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If a,b,c € [0,4] and a + b + ¢ = 6, then prove that :
a’?+b?*+c? +ab+bc+ca<?28
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
[Case 1]b > 2 (b < 4) and then : a®? + b%? + c2 + ab + bc + ca

b+c=6 b+c=6
—bb+a+c)+a’+ct+ca” = °6b+(c+a)’—ca’ =

—ca<0
6b+(6—-b)%2—ca < b —6b+36=28+b2—6b+8

=28+(b-2)(b—4)<28+-2<b<4=>(Mb-2)(b-4)<0

~a’+b*+c2+ab+bc+ca<?28

a+b+c=6

[Case2]b<2(b>0)andifca<2then:c+a<4 = 6-b<4
= b > 2,a contradiction . when b < 2, then, at least one of ¢, a must be > 2

eWhena=>2(a<4),then:a?+b%*+c>+ab+bc+ca=ala+b+c)
+b2+c2+bca+b;c=66a+(b+c)2—bca+b;c=66a+(6—a)2—bc
—-bc<0

< a*-6a+36=28+a*>-6a+8=28+((@—-2)(a—-4)<28-2<a<4

>@-2)(a—-4)<0-a?*+b%?+c?2+ab+bc+cac<?28

eWhenc>2(c<4),then:a?+b%?+c?2+ab+bc+ca=c(c+b+a)

a+b+c= a+b+c=

+a’?+b?*+ab = 66c+(a+b)2—ab = 66c+(6—c)2—ab
—ab<0
< ¢c2-6c+36=28+c>?—-6c+8=28+(c—2)(c—4)<28+2<c<4

= (c—2)(c—4)<0.:a%?+b?+c%+ab+bc+ca<28and so,
combining all scenarios, a? + b? + c? + ab + bc + ca < 28

Vab,ce[0,4]|a+b+c=6"="iff(a=0b=2c=4)
or(a=0b=4,c=2)or(b=0,c=2,a=4)or(b=0,c=4,a=2)

or(c=0,a=2,b=4)or(c=0,a=4,b=2)(QED)



