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FUNDAMENTAL SYMMETRIC POLYNOMIALS IN ALGEBRAIC INEQUALITIES  
By Marius Drăgan and Neculai Stanciu-Romania 

     Definition: Polinomyal ],,[ zyxRp  it is symmetric in the variables zyx ,,  if for any 

permutation    of the variables zyx ,,  we have: pp )( , i.e. the polynomial p  satisfy 

),,(),,(),,(),,(),,(),,( xyzpyxzpxzypzxypyzxpzyxp  . 

Polynomials: ],,[1 zyxR , zyx 1 ; ],,[2 zyxR , zxyzxy 2 ; ],,[3 zyxR ,

xyz3  they are called fundamental symmetric polynomials. 

     Lemma. Polynomials kkk

k zyxS   can be expressed using polynomials  321 ,,  . 

     Proof. We have that: 

332211   kkkk SSSS  , 3k ( ),,3 22110   SSS , (1). 

Indeed,  substituting 321123 ,,,,,  kkk SSS  through their expressions we obtain 

  ))(())(( 222111 kkkkkk zyxzxyzxyzyxzyx  

kkkkkk zyxzyxxyz   )( 333 . 

     Theorem 1. Any symmetric polynomial in three variables  zyx ,,   can be expressed 

uniquely with the help of fundamental symmetric polynomials.Waring's formula is deduced 
from formula (1): 

              





!!!

)!1()1(

321

321321
321321



 k

k

k

S
, unde k 321 32  , (2). 

By (2), we obtain kS 6,3( k ): 

              1. 321

3

13 33  S ; 

              2. 31

2

22

2

1

4

14 424  S ; 

              3. 323

2

1

2

212

3

1

5

15 5555  S ;  

              4. 2

33213

3

1

3

2

2

2

2

12

4

1

6

16 3126296  S . 
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Example.  If ],,[ zyxRp , )()()( mmnmmnmmn yxzzxyzyxp  , Nnm , , then 

  nmmmmnnmmmmnnmmmmn zzyxzyzyxyxxzyxp )()()(  

nmnm SSS  . 

     Theorem 2. If 0,0,0  zyx , then  0,0,0 321   .  

If Rzyx ,, and 0,0,0 321   , then 0,0,0  zyx . 

Proof.  By equation u : 032

2

1

3   uuu , if  0u , then 032

2

1

3   uuu . So, 

0u  and 0,0,0  zyx . 

     Theorem 3. If 0,0,0  zyx , then we have the following inequalities: 

(1) 03 2

2

1   ;  

(2) 03 21

3

1   ;  

(3) 31

2

2 3   ;  

(4) 321 9  ;  

(5) 094 321

3

1    (Schur);                     

(6) 2

3

3

2 27  ; 

(7) 3

3

1 27  ;   

(8) 0972 321

3

1   ;  

(9) 027278 321

3

1   . 

     Proof.  

(1) By 0)()()( 222  xzzyyx , we have )(3)( 2 zxyzxyzyx  , i.e. 

03 2

2

1   .  

 (2)  Yields by  (1) by multiplying with 1 . 

 (3) Yields by )(3)( 2 cabcabcba    with zxcyzbxya  ,, . 
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 (4) 9
111

)( 









zyx
zyx  it is 321 9  . 

(5) In abcaccbba 8))()((   we take zacycbxba  ,,     

           ))()(( zyxzyxzyxxyz  , then 094 321

3

1   ; 

(6) 2

3

)4(

213312

)3(
2

22

3

2 27)(33   ;  

(7) 31

)4(

2112

2

1

)1(
2

1

2

1

4

1 93)(33   , so 3

3

1 27  . 

 (8) 0)3()94(972
)2(

)5(
21

3

1321

3

1321

3

1   . 

 (9) 0)9()972(427278
)4(

)8(
321321

3

1321

3

1   . 

Applications 

     1) xyzzyxzyx 9))(( 222  , 0,,  zyx . 

     Solution. The inequality becomes 321

3

132

2

11 929)2(   . 

By (1) we have  2

2

1 3  21

3

1 3  2121

3

1 2   , than by (4) we deduce 

2121

3

1 2   321

3

1 92   . 

     2) )()()()(2 222333 yxzxzyzyxzyx  , 0,,  zyx . 

     Solution.  The inequality becomes 

 321321

3

1 3)33(2  0972 321

3

1   , true by (8). 

     3)  
zyxxzzyyx 










9222
, 0,,  zyx . 

     Solution. The inequality becomes  

  ))()((9))(())(())(()(2 xzzyyxyzxzzyxyzxyxzyx   or 

 )(9)3(2 321221  S  )(9)32(2 32122

2

11   
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0972 321

3

1   ,   true by  (8). 

     4) 
3222

333 zyx

zyx

zyx 





, 0,,  zyx . 

     Solution.  The inequality becomes successively  

 )2()33(33 2

2

11321

3

1213 SSS 0972 321

3

1   , 

true by  (8). 

     5)  )(9)( 3333 zyxzyx  , 0,,  zyx . 

