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If a,b,c > 0 and a? + b? + ¢? = 1, then prove that :
1 N 1 N 1 9
—ab 1-—Dbc 1—ca> o

(1+9abc—a—b—c)(1 2

Proposed by Nguyen Hung Cuong-Vietnam

Solution 1 by Soumava Chakraborty-Kolkata-India
If(1+9abc—a—b—-c)<0,then: LHS<0
/:zaz =1Aab,c>0=ab,c<1=(1-ab),(1-bc),(1—-ca)>0

cyc

1 1 1
\ >0

=>1—ab+1—bc+1—ca
< 2 and so,we now concentrate on the scenario when : (1+ 9abc—a—b —c¢)
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1 ? 9 a2+b%+c2 =1
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8 Za Zaz —9abc .Z((c+a)+(a+b))z+g

cyc cyc cyc

=8(1+9abc—a—b—c).z

Assigningb+c=x,c+a=y,a+b=z2=>x+y—-z2=2c>0,y+z—x=2a
>0andz+x—-y=2b>0=>x+y>2zy+z>x,z+x>y=2xyzform
sides of a triangle with semiperimeter, circumradius and inradius = s,R,r (say);

soZZaszzZs:Zazs—>(1):>a=s—x,b=s—y,c=s—z

cyc cyc cyc
= abc = r?s - (2)and such substitutions = Z ab = Z(s —x)(s—y)

cyc cyc

2
ia (1) and (2)
:>Zab=4Rr+r2—>(2)andZa2= Za —Zzabvm ="

cyc cyc cyc cyc
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s? — 2(4Rr +r?) :Zaz =s2—8Rr—2r% - (3)

cyc

Now,via (1), (2) and (3).8 (Z"‘)(Z“Z)“’“b“ 'Z(( + )+1 (a+b))’
cra a

cyc cyc cyc

1 1
— 2 _ _ 2y _ 2 2 _ — 2
= 8(s(s% — 8Rr — 2r?) — 9r?s). cEyc Ik (s? — 8Rr— 11r?). cEyc CTEL

Gerretsen
and
Euler
~s2—8Rr—11r>=s>—-16Rr+5r?+8r(R-2r) > Oand

'\ s=za=JzauzzmJzaza2+b2:2=11 /'

cyc cyc cyc cyc
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cyc

5s% + 4Rr + r?)’ .
:8(52—8Rr—11r2).((s+ r+r) 245 )

4s2(s2 + 2Rr + r2)2  2s(s? + 2Rr + r2)
(5s% + 4Rr + rz)2 —16s%(s* + 2Rr +r?)
4s2(sZ + 2Rr +r?)2

a?+b2+c2 =1

~ RHS of (*) — LHS of (%) >
(5s% + 4Rr + rz)2 —16s%(s% + 2Rr +r?)
4s2(sZ 4+ 2Rr + r?%)2
(552 + 4Rr + r2)” — 16s%(s? + 2Rr + r?) via (3)
_8 z aZ =
4s2(s2 + 2Rr + r2)2

cyc

= 8(s*—8Rr— 11r2).(

; +8(s? —8Rr — 11r2).<

2

; +8(s? - 8Rr— 11r? — (s? — 8Rr — 21%)). ((552 * 4Rr4:2r(zs)2 +_21RGFSJZF(:§; 2Rr + rz))
20

, 2r? ((582 + 4Rr + rz)2 —16s%(s? + 2Rr + r2)>

= s2(s? + 2Rr + r2)?

N| =

(=4

?
© 5%+ (4Rr — 341r%)s* + r?s?(4R? — 28Rr + 251r%) — 4r*(4R +1)?| = |0

(
Gerretsen
Now,LHSof (xx) >  (20Rr—39r?)s* + r?s?(4R? — 28Rr + 25r?)
Gerretsen

—4r*(4R+1)? > ((20Rr —39r2)(16Rr — 5r2) + r?(4R? — 28Rr + 25r2)) s?

—~

Gerretsen

—4r*(4R +1)? = 4r2 ((81R2 — 188Rr + 55r2)s% — r2(4R + r)Z) >
412 ((81R? — 188Rr + 55r?) (16Rr — 5r%) — r2(4R + 1)?)
Euler ?
( 81RZ — 188Rr + 55r2 = (R — 2r)(81R — 26r) + 3r2 > 3r2 > 0) >0
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? R ?
& 432t3 — 1143t + 604t —92 >0 (t = ;) & (t—2)(432t2 - 279t+ 46) = 0
Euler
—Strue~t = 2= (*x) = (%) is true

TPV S S

; apc—a 1= ap  1-be 1-ca) =2

Vab,c>0|a?+b%2+c2=1"=" iffa=b=c=— (QED
| 7 (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
By AM — GM inequality, we have
a+b+c=(a?+b?+c®)(a+b+c)>33azb2c?.3Vabe = 9abc
> 1+9abc—a—-b—-c<1.
Now,letp:=a+ b+ c,q:=ab+ bc+ca<1,r:=abc. We have p? =1 + 2q.
By Schur’s inequality, we have

_ p4q - p) _(1+29)2q-1) 4q* -1

1
- 9 p.-9 9p @
Z 1 _Z(Z 1—2bc>
1—bc 1- bc
cyc cyc
] 1-2bc P82 . (Zeye(1 — 2b06))”
B 1-bc B Yeye(1 = 2be)(1 — be)
cyc
e (3 — 2¢)? 5 . (3 — 2¢)? _ 3(35 - 18q — 8¢?)
3 -3q+2(q%2-2pr)~ 3_3q+2q2_4(4‘192—1) 31— 27q + 2q>
9 3(1-q)(23-229) "519
2 31-27q+2q%2 ~ 2
Therefore
(1 + 9ab b )( rt 1 ><19—9
apc—4a Y\1—ab " 1-bc 1-ca)™ "2 2

V3
Equality holds iffa=b =c = 3



