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If a,b, c € [3,5] and a? + b? + c¢? = 50, then prove that :
a+b+c=>12

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

a,b,ce[3,5]=20<a-3,b—3,c—3 <2 andassigning x = a — 3,
y=b-3,z=c—-3with0 <x,y,z<2,weget:

50 | = sz +6Zx=23 5 (1) and (1) =

cyc cyc

Z(x+ 3)2=50{ - z a?
cye

cyc

all of x,y,z cannot be zero and so, we now focus on the scenario when 2 among x,y, z
equal zero and WLOG we may assume y = z = 0 and then :
(1) = x% + 6x — 23 = 0 whose non — negative root = 2.65685;but 0 < x <2

~ 2 among x,y,z cannot be equal to zero and hence, we now focus on the scenario
when exactly one among x,y,z equals zero and WLOG we may assume x = 0
andthen : (1) = y2 +z2 + 6y + 6z = 23 > (i)
« If possible,let us assume : y < 1 and then : 6y + y?> <7 (~ y > 0) Vla:(l)
23-22-62<7=22+6z—16 >0= (z+8)(z—2) > 0 — impossible
©“2—2<0andz+8>0>(z+8)(z—-2)<0-y<1

« If possible, let us assume : y > 1 and then : y? + z? + 6y + 6z = 23 >
y?—2y+1+z>—-4z+4+8y+10z+18 =23 = 8y + 10z
=5—-(y—1)?2—-(z—-2)?<5=>5>8y+102>8+10z=>10z< -3 >

impossible ©z>0-.y*»1.y<«1y*1=y=1whenx = 0 and putting
x=0,y=1in(i),weget:2z2+6z—16=0=>(z+8)(z—-2)=0=>z=2

(+z>0)andx=0,y=1,z=2=>x+y+z=3=>a—-3+b-3+c—-3=3

>a+b+c=12 :>|equality case fora = 3,b = 4,c = 5 and permutations

The final scenario that remainsis: 0 < x,y,z < 2 and then :

(x—2)(y—2)(z—2)S0=>xyz+42x—22xy—850

cyc cyc
xyz>0=xyz>0
:—22xy£8—42x—xyz < 8—42x:2x2+62x
cyc cyc cyc cyc cyc

2 2
via (1)
= Zx —22xy+62x< Zx +8—4Zx+62x =

cyc cyc cyc cyc cyc cyc
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23<t2+2t+8<t=2x>=>t2+2t—15>0:>(t—3)(t+5)>0

cyc

>t>3 (':t=2x>0>:-2(a—3)>3:>a+b+c>12

cyc cyc

-'-a+b+c212Va,b,cE[3,5]|a2+b2+c2=5(),
"="iff(a=3,b=4,c=5)or(a=3,b=5c=4)or(a=4,b=5c=3)

or(a=4b=3,c=5)or(a=5b=3,c=4)or(a=5b=4,c=3) (QED)



