Definition

Let f be a bounded real-valued function on a closed and bounded interval [a,b]. f is called

Riemann-Integrable on [a,b] if

/ibf(x) dz = ff(x) dz.

The common value is denoted by,
b
/ f(z)dx

and is called the Riemann integral of f on [a,b].

We denote by Rla, b] the set of all Riemann-integrable functions on [a, b].



1.4 Remark.
If f: [a,b] — R satisfies m < f(z) < M for all z € [a, )], then by Lemma[l.1]
b

b
m(b—a)g/f(:p)dxg/f(x)dxﬁM(b—a).

If in addition f € R]a, b], then
b
m(b—a) < / f(x)dz < M(b— a).

b
In particular, if f(z) > 0 for all x € [a, b], then/ f(z)dx > 0. If f € Rla,b] is non-negative,

b
then the quantity / f(x)dx > 0 represents the area of the region bounded above by the

graph y = f(z), below by the z — axis and by the lines z = a and x = b.

2 Riemann Integral Over Rectangles

2.1 Rectangles and Partitions
Definition.

Let (&,&,...,&,) and (m1,m2,...,1,) be such that & < ny for all k. A set of the form
[E1,m]) X [E2,m2] X - X [€n,Mn) 18 called a closed rectangle. In this setting it is sometimes
useful to allow & = 7y, in which case we think of [&., nr] = {&} as usual. If & < n; for all
k, then a set of the form (&, m1) X (§&2,m2) X -+ X (&, 1) is called an open rectangle.

For any closed or open rectangle R := [£1, m] X [§2,m2] X -+« X [§, 0] C R™ or

R :=(&,m) x (§&2,m2) X -+ X (&n,mn) C R™, we define the n-dimensional volume by

n

VR) :=(m — &) — &) (m — &) = H(m — &) (1)

i=1

A partition P of the closed rectangle R = [, m] X [§2,m2] X -+ X [, 1] 1S a finite
set of partitions Py, Ps,..., P, of the intervals [&1,m], [€2, 2], -, [y ] We will write
P = (P, P,,...,P,). That is, for every k there is an integer ¢ and the finite set of numbers

Py = {0, Tk, Tk, - - ., The, } such that
Sk =0 < Tpo <0 < Thyy , < Thp, = Mk
Picking a set of n integers ji, jo, . . ., jn Where jp € {1,2,3,...,¢;} wee get the sub-rectangle

[T11-15 Ty ] X [T2gy—1, T2 gy] X o0 0 X [Tngy—15 T,



For simplicity, we order the sub-rectangles somehow and we say {Ri, Rs, R3,..., Ry} are
the sub-rectangles corresponding to the partition P of R. It is not difficult to see that these

sub-rectangles cover our original R, and their volume sums to that of R. That is

N N
=|JR;, and V(R)=)> V(R (2)
j=1 j=1
When
Ry, = [215,-1, %15, X [T24,-1, T2y] X -0 X [T -1, Tnj,)
then

n
V(Rk> = A.’,E]_,lexQJ‘Q s A.ﬁEn’]n H Al’l Ji — H :Ez,ji — 1'1'7]'1,,1).
=1

Let R C R™ be a closed rectangle and let f : R — R be a bounded function, Let P be
partition of [a, b] and suppose that there are N sub-rectangles. Let R; be a sub-rectangle of
P. Define

=inf{f(z): x € R;},
= Sup{f(x) z € Ri},

N
ZmZV

i=1

N
=> MV(R
=1
We call L(P, f) the lower Darboux sum and U(P, f) the upper Darboux sum.
The indexing in the definition may be complicated, fortunately we generally do not need
to go back directly to the definition often. We start proving facts about the Darboux sums

analogous to the one-variable results.

Proposition 1. Suppose R C R" is a closed rectangle and f : R — R is a bounded function.
Let m, M € R be such that for all £ € R we have m < f(§) < M. For any partition P of R
we have

mV (R) < L(P, f) < U(P, f) < MV(R).

Proof. Let P be a partition. Then note that m < m; for all i. Also m < M; for all i. finally

SV V(R) = V(R).

Therefore,



3 Upper and Lower Integrals

By proposition (1| the set of upper and lower Darboux sums are bounded sets and we can

take their infima and suprema. As before, we now make the following definition.

