ROMANIAN MATHEMATICAL MAGAZINE

If x,y,z > 0 and xyz = 1, then prove that :
1 1 1
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Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

a b c
Since xyz = 1, we can assign x = B,y = E'Z = and then :
1 1
+ +
Va4x2 +x+4 Jay’+y+4 V4z2+z+4
b C a

= + +
V4a? + ab + 4b2  V4b2 + bc + 4¢2  V4c? + ca + 4a?
= z (b. J(4b2 + bc + 4¢2)(4c? + ca + 4a2))
\/Hcyc(‘l-az + ab + 4b2) ‘cyc

CBS 1 ?
< \/ (4b2c2 + cab? + 4a?b?) .j2(4b2 +bc+4c2)<1
cyc

\/]'[cyc(élaz + ab + 4b?)

cyc

?
& (4a* + ab + 4b?)(4b? + bc + 4c?)(4c¢? + ca + 4a?) >

8Za2+2ab . 82a2b2+abc2a

cyc cyc cyc cyc
= 6421((1‘%2 + a’b*) + 16abcz a® + 162 a®b3 + 129a?b?c?

cyc cyc

cyc
?
+20abc Z a’b + Z ab? | >

cyc cyc

64 Zaz Z:azb2 +8 Zab Z:azb2 + 8abc Za Zaz

cyc cyc cyc cyc cyc cyc

+abc Za Zab

cyc cyc

& 64 Z a? Z a’b? | — 192a?b?c? + 16abcz a3 + 162 a3b3

cyc cyc cyc cyc

?
+129a%b?c? + 20abc Z a Z ab | — 60a?b?c? >

cyc cyc
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64 zaz Zazb2 +8 zab Zazb2 + 8abc Za Zaz

cyc cyc cyc cyc cyc cyc
+abc Z a Z ab
cyc cyc

& abce 16Za3+19 za Zab -8 Za Zaz — 123a?b?c?

cyc cyc cyc cyc cyc

?

+162 a’bh’ — 8 Zab Zaﬁb2 >0
cyc cyc cyc ()

Assigningb+c=Xc+a=Y,a+b=Z=>X+Y-Z2Z=2c>0Y+Z—-X=2a
>0andZ+X-Y=2b>0=>X+Y>ZY+Z>X,Z+x>Y=>X,Y,Z form
sides of a triangle with semiperimeter, circumradius and inradius

= s,R,r (say);
sozzasz=25:>Za=s—>(1):>a=s—X,b=s—Y,c=s—Z
cyc cyc cyc

~ abc = r?s - (2)and such substitutions = Z ab = Z(s —x)(s—y)

cyc cyc

2
ia (1) and (3
:>Zab=4Rr+r2—>(3),andZa2= za —ZZabvm():an()

cyc cyc cyc cyc

s2—2(4Rr+r?) = Z a’? = s? — 8Rr — 2r% - (4) and also,

cyc
2

ia (1),(2) and (3)
Z a’b? = Z ab | —2abc Z a | (4Rr +r?)? — 2r?s.s

cyc cyc cyc

= Z a’b? = r?((4R +r)? — 2s?) - (5) and moreover,z ad =

cyc cyc
3

via (1)
Za —3(a+b)(b+c)(ct+a) = s3—3.4Rrs=>Za3=s3—12Rrs

cyc cyc
3

- (6) and finally,z a’b? = Z ab | —3(ab + bc)(bc + ca)(ca + ab)
cyc cyc
(4Rr + r?)3 — 3r%s.4Rrs = Z a®b® = (4Rr + r?)3 — 12Rr3s? - (7)

cyc

and via (1), (2),(3),(4),(5),(6) and (7), (x) transforms into :
r?s (16(s® — 12Rrs) + 195(4Rr + 1?) — 8s(s? — 8Rr — 2r?) ) — 123r*s?

via (2) and (3)
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+16((4Rr +1r?)3 — 12Rr3s?) — 8(4Rr + r?).r>((4R +1r)?> — 2s%) > 0
& 2s* — (45Rr + 18r?)s? + 2r(4R + r)3 [>] 0 - true = 2s* — (45Rr + 18r?)s?
+2r(4R + r)3 is a quadratic polynomial in s? with discriminant =
(45Rr + 18r2)? — 16r(4R + r)3 = —r(1024R3 — 1257R?*r — 1428Rr? — 308r3)

ule

Euler
= —r(R—2r)(1024R? + 791Rr + 154r%?) < 0 > (+)istrue
1 1 1

+ + <1
Vax2+x+4 Jay +y+4 V4z2+z+4

Vxyz>0|xyz=1"=" iff x =y =z =1 (QED)



