ROMANIAN MATHEMATICAL MAGAZINE

If x,y,z > 0 and x? + y? + z? = 3, then prove that:
16 +xy+yz+zx+1>28
\/x2y2+y2z2+zzx2+1 xX+ty+z 3

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Exactly two variables equal to zero and WLOG we may assume

1 28
=z=0(x=+v3)and then : LHS = 16 + — > —
y (x=+3) 573

Case 2| Exactly one variable equals to zero and WLOG we may assume
x = 0 withy,z > 0 such that : y* + z? = 3 and then :
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(m) is true when z 2% (+2>+3>zasy?+z* = 3) and so,we now
consider the case when : z < % and then: (m) 2 -z ; m (1-2z2)
e (2—z)2;(3—z2)(1—2z)2 (:)4z4—4z3—1022+82+1;0
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[Case 3]x,y,z > 0 and assigningy+z=a,z+x=bx+y=c>a+b-c=2z
>0b+c—a=2x>0andc+a—-b=2y>0=a+b>c,b+c>ac+a>bh

= a,b, c form sides of a triangle with semiperimeter, circumradius and inradius
)
= s,R,r(say)yieldingZZx=Za= 2s:>Zx =s=>x=s—ay=s—Db,

cyc cyc cyc

(e
Z=S—C.XyZ = r’s and,ny = Z(s —a)(s—b) = 4Rr +r?

cyc cyc

2
(s09) via (+) and (+++)
:ny = 4Rr+r2andalso,2x2= Zx —Zny =

cyc cyc cyc cyc

(....)
sz — 2(4Rr +1?2) = sz ="s2 —8Rr - 2r% and also,z x%y? =

cyc cyc
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2
ia (+),(++) and (e++) 2
ny — 2xyz Zx v = (4Rr +r?)" — 2r%s?

( )
= z x*y? = r?((4R+r)? - 2s?)
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. LHS x2+y24z22 =3 16 chc xy + x2+y2+z2 =3
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via (¢),(e ees) and (eocee )
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2(c2 _ _ 9n2)2
768s%(s* — 8Rr — 21‘2)3 +(s? +4Rr +12)(17s2 + 4Rr +12) [ ° (s*— 8Rr—2r?)" +
or’((4R+1)* —2s%) ) 2 784

3s2(s2 — 8Rr — 2r2)(s2(s2 — 8Rr — 2r2)2 + 9r2((4R +r)? — 2s2)) )
& 1571s® — (37080Rr — 3924r?)s® + r2(186144R? — 23712Rr — 17562)s4 +

r3(169088R3 + 125952R?r + 31272Rr? + 2588r%)s? + 39r*(4R + r)*| > |0 and
@
« via Gerretsen,P = 1571(s? — 16Rr + 5r2)4 +
3
4r(15866R — 6874r)(s% — 16Rr + 5r%) " +

4r2(204840R? — 196830Rr + 39807)(s? — 16Rr + 5r2)” > 0 - in order
to prove (*), it suffices to prove : LHS of (x) > P

)
& (105860R3 — 181650R2r + 80709Rr? — 9781r3)s? | >

r(1648584-R4 3282264R3r + 2056212R?*r? — 524997Rr3 + 4-7673r4)

Gerretsen 3 2
Again,LHS of (++) > (1058%67%1;er12675;;1¥ +) (16Rr — 5r2)

?
> r(1648584R* — 3282264R3r + 2056212R%*r? — 524997Rr? + 47673r*)
? R
& 22588t* — 76718t3 + 71691t* — 17522t + 616 > 0 (t = ;)
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Euler

?
S (t— t— t+ t+ + =0->true~t =
(t—2)((t—2)(22588t% + 13634t + 35875) + 71442) > 0 2
xy+yz+zx+1 >28
Jx2y? +y2z2 + 22x% + 1 x+ty+z — 3
under case (3) and combining all cases,
xy+yz+zx+1> 28

Jx2y? +y222 + 22x% +1 x+y+z — 3
Vx,y,z>0|x2+y2+22=3/"=" iffx=y=z=1(QED)

= (#*) = (%) is true -




