
 
If 𝒙, 𝒚, 𝒛 > 0 then: 

𝟑∑
|𝐜𝐨𝐬𝐡𝒙 − 𝐜𝐨𝐬𝐡 𝒚|

√𝐬𝐢𝐧𝐡𝒙 ⋅ 𝐬𝐢𝐧𝐡𝒚𝒄𝒚𝒄

≥ (∑√|𝒙 − 𝒚|

𝒄𝒚𝒄

)

𝟐

 

Proposed by Daniel Sitaru – Romania  

Solution by Ahmed Salem-Tunisia 

If 𝒈(𝒙) is a convex function on 𝑫, then ∀𝒂, 𝒃 ∈ 𝑫: 𝒈(𝒂) ≥ 𝒈(𝒃) + 𝒈′(𝒃)(𝒂 − 𝒃) 

The hyperbolic 𝐬𝐢𝐧𝐡   function is convex on ℝ>0: 𝐬𝐢𝐧𝐡(𝒂) ≥ 𝐬𝐢𝐧𝐡(𝒃) + 𝐜𝐨𝐬𝐡(𝒃) (𝒂 − 𝒃). 

W.L.O.G consider 𝒙 > 𝑦 > 0. 

𝐜𝐨𝐬𝐡 𝒙 − 𝐜𝐨𝐬𝐡 𝒚 = ∫ 𝐬𝐢𝐧𝐡 𝒕 𝒅𝒕
𝒙

𝒚

≥ ∫ (𝐬𝐢𝐧𝐡 (
𝒙 + 𝒚

𝟐
) + 𝐜𝐨𝐬𝐡 (

𝒙 + 𝒚

𝟐
) (𝒕 −

𝒙 + 𝒚

𝟐
))

𝒙

𝒚

𝒅𝒕 = 

= 𝐬𝐢𝐧𝐡 (
𝒙 + 𝒚

𝟐
) (𝒙 − 𝒚) 

𝐬𝐢𝐧𝐡𝟐 (
𝒙 + 𝒚

𝟐
) − 𝐬𝐢𝐧𝐡 𝒙 𝐬𝐢𝐧𝐡 𝒚⏟        

=
𝟏
𝟐
(𝐜𝐨𝐬𝐡(𝒙+𝒚)−𝐜𝐨𝐬𝐡(𝒙−𝒚))

𝑨𝒍𝒔𝒐,𝐜𝐨𝐬𝐡𝜶=𝟐𝐜𝐨𝐬𝐡𝟐(
𝜶
𝟐)−𝟏 

= 

= 𝐬𝐢𝐧𝐡𝟐 (
𝒙 + 𝒚

𝟐
) − (𝐜𝐨𝐬𝐡𝟐 (

𝒙 + 𝒚

𝟐
) − 𝐜𝐨𝐬𝐡𝟐 (

𝒙 − 𝒚

𝟐
)) 

= 𝐜𝐨𝐬𝐡𝟐 (
𝒙 − 𝒚

𝟐
) − 𝟏 = 𝐬𝐢𝐧𝐡𝟐 (

𝒙 − 𝒚

𝟐
) ≥ 𝟎 ⇒ 𝐬𝐢𝐧𝐡 (

𝒙 + 𝒚

𝟐
) ≥ √𝐬𝐢𝐧𝐡 𝒙 𝐬𝐢𝐧𝐡 𝒚 

Therefore, ∀𝒙, 𝒚 ∈ ℝ>0:
|𝐜𝐨𝐬𝐡𝒙−𝐜𝐨𝐬𝐡𝒚|

√𝐬𝐢𝐧𝐡𝒙 𝐬𝐢𝐧𝐡𝒚
≥ |𝒙 − 𝒚| 

𝟑∑
|𝐜𝐨𝐬𝐡 𝒙 − 𝐜𝐨𝐬𝐡 𝒚|

√𝐬𝐢𝐧𝐡 𝒙 𝐬𝐢𝐧𝐡 𝒚
𝒄𝒚𝒄

≥ 𝟑∑|𝒙 − 𝒚|

𝒄𝒚𝒄

≥
𝑪𝒂𝒖𝒄𝒉𝒚−𝑺𝒄𝒉𝒘𝒂𝒓𝒛

(∑√|𝒙 − 𝒚|

𝒄𝒚𝒄

)

𝟐

 

The inequality is not always true if the power is changed from 𝟐 to 
𝟏

𝟐
. 


