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If x,y > 0 and xy > 1, then prove that :
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Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
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Clearing denominators and 51mpllfy1ng,y 1 + T+ 1 + y+1-2

o 2xy(x?2+y) +2(x2+y?) +x+y=3xty?+xy(x+y) +4xy+1- (1)
[Case 1|xy + 1 > x + y and we have : LHS of (1) — RHS of (1)
= (2xy(x? +y?) —4x?y?) + x’y?2 + Q(x2 +y?) —4xy) +x+y—xy(x +y) — 1
=2xy(x—y)? +2(x -y + Py’ - 1) —xy(x+y) +x+y
>@xy+Dxy-D-(x+y)ay-1D=(@y-D(xy+1-(x+y)) =0
wxy=1landxy+1>x+y= (1)istrue
Case 2|x +y = xy + 1 and we have : LHS of (1) — RHS of (1) =
2xy(x? +y?) +2(x* +y?) — 3x?y? —xy(x+y) - 3xy+ (x+y—xy— 1)
> 2xy(x? +y?) + 2(x% +y?) — 3x%y? —xy(x +y) — 3xy

A-G A-G
> 2xy(x? +y?) + xy — 3x%y? —xy(x +y) =
3
xy(Z(x2 +y?)+1 _Z(x+y)2 - (x+Y))

2xy<(x+y)2+1—%(x+y)2—(x+y)>=¥.((x+y)2—4(x+y)+4)

x
=Ty.(x+y—2)2 > 0 = (1) is true . combining both cases,
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(1) istruevx,y > 0| xy y+1+x+1+xy+1 2

Vx,y>0|xy2 1" =" iffx=y =1 (QED)