Definition 1. If f : R — R is a bounded function an a closed rectangle R C R™. Define

/f :=sup{L(P, f) : P a partition of R}, 7]” = 1inf{U(P, f) : P a partition of R},
JR R

We call / the lower Darboux integral and / the upper Darboux integral.

As in one dimension we have refinements of partitions.

Definition 2. Let R C R" be a closed rectangle and let P = (P, Ps,...,P,) and P =
(P, Py, ..., P,) be partitions of R. We say P a refinement of P if as sets P, C Dy for all
k=1,2,...,n.

It is not difficult to see that if P is a refinement of P, then sub-rectangles of P are unions
of sub-rectangles of P. Simply put, in a refinement we took the sub-rectangles of P and we

cut them into smaller sub-rectangles.

Proposition 2. Suppose R C R™ is a closed rectangle, P is a partition of R and P is a
refinement of P. If f : R — R be a bounded function, then

L(P.f) < L(P,f) and U(P,f)<U(P,f)

Proof. Let Ry, Ry, R3,..., Ry be the sub-rectangles of P and Ri, Ry, ..., Ry be the sub-
rectangles of R. Let I r be the set of indices j such that Rj C R,. We notice that

Ri=J Ry, V(R =) V(R).

Je€lk JEIk

Let m; := inf{f(&) : £ € R;}, and 7; := inf{f(£) : £ € R;} as usual. Notice also that if



J € Iy, then my, < m;. Then
N N ) N ) )
L(Pf) =) miV(Ry) =Y Y mVI(R;) <> > mV(Ry) = L(P, f).
k=1 k=1 jEI, k=1 jeIy,
n

The key point of this next proposition is that the lower Darboux integral is less than or

equal to the upper Darboux integral.

Proposition 3. Let R C R" be a closed rectangle and f: R — R a bounded function. Let
m, M € R be such that for all £ € R we have m < f(§) < M. Then

mv(r) < [ <[5 <mvi) g
JR R
Proof. Let P be a partition, via proposition
mV(R) < L(P, f) <U(P, f) < MV (R).

By taking suprema of L(P, f) and infima of U(P, f) over all P we obtain the first and the
last inequality. Now, let P = (P, P»,..., P,) and Q = (Q1,Q2, ..., Q,) be partitions of R.
Define P = (151.152, . ,]Sn) by letting P, = P, U Q). Then P is a partition of R as can
casily be checked, and P is a refinement of P and a refinement of Q. By proposition ,
L(P,f) < L(P, f) and U(P, f) < U(Q, f). Therefore,

L(P,f) < L(P, f) <U(P, f) <U(Q, f).

It follows directly that,
sup{L(P, f) : P a partition of R} <inf{U(P, f) : P a partition of R}.

In other words,

mV(R) < A /< Zf < MV(R)

4 The Riemann Integral in R”

We now have all we need to define the Riemann integral in n-dimensions over rectangles.
Again, the Riemann integral is only defined on a certain class of functions, called the Riemann

integrable functions.

Definition 3. Let R C R" be a closed rectangle. Let f : R — R be a bounded function



such that

/Rf(x) dz = Zf(x) dz.

Then f is said to be Riemann integrable. The set of Riemann integrable functions on R is
denoted by R(R). When f € R(R) we define the Riemann integral

/szzéfzzj.

When the variable & € R™ needs to be emphasized we write

de. Ty s xy) day - dy, av.
/Rf@f /Rﬂxlmgxg tn) dy -+ dn, o /Rf(é“)

If R C R?, then often instead of volume we say area, and hence write

/R £(€)dA.

Remark 1. Let f : R — R be a Riemann integrable function on a closed rectangle R C R™.
Let m, M € R be such that m < f(§) < M for all§ € R. Then

mV(R)g/ngV(R).

For a example a constant function is Riemann integrable. Suppose f(§) = k for all £ € R.
Then

RV(R) < L f< Zf < KV(R).

So f is integrable, and futhermore

/Rf — V(R).

Remark 2. (Linearity). Let R C R"™ be a closed rectangle and let f and g be in R(R) and
a e R.

1. af is in R(R) and

fer=e )
/R(f+g>=/Rf+/Rg.

Remark 3. (Monotonicity). Let R C R"™ be a closed rectangle and let f and g be in R(R)

2. f+gisin R(R) and

10



and let f(§) < g(&) for all§ € R. Then

LstﬂR

The proofs of linearity and monotonicity are almost completely identical as the proofs

from one variable. We therefore omit the proofs.

