
 
If 𝒂, 𝒃, 𝒄 ∈ [𝟑; 𝟓] and 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 = 𝟓𝟎, then prove that: 

𝒂 + 𝒃 + 𝒄 ≥ 𝟏𝟐 

Proposed by Hung Nguyen Cuong-Vietnam 

Solution by Pham Duc Nam-Vietnam 

∗ 𝒂, 𝒃, 𝒄 ∈ [𝟑, 𝟓] ⇒ (𝒂 − 𝟑)(𝒃 − 𝟑)(𝒄 − 𝟑) ≥ 𝟎 

and (𝟓 − 𝒂)(𝟓 − 𝒃)(𝟓 − 𝒄) ≥ 𝟎 

⇒ (𝒂 − 𝟑)(𝒃 − 𝟑)(𝒄 − 𝟑) + (𝟓 − 𝒂)(𝟓 − 𝒃)(𝟓 − 𝒄) ≥ 𝟎 

Expand and simplify: 

⇔ 𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) − 𝟏𝟔(𝒂 + 𝒃 + 𝒄) + 𝟗𝟖 ≥ 𝟎 

But: (𝒂 + 𝒃 + 𝒄)𝟐 = 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 

⇔ (𝒂 + 𝒃 + 𝒄)𝟐 − (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) − 𝟏𝟔(𝒂 + 𝒃 + 𝒄) + 𝟗𝟖 ≥ 𝟎 

⇔ (𝒂 + 𝒃 + 𝒄)𝟐 − 𝟏𝟔(𝒂 + 𝒃 + 𝒄) + 𝟒𝟖 ≥ 𝟎 

⇔ 𝒂 + 𝒃 + 𝒄 ≥ 𝟏𝟐 or 𝒂 + 𝒃 + 𝒄 ≤ 𝟒 

𝒂, 𝒃, 𝒄 ∈ [𝟑, 𝟓] ⇒ 𝒂 + 𝒃 + 𝒄 ≥ 𝟏𝟐, proved. 

Equality holds iff: 𝒂 = 𝟑, 𝒃 = 𝟒, 𝒄 = 𝟓 and permutations. 

 


