
 
If 𝒂, 𝒃 > 𝟎 and 𝒂𝒃(𝒂𝟐 + 𝒃𝟐) ≥ 𝟐, then prove that: 

𝒂𝟑 + 𝒃𝟑 ≥ 𝟐 

Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Ravi Prakash-India 

Let 𝒂 = 𝒓𝐜𝐨𝐬 𝜽 , 𝒃 = 𝒓 𝐬𝐢𝐧 𝜽 , 𝒓 > 𝟎, 𝟎 < 𝜽 <
𝝅

𝟐
 

𝒂𝒃(𝒂𝟐 + 𝒃𝟐) ≥ 𝟐 ⇒ 𝒓𝟒 𝐬𝐢𝐧𝜽 𝐜𝐨𝐬𝜽 ≥ 𝟐 ⇒ 𝒓𝟒 ≥
𝟒

𝐬𝐢𝐧(𝟐𝜽)
≥ 𝟒 ⇒ 𝒓 ≥ √𝟐 

Now, 𝒂𝟑 + 𝒃𝟑 = 𝒓𝟑(𝐜𝐨𝐬𝟑 𝜽 + 𝐬𝐢𝐧𝟑 𝜽).  Let 𝒇(𝜽) = 𝐜𝐨𝐬𝟑 𝜽 + 𝐬𝐢𝐧𝟑 𝜽 , 𝟎 < 𝜽 <
𝝅

𝟐
 

𝒇′(𝜽) = 𝟑𝐜𝐨𝐬𝜽 𝐬𝐢𝐧𝜽 (𝐬𝐢𝐧𝜽 − 𝐜𝐨𝐬𝜽) 

𝒇′(𝜽) < 𝟎   if 𝟎 < 𝜽 <
𝝅

𝟒
 

= 𝟎  if 𝜽 =
𝝅

𝟒
 

> 𝟎  if 
𝝅

𝟒
< 𝜽 <

𝝅

𝟐
 

∴ 𝐦𝐢𝐧(𝒇(𝜽)) = 𝒇(
𝝅

𝟒
) =

𝟏

√𝟐
 

Thus, 𝒂𝟑 + 𝒃𝟑 ≥ 𝟐√𝟐(
𝟏

√𝟐
) = 𝟐 

Equality when 𝒂 = 𝒃 = 𝟏. 