Proposition 4. For a closed rectangle S C R™, if f : S — R s integrable and R C S is a

closed rectangle, then f is integrable over R.

Proof. Given € > 0, we find a partition P such that U(P, f) — L(P, f) < e. By making a
refinement of P we can assume that the endpoints of R are in P, or in other words, R is a
union of sub-rectangles of P. Then the sub-rectangles of P divide into two collections, ones
that are subsets of R and ones whose intersection with the interior of R is empty. Suppose
that Ry, Rs, ..., Rg be the sub-rectangles that are subsets of R and Rg.1,..., Ry be the
rest. Let P be the partition of R composed of those sub-rectangles of P contained in R.

Then using the same notation as before.

e>U(P f) = L(P.f) =Y (M —mp)V(Ry) + > (Mg —mp)V(Ry)

(My, — mp)V(Ri) = U(P, fr) — L(P, f|r)

™)~

>

=
Il

1

Therefore f|g is integrable. O

5 Integrals of Continuous functions

Later we will prove a much more general result, but it is useful to start with continuous
functions only and prove that continuous functions are integrable. Before we get to contin-
uous functions, let us state the following proposition, which has a very easy proof, but it is

useful to emphasize as a technique.

Lemma 5.1. Let R C R" be a closed rectangle and f : R — R a bounded function. If for
every € > 0, there exists a partition P of R such that

U(Paf)_L(Paf) <g,
then f € R(R).
Proof. Given an € > 0 find P as in the hypothesis. Then

Z}_ngU“W7—MRﬁ<e

11



S / f> / f and the above holds for every ¢ > 0, we conclude / f= / fand f €
R JR R JR
R(R). ]

We say a rectangle R = [{1,m] X [€2,m2] X +++ X [, 0] has longest side at most « if
me — & > aforal k=1,2,...,n.

Lemma 5.2. If a rectangle R C R"™ has longest side at most «. Then for any &, € R,

1€ = nll < vna.

Proof.

1€ =nll = V(z1 —91)? + (2 — 1)+ + (@0 — ¥)> V(I — &)+ (2 — &2+ -+ + (1 — &)
<Va?+a2+---+a?=/na.

]

Theorem 5.3. Let R C R™ be a closed rectangle and f : R — R a continuous function,
then f € R(R).

Proof. The proof is analogous to the one variable proof with some complications. The set
R is closed and bounded and hence compact. So f is not just continuous, but in fact uni-

formly continuous. Let € > 0 be given. Find a 6 > 0 such that || — n|| < ¢ implies

1) — )] < v

Let P be a partition of R such that the longest side of any sub-rectangle is strictly less
than \/iﬁ. Then for all £&,m € Ry for a sub-rectangle Ry of P we have, by the proposition

above, || — | < \/ﬁ\/iﬁ =9.

Therefore,
€

V(R)

As f is continuous on Ry, it attains a maximum and a minimum on this interval. Let £ be a

F&) = fn) <1f(&) = f(n)] <

point where f attains the maximum and 7 be a point where f attains the minimum. Then
f(&) = My and f(n) = my in the notation from the definition of the integral. Therefore,

My =i = J(€) = [0) < 37
And so
U(P, f)— ZMkV Ry) kav Ri) =Y (My—mp)V(Ry) < v<€R) S V(R =<
k=1 k=1

12



As ¢ > 0 was arbitrary, L
b b
[r=]1

and f is Riemann integrable on R. [

6 Integration of functions with Compact Support

Let U C R™ be an open set and f : U — R be a function. We say the support of f is the

set

supp(f) :=={z € U: f(z) # 0}.

That is, the support is the closure of the set of points where the function is non-zero. The
closure is in U, that is in particular supp(f) C U. So for a point € U not in the support
we have that f is constantly zero in a whole neighborhood of .

A function f is said to have compact support if supp(f) is a compact set. We will mostly

consider the case when U = R"™.

