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If a,b,c > 0 and abc = 1, then prove that :
al+b3+c3+6>(a+b+c)?
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Assigningb+c=x,c+a=ya+b=z=>x+y—-z=2c>0,
yt+z—x=2a>0andz+x—-y=2b>0=>x+y>zy+z>x,2+x>y
= x,y,z form sidesof a triangle with semiperimeter, circumradius and inradius

=s,R,r (say); soZZa=Zx=25=>Za=s—>(1)

cyc cyc cyc
>a=s—x,b=s—y,c=s—z.abc=r?s- (2)
3
via (1)

Such substitutions = Z a’ = Z al —3(a+b)(b+c)(ct+a) = s3-3xyz

cyc cyc

=s3 —12Rrs - Z a3 =s3—12Rrs - (3)

cyc

abc=1
Now,a® +b3+c3+6>2(a+b+c)? & Za3 + 6abc > Vabc Za
cyc cyc
via (1),(2) and (3) )
PR (s3 — 12Rrs + 61r%s)? > r?s’” © (s — 12Rr + 6r2)3 > r2s* and
Gerretsen
 (s2 — 16Rr + 5r2)3 = 0 - in order to prove (x), it suffices to prove :

LHS of () > (s? — 16Rr + 5r?)% & (12R + 2r)s* — r(336R? — 48Rr — 33r?)s?
(*%)
+r%(2368R3 — 1248R?r — 96Rr? + 911‘3) > 0and

Gerretsen

v (12R +2r)(s? —16Rr + 5r?)2 > 0 - in order to prove (*x),
it suffices to prove : LHS of (**) > (12R + 2r)(s? — 16Rr + 5r?%)?

[€ED))]

& (48R?% — 8Rr + 13r?)s? > r(704R3 — 160R?r + 76Rr? — 41r3)

Gerretsen

?
Finally, (48R? — 8Rr + 13r?)s?> >  (48R? — 8Rr + 13r?)(16Rr — 5r%) >
?
r(704R3 — 160R?r + 76Rr? — 41r3) © 16t3 —52t> +43t—6 >0

? Euler
<:>(t—Z)(6t2+10t(t—2)+3)20—>true vt = 2 (kxx) 2 (xx) o (%)
istrue-‘-a3+b3+c3+62(a+b+c)2‘v'a,b,c>0|abc=1,
"="iffa=b=c=1(QED)