     Solution. The inequality becomes successively  3

3

1 9S 027278 321

3

1   ,  

true by (9). 

     6)  If 0,, zyx  such that 1 zyx ,  then  

4

1
))(31(

44

1

111









zxyzxy

m

y

xz

x

yz

z

xy
, where ),,min( zyxm  . 

     Solution. 
z

xyz
xy

z

z
xy

z

xy

z

z

z 



















 11
1

11
1

1

1
. Analogusly: 

x

xyz
yz

x

yz




 11
 şi 

y

xyz
xz

x

xz




 11
; then 




 z
xyzxy

z

xy

1

1

1
. 

 
4

9

1

1
9)1(

1

1
















z
z

z
; so, 32

4

9

1

1

1
 







z
xyzxy

z

xy
. 

From  )31(
44

1

4

9
941)31(1 2323221  

m
m . 

Therefore, )31(
44

1

111
2









m

y

xz

x

yz

z

xy
. 

0)31(
4

031
3

1

3

)(
222

2




 
mzyx

zxyzxy  , so 
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4

1
))(31(

44

1

111









zxyzxy

m

y

xz

x

yz

z

xy
. 

Equality occurs iff 
3

1
 zyx . 

     7)  Prove that in any triangle ABC  holds: 

     a) 222)(2 cbacabcab  ; 

     b) )(2))(( 333222 cbacbacba  . 

     Solution. a) We denote cbazcbaycbax  ,, , where 0,, zyx . 

We have 
2

,
2

,
2

zy
c

zx
b

yx
a








  and the inequality becomes 

4

)()()(

2

))(())(())(( 222 xzzyyxyzxzzyxyzxyx 



 

,  true. 

b) The inequality becomes successively 




















 








 








 
)(

222

222

zyx
xzzyyx



















 








 








 
333

222
2

xzzyyx
 

03 321   , true. 

     8) Prove that among all triangles with the same perimeter, the equilateral triangle has the 
maximum area. 

     Solution.  Let cba ,,  be the sides of triangle and p the semiperimeter, so 12 p . 

The area of triangle is 
16

))()()(( cbabcaacbcba
S


 . 

We denote cbazcbaycbax  ,, , then: 

36

3

274

1

4

1

16

)(
2

1

3

1
1

)7(

31


 




xyzzyx
S . 

022)3(2 22222   SS
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Hence,  
36

32

1  represents the area of an equilateral triangle with the side  
3

1l . 

     9) (IMO, 1977) )()()(3 222333 yxzzxyzyxxyzzyx  , 0,,  zyx . 

     Solution.  The inequality becomes successively  

0943333 321

3

13213321

3

1   ,  i.e. the inequality of  Schur. 

     10) (IMO, 1964) Prove that in any triangle ABC is true the following inequality: 

                                  abccbacbcabacba 3)()()( 222  . 

     Solution. Denoting cbazcbayacbx  ,,  ( 0,, zyx )the inequality 

becomes:   

  ))()((
8

3

4
)( 2 yxxzzy

x
zy    xyzyxxyzzy 23)2(2 222  

3213321

2 963))()((
8

3

4
)(   yxxzzy

x
zy , 

true by (4). 

     11)   )(2)( 222222444 xzzyyxzyxxyzzyx  , 0,,  zyx . 

     Solution.  The inequality becomes successively  

 13

2

23131

2

22

2

1

4

113

2

2314 42424)3(2 S  

094 321

3

1   ,  i.e.  Schur’s inequality. 

     12) If 0,, zyx   such that 1 zyx  , then 64
1

1
1

1
1

1 



























zyx
. 

     Solution. The inequality becomes successively  

321 632631   xyzzxyzxyzyx , true since 
12 226   , 

3

3

1 542    and 32 9  . 

     13) ( Moldavia Republic , National Math Olympiad 1993)   
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                            ))()(()()( 22 zyxzyzxzyyzxx  , 0,,  zyx . 

     Solution.  The inequality becomes successively  

 32133

222222333 333 Sxzzxzyyzyxxyxyzzyx  

094 321

3

1   ,  true (Schur). 

     14) If 0,, zyx  such that 1xyz , then  

))((1827)()(2 33 zxyzxyzyxzxyzxyzyx  . 

    Solution.  The inequality becomes successively  21

3

2

3

1 182732   . 

21

3

1321

3

1 8182094    ; 21

3

221

2

3

3

2 1227349    and 

1829 21321   ,  which by adding up yields to the desired inequality la inegalitatea. 

     15) 222222333 )(3 cbacbaabccba  , Rcba  ,,  

    Solution.  Denoting ,
222 cba

a
x


 ,

222 cba

b
y




222 cba

c
z


 ,  

( 0,0,0  cba  )  and we have 1222  zyx . The case  0 cba  it is obvious. 

The inequality becomes successively  : 

 2)3(1))((13 2

11

222333 zxyzxyzyxzyxxyzzyx  

0)2()1( 1

2

1   , true. 

Equality occurs if 011  cabcab   or if 

00)(2322 222

1   cbaabaaab . 
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