Lemma 6.1. Suppose f : R" — R be a function with compact support. If R is a closed
rectangle such that supp(f) C R° where R° is the interior of R, and f is integrable over R
then for any other closed rectangle S with supp(f) C S°, the function f is integrable over S

[5=0

Proof. The intersection of closed rectangles is again a closed rectangle (or empty). Therefore

and

we can take R = RN S be the intersection of all rectangles containing supp(f). If R is the
empty set, then supp(f) is the empty set and f is identically zero and the lemma becomes
trivial. So suppose that R is non-empty. As R C R, we know that f is integrable over R.
Furthermore R C S. Given ¢ > 0, take P to be a partition of R such that

U<ﬁ)7f’R)_L(Pvf|R)<g

Now add the endpoints of S to P to create a new partition P. Note that the sub-rectangles
of P are sub-rectangles of P as well. Let Ry, Ry, ..., R; be the sub-rectangles of P and
Rici1, ..., Ry the sub-rectangles. Note that since supp(f) C R, then for k = K +1,...,N
we have supp(f) N Ry = 0. In other words f is identically zero on Rj. Therefore in the

notation used previously we have

K N K
U(P, fls) = L(P, fls)) = > _(My —mp)V(Re) + Y (Mg —mp)V(Ry) = Z My, — my)V (Ry)
k=1 k=K+1 =1

=mRﬂ

\_/

— L(P,flz) <e

13



Similarly we have that L(P, f|s) = L(P, f|z) and therefore

[l

Since R C R we alsoget/f:/f, orinotherwords/f:/f. O
R R R S

7 Iterated Integrals and Fubini’s Theorem

The Riemann integral in several variables is hard to compute from the definition. For one-
dimensional integral we have the fundamental theorem of calculus and we can compute
many integrals without having to appeal to the definition of the integral. We will rewrite
a Riemann integral in several variables into several one-dimensional Riemann integrals by
iterating. However, if f : [0,1]> — R is a Riemann integrable function, it is not immediately

clear if the three expressions

/[0?1]2 f /Ol/olf(%?/)dxdy, and /01 /Olf(ﬂi,y)dydx

are equal, or if the last two are even well-defined.

7.1 Example

Define

1 ifx=1/2andy € Q,
fla,y) =

0 otherwise.

1 1
Then f is Riemann integrable on R := [0, 1]? and/ f = 0. Furthermore, / / f(z,y) dxdy = 0.
R o Jo

However

/0 F(1/2,) dy

11
does not exist, so we cannot even write / / f(z,y) dxdy = 0.
o Jo

Proof. Let us start with the integrability of f. We simply take the partition of [0, 1]*> where
the partition in the z direction is {0,1/2 —¢,1/2+4¢,1} and in the y direction {0,1}. The

sub-rectangles of the partition are

Ry:=1[0,1/2-¢] x[0,1], Rp:=[1/2-¢,1/2+¢]x[0,1], Rs:=[1/2+¢1]x[0,1].

14



We have my; = M; =0,my =0, My = 1, and m3 = M3 = 0. Therefore,
L(P,f) =mi(1/2 =€) - 1 +ma(2¢) - 1+ my(1/2 —¢) - 1 =0,
and
U(P, f) =M (1/2—¢) - 14+ My(2¢) - 1+ M5(1/2 —¢) - 1 = 2¢.

The upper and lower sum are arbitrarily close and the lower sum is always zero, so the

function is integrable and / f=0.
R

For any y, the function that takes = to f(x,y) is zero except perhaps at a single point

1
r = 1/2. We know that such a function is integrable and / f(z,y)dx = 0. Therefore,
0

/01 /Olf(x,y) dady — 0.

However if z = 1/2, the function that takes y to f(1/2,y) is the non-integrable function

that is 1 on the rationals and 0 on the irrationals. OJ

Theorem 7.1. (Fubini version I). Let R x S C R™ x R™ be a closed rectangle and
f:R xS — R be integrable. The functions g: R — R and h: R — R defined by

o(a)i= [1. and 1o =[x

R R RxS

/RxSf - /R (éﬂx’y) dy) dv = /R (Zf(fc,y) dy) dz.

If it turns out that f, is integrable for all z, for example when f is continuous, then we

= [ [ st iy

Proof. Let P be a partition of R and P’ be a partition of S. Let Ry, Ry, ..., Ry be the
sub-rectangles of P and Ry, Rj,..., R} be the sub-rectangles of P’. Then P x P’ is the
partition whose sub-rectangles are R; x Ry forall 1 <j < N andall 1 <k < K.

