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Ifa,b,c>0anda+b + c = 3,then prove that :
Ya+ Vb +3Yc+5=(a+b)b+c)(c+a)
Proposed by Nguyen Hung Cuong-Vietnam

Solution 1 by Soumava Chakraborty-Kolkata-India
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Assigningb+c=x,c+a=y,a+b=z=2x4+y—-z2=2c>0,y+z—x=2a
>0andz+x—-y=2b>0=>x+y>zy+z>x,2+x>y=xyzform
sides of a triangle with semiperimeter, circumradius and inradius = s, R, r (say);
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11(s2 —16Rr + 5r2) > 0, in order to prove (xx*), it suffices to prove :
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Again, (103R —125r)s> >  (103R —125r)(16Rr — 5r%) >
?

r(1520R? — 2084Rr + 275r%) & 128R? — 431Rr + 350r? > 0
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< (R—2r)(128R—175r) > 0 > true * R = 2r = (x*x) = (xx) = (%) is true
~Ya+¥b+3Yc+5=(a+b)b+c)c+a)
Vabc>0|la+b+c=3"=" iffa=b=c=1(QED)
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

By AM — GM inequality, we have

4a — a3
a3 +3%a > 44/a3. (%)3 =4a = 3Ya> 3 (and analogs)
Then

4(a+b+c)—(a3+b3+c3)+

Ya+3¥b+3c+5> 3
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=4-.3—(a+b+c)3+3(a+b)(b+c)(c+a)+
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=(a+ b)(b+c)(c+a),

Equality holds iffa=b =c = 1.