Let

are integrable over R and

obtain the more familiar

15



We notice that V(R; x R},) = V(R;)V(R),) and hence
N K N /K
LPx P )= myuV(R; xR)=> (Z mj,kV(R;)> V(R;).
j=1 k=1 j=1 \k=1
If we let
mg(x) == inf f(x,y) = 1nf fx(v),

YyER),

then of course if x € R; then m;; < my(z). Therefore

ijkv (R},) < Z L(P', fz) < /sz = g(2).

As we have the inequality for all z € R; we have

Zm]kv R}) < inf g(x).

z€R;
We thus obtain

TER;

LPx P <Y (mf ol >) V(R;) = L(P,g).
j=1
Similarly U(P x P', f) > U(P, h). Putting this together we have
L(Px P f) < L(P,g) <U(P,g) <U(Ph) <UP x P, f).
And since f is integrable, it must be that g is integrable as

U(P,g)—L(P,g)SU(PXPI,f)—L(PXP,,f>,

and we can make the right hand side arbitrarily small. Furthermore as L(P x P, f) <

L(P,g) <U(P x P', f) we must have that

/Rg N RXSf.

Similarly we have
L(P x P, f) < L(P,g) < L(P,h) < U(P,h) < U(P x P, f),

and hence
U(P,h) — L(P,h) <U(Px P, f)y—L(P x P, f).

16



So if f is integrable so is h, and as L(P x P'.f) < L(P,h) < U(P x P’, f) we must have that

/};h: R><Sf'

Theorem 7.2. (Fubini Version II). Let R x S C R™ x R™ be a closed rectangle and f :
R xS — R be integrable. The function g : S — R and h : S — R defined by

9(y) = A f, and h(y) :=7Rfy

oL
S s RxS
That is we also have

/R><Sf :/S (Lﬂx’y) dy) du = /S (Zf(w,y) dy) da.

Next suppose that f, and f, are integrable for simplicity. For example, suppose that f

are integrable over S and

is continuous. Then by putting the two versions together we obtain the familiar

/Rxsf_/}g/sf(x7y)dydx_/S/Rf(xay)dl‘dy,

Often the Fubini’s theorem is stated in two dimensions for a continuous function
f: R — Ron arectangle R = [a,b] X [¢,d]. Then the Fubini’s theorem states that

L= [ senae=[" [ ) dsa

And the Fubini’s theorem is commonly thought of as the theorem that allows us to swap the
order of iterated integrals.

Repeatedly applying Fubini’s theorem gets us the following corollary; Let R := [a, by X
[ag, bo] X -+ X [an, b,] C R™ be a closed rectangle and let f : R — R be continuous. Then

/sz/:/;~--/ai"f<<1,<2,<3,...,<n>d<nd<n1---d<1.

Clearly we can also switch the order of integration to any order we please. We can also relax
the continuity requirement by making sure that all the intermediate functions are integrable,

or by using upper or lover integrals.
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7.2 Examples.

1 el 2 2
/ / v y dxdy and /o /0 ﬁ dydzx.
Firstly, we consider the "innermost” integral.
/1 22 — o2 dy—/lx2+y2_2y2dy—/li_/l 22 "
o (% +y?)? o (22 +y?)? o Py Jo (@ +y?)?
Lt [ () - L e (el L )
o, 22+ 2 o Cdy \ 2%+ 2 o, 22+ 2 72 + 12 - o 22+ 2
1
1+ a2

1. Compute,

This takes care of the ”innermost” integral with respect to y; now we do the ”outermost”

integral with respect to x and we have

| T
de = —.
/0 1122 4

Thus, we have

1ol 2 2
—y T Tt =y s
5 drdy = — d ———— dydr = —.
//x? et /o/o<+y>‘”4

2. Compute,
/ |zy| dA
R

where R is the rectangle 0 <2z <2, -1 <y <1.
Observe that the function f(x,y) = |xy| is not really discontinuous; however, its formula in
terms of the variables x and y depends on the sign of xy. Since x is always positive within
the rectangle R, we have

—ry —1<y<Q0,

vy O0<y<l1

Thus, by Fubini’s theorem

[ sada- /(/ Fa,p)d )dwz/j</if(x,y>dy+/01f(m,y)dy) s
:/02 (/i—mydy+/01fxydy) dx:/:g;deQ
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8 The Set of Riemann Integrable Functions

Before we characterize all Riemann integrable functions, we need to make a slight detour.

We introduce a way of measuring the size of sets in R".

Definition 4. Let S C R" be a subset. We define the outer measure of S as
m*(S) :=inf Y " V(Ry),
j=1

where the infimum is taken over all sequences { R;} of open rectangles such that S C U;il R;.

In particular, S is of measure zero or a null set if m*(S) = 0.

We will only need measure zero sets and so we focus on these. Note that S is of measure

zero if and only if for every € > 0 there exists a sequence of open rectangles {R;} such that
Sc|JRy and Y V(R <e.
j=1 j=1

Further-more, if S is measure zero and S’ C S, then S’ is of measure zero. We can in fact
use the same exact rectangles.
We can also use balls and it is sometimes more convenient. In fact we can choose balls

no bigger than a fixed radius.

9 Oescillation and Continuity

Let S C R® be aset and f : S — R a function. Instead of just saying that f is or is not
continuous at a point x € S we need to able to quantify how discontinuous f is as a function
at z. For any 0 > 0 we define the oscillation of f on the d-ball in a subset topology that is
Bg(z,9) = Bge(z,0) N S as

o(f,,0):= sup f(y)— inf fly)= sup (f(n)— f())

y€Bg(x,8) y€Bs(2,9) y1,y2€Bs(x,0)

That is, o(f, x,d) is the length of the smallest interval that contains the image f(Bg(z,9)).
Clearly o(f,z,d) > 0 and notice o(f,x,0) < o(f,z,d") whenever § < ¢’. Therefore, the limit

as 0 — 0 from the right exists and we define the oscillation of a function f at z as

=i = inf :
o(f.w) = lim of,z,8) = inf o(f, z,0)
Lemma 9.1. f: S — R is continuous at x € S if and only if o( f,z) = 0.

Proof. First suppose that f is continuous at x € S. Then given any ¢ > 0, there exists a
d > 0 such that for y € Bg(z,d) we have |f(x) — f(y)| < e. Therefore if y1,y> € Bg(z,?)
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then
fn) = fy2) = f(yr) — f(@) = (f(ye) — f(2)) <e+e=2e.

We take the supremum over y; and y, then,

o(f,z,0) = sup  (f(y1) — fly2)) < 2e.
y1,y2€Bs(x,0)
Hence, o(f,z) = 0.
On the other hand suppose that o(z, f) = 0. Given any € > 0, find a § > 0 such that
o(f,x,0) <e.If y € Bg(x,0) then,

|f(ZL‘) _f(y)| < sup (f(yl)_f(QQ)) ZO(f,[E,(S) <E.

y1,y2€B5(,0)

10 The Set of Riemann Integrable Functions

We have seen that continuous functions are Riemann integrable, but we also know that
certain kinds of discontinuities are allowed. It turns out that as long as the discontinuities

happen on a set of measure zero, the function is integrable and vice versa.

Theorem 10.1. (Riemann-Lebesgue). Let R C R™ be a closed rectangle and f: R — R a
bounded function. Then f is Riemann integrable if and only if the set of discontinuities of

f is of measure zero (a null set).

Proof. Let S C R be the set of discontinuities of f. That is S = {x € R: o(f,z) > 0}. The
trick of this proof is to isolate the bad set into a small set of sub-rectangles of a partition.
There are only finitely many sub-rectangles of a partition, so we will wish to use compactness.
If S is closed, then it would be compact and we could cover it by small rectangles as it is of
measure zero. Unfortunately, in general S is not closed so we need to work a little harder.

For every ¢ > 0, define
Se:={re€R:o(f,x)>c}

Thus, S; is closed and as it is a subset of R which is bounded, S; is compact. Further-more,
S. € S and S is of measure zero. We see that there are finitely many open rectangles
51,8, ...,S, that cover S. and Z V(S;) <e.

The set T'= R\ (S1 U S U---USg) is closed, bounded, and therefore compact. Further-
more for x € T, we have o(f,x) < . Hence for each = € T, there exists a small closed

rectangle T, with z in the interior of T}, such that

sup f(y) — inf f(y) < 2e.
y€Ty yeTy
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The interiors of the rectangles T, cover T. As T is compact there exist finitely many such
rectangles 11,75, ..., T,, that covers T.

Now take all the rectangles Ty, 75, ..., T, and S1,9,..., S and construct a partition
out of their endpoints. That is construct a partition P with sub-rectangles R, Ry, ..., R,
such that every R; is contained in 7} for some ¢ or the closure of Sy for some ¢. Suppose
we order the rectangles so that Ry, Rs, ..., IR, are those that are contained in some 7y, and

Ryi1, Ryyo, ..., R, are the rest. In particular, we have

inj) <V(R) and i V(R;) <e.

J=q+1

Let m; and M; be the inf and sup over R; as before. If R; C T} for some ¢, then (M; —m;) <
2¢. Let B € R such that |f(z)| < B for all z € R, so (M; —m;) < 2B over all rectangles.
Then

UP,f) = L(P, f) =Y _(M; —m;)V(R;) = (Z(Mj - mj)V(Rj)> + ( > (M- mj)V(Rj)>

Jj=1 J=1 Jj=q+1

< (Zq: 2gV(Rj)> + ( Zp: QBV(Rj)> < 2:V(R) + 2Be = ¢(2V(R) + 2B).

J=q+1

Clearly, we can make the right hand side as small as we want and hence f is integrable.
For the other direction, suppose that f is Riemann integrable over R. Let S be the set

of discontinuities again and now let
Sp={r e R:o(f,x) >1/k}.

Fix a k € N. Given an ¢ > 0, find a partition P with sub-rectangles Ry, Ro, R3, ..., R, such

that
p

U(P, f) = L(P, ) =Y (M; —m;)V(R;) < ¢

j=1
Suppose that R, R, ..., R, are ordered so that the interiors of R;, Rs, ..., R, intersect Sy,
while the interiors of Ryy1, Ry, ..., Ry, are disjoint from Si. If z € R; NS, and « is in the
interior of R; so sufficiently small balls are completely inside 1?;, then by definition of Sy we
have M; —m; < 1/k. Then

£> ;(Mj —m;)V(R;) = ;(Mj —m;)V(R;) < %ZV<Rj)

q
In other words Z V(R;) < ke. Let G be the set of all boundaries of all the sub-rectangles

Jj=1
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of P. The set G is of measure zero. Let R} denote the interior of R;, then
Sk CRIURJURZU---URJUG.

As G can be covered by open rectangles arbitrarily small volume, S, must be of measure

zero. As
o0
S={]JS
k=1
and a countable union of measure zero sets is of measure zero. S is of measure zero. O

11 Application to Summation of Series
in R

The theory of limits of finite approximations was made precise by the German mathematician
Bernhard Riemann. We now introduce the notion of a Riemann sum, which underlies the
theory of definite integrals. We begin with an arbitrary bounded function f defined on a
closed interval [a, b]. Like the function pictured below (Figure 4.1), f may have negative as
well as positive values. We subdivide the interval [a,b] into subintervals, not necessarily of
equals widths or lengths, and form sums in the same way as for the finite approximations.

In each subinterval we select some point. The point chosen in the kth subinterval [x_1, ]
is called ¢;. Then on each subinterval we stand a vertical rectangle that stretches from the
xr — axis to touch the curve at (e, f(c)). These rectangles can be above or below the
x — azis, depending on whether f(c) is positive or negative, or on the x — axis if f(cx) =0
(Figure 4.2).

y=f

>X

Figure 3: A typical continuous function y = f(x) over a closed interval [a, b]
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Figure 4: The rectangles approximate the region between the graph of the function y = f(z)
and the z —axis. Figure 4.1 has been enlarged to enhance the partition of [a, b] and selection
of points ¢, that produce the rectangles.

L

On each subinterval we form the product f(cy) - Axy. This product is positive, negative,
or zero, depending on the sign of f(cx).

Finally we sum all these products to get

Sp =Y flex) Ay
k=1

The sum S, is called a Riemann sum for f on the interval [a,b]. There are many
such sums, depending on the partition P we choose, and the choices of the points ¢, in the
subintervals. Here we choose Ax = (b— a)/n to partition [a, b], and then choose the point ¢
to be the right-handed endpoint of each subinterval when forming the Riemann sum. This

choice leads to the Riemann sum formula

om0 () (220)

Definition 5. Let f(x) be a function defined on a closed interval [a,b]. We say that a

number J is the definite integral of f over |a,b] and that J is the limit of the Riemann sum

Z f(ex)Azy, if the following condition is satisfied:

k=1
Given any number € > 0 there is a corresponding number § > 0 such that for every

partition P of [a,b] with ||P|| < ¢ and any choice of ¢y in [vg_1,xk]|, we have

<E.

Z flex)Azxy, — J
k=1
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The symbol for the number J in the definition of the definite integral is

/a Ha)de

So we can write,

= [ sar= g s (V) = pm 3o (o020 ()

n

12 Examples.

1. Evaluate

Now,

That is

_ (1 (1)2
lim { — (=] +
n—oo n n
2. Evaluate

2 2 2 2
i (§(2+§) 6 8) L2 (24) +...+é<2+3_n)>
n—oo n n n n n n n n

Notice,

2
lim (§ (2 + i) +
n—oo \ N n n

| oo
VR
[\
_l’_
Slo
N———
[\
_l’_
| wo
N
[\
_|_
3o
N——
[\
_l’_
_l’_

S e
VR
[(\©)
_l’_

w0
S|
N——
[\
N——
I
e
[]=
s
VR
[(\)
3L
N————
[\

It follows immediately that,

2 2 2 2
i (§(2+§) +§(2+§) +§(2+9) 3(3_))
n—oo n n n n n n n n
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3. Find a closed form for,

lim b—a n b—a . b—a . b—a
noo \n(a+ 20" n(a+220)° n(a+ 30 n (a+nt=e)?

Observe that,

lim b—a . b—a n b—a T b—a
nooo \ (a4 29)°  n(a+222)7  n(a+3%2)° n (a+nt=)’

n—oo n n
Now let )
b—a— b— -
S, = a4 (a~|— ak:)
n n
k=1
Observe that
b—a — b—a \ " b—a -1
a4+ k a+ (k+1) <5,
n n n
k=1
Thus,
S <b—ai a—l—b_ak B a+—(k—1) B
"= Pt n n

And decomposing into partial fractions we have,

i{(aﬁb;ak)l— (a+b_T&(k:+1))l} <S,
Y {<a+b;a(k—1))_l— (a+b;ak>_1}

Notice the sums are telescoping, then it follows that

-1 -1
(a+b_“) —(a+b_a(n+1)) <5 <> !
n n a b

By the squeeze theorem, we get that

lim S,, = lim b—a + b—a + b—a _|_..._|_b_—a fl_l
nooo oo n(a#—b_T“)Q n(a+2b_7“)2 n(a+3b_—“)2 n(a+n”‘7")2

Likewise
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But we can make things more easier simply by noting the Riemann sum

/bx_Qda:—lim b-a + b—a + b—a +.”+—b—a
a n=oe \ n (a+ b;—“)2 n(a—l—Q”;—a)Z n(a—l—?)b’Ta)Q n(a+nb’7“)2
4. Show that

/ log(a® + b* — 2abcos(x)) dr = 2w log(max{a,b}) (Bronstein Integral)
0
Now, suppose WLOG b > a. Then with ¢ = b/a we have

I= /07r log(a® + b* — 2abcos(x)) dr = /O7r log(a?) dz + /O7T log(1 + (b/a)’ — 2(b/a) cos(x)) de

= 27 log(a) + / log(1 + ¢ — 2ccos(x)) dx
0

J

~
J

Now we can evaluate the second integral on the RHS as the limit of a Riemann sum

s n - 1
J:/ log(1 + ¢ — 2ccos(z)) dz = lim EZlog <1+62_26COS <7T(J )))

= nli_)rgoglog (ﬁ (1 + ¢ — 2ccos (WUT_I)))) = lim log((1 - ¢)*)

j=1

n . n—1 .
-1
+ lim zlog <H (1 + c* — 2ccos (M))> = lim Elog <H (1 +¢* — 2ccos (]—W))>
n—o00 1, n n—oo M, . n

Jj=2 J=1

Notice we can factor,

14 ¢ — 2ccos (%) = [c — exp(imj/n)|lc — exp(—imj/n)],

Hence, recalling that ¢ = b/a > 1, it follows that
] T CQn_l . C2n_1 1/n ) ) cZn_l 1/n
o=t T (S ) =t o (=) = es | ()

2n_1 1/n
ES L

I = 2w log(a) + wlog(c®) = 2w log(a) + mlog((b/a)?) = 27 log(b)

= 7log(c?) + log

Thus,

Hence, we conclude

/ log(a® + b* — 2abcos(z)) dr = 2m log(max{a, b})
0
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