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FUNDAMENTAL SYMMETRIC POLYNOMIALS IN ALGEBRAIC INEQUALITIES
By Marius Dragan and Neculai Stanciu-Romania

Definition: Polinomyal p € R[X, YV, z] it is symmetric in the variables x, y, z if for any
permutation o of the variables x,y,z we have: o(p) = p, i.e. the polynomial p satisfy
pP(X,y,2) = p(x,z,y) = p(Y, X, 2) = p(y,Z,X) = P(Z,X, ¥) = P(Z, ¥, X) .
Polynomials: o, e R[X,y,2],0, =x+y+2;0, €R[X,V,2],0, =Xy+Yyz+2X; o, € R[X,y,2],
0, = XYz they are called fundamental symmetric polynomials.

Lemma. Polynomials S, = x* + y* +z* can be expressed using polynomials &,,c,,0,.

Proof. We have that:

S, =0,5,,-0,S, ,+0.5, 5, Vk>3(S,=3,S, =0,,5, =07,), (1).

Indeed, substituting S, ;,S, ,,S, ;,0,,0,,0, through their expressions we obtain

(X+y+2)(XT+y T+ 2D —(xy+ yz+ )X+ Yy P 42 +
+xyz(X* P+ y P+ 2%y = xF +y* 42,

Theorem 1. Any symmetric polynomial in three variables x,y,z can be expressed
uniquely with the help of fundamental symmetric polynomials.Waring's formula is deduced
from formula (1):

_\k—A—A—As N A~h st~
i:Z( D (h+4, + 4 —Dloy oy o, ,unde 4, +24, +34, =k, (2).
K PAVRYR

By (2), we obtain S, (k = ?E):
1. S, = 0. -30,0, +30,;
2. S, =0, —40l0, +20; +40,0,;
3. S, =0, 500, +50,05 +50/ 0, —50,05;

4. S, = 0'16 - 60'140'2 +90'12c722 - 20'2 + 601303 -120,0,0, +30'§ .
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Example. If peR[x,y,z], p=x"(y"+z")+y" (X" +z™)+z"(x" +y™), m,ne N, then
p=Xx"(y"+z" +x")=x"" +y" (X" +y" +z")—y"" +2"(X" +y" +2")-z"" =
=S,S, =S,

Theorem 2.If x>0,y >0,z>0, then o, >0,0, >0,0, >0.
If x,y,zeRand o, >0,0, >0,0, >0,then x>0,y >0,z>0.

Proof. By equation u:u°’-o,Uu° +0o,u—0c, =0,if u<O0,then u®-ou®+o,u—oc, <0.So,

u>0and x>0,y>0,z>0.
Theorem 3. If x>0,y >0,z >0, then we have the following inequalities:
(1) 0'12 -30, 20;
(2) 0'13 —30,0, 20;
(3) 022 >30,05,;
(4) 0,0, 290,;
(5) o} - 40,0, +90, >0 (Schur);
(6) 02 > 27032;
(7) 013 >270,;
(8) 20, — 70,0, +90, > 0;
(9) 80 -270,0, + 270, > 0.
Proof.

(1) By (X=Y)’+(y-2)’+(z—x)>=>0, we have (X+y+2)>>3(xy+yz+2x), ie.

o’ —-30,>0.
(2) Yields by (1) by multiplying with o .
(3) Yields by (a+b+c)? >3(ab+bc+ca) with a=xy,b=yz,c=2zx.
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(4) (x+y+z)[%+%+%j29 itis oy0, 290;.

(5) In (a+b)(b+c)(c+a)>8abc wetake a+b=x,b+c=y,c+a=1z

Xyz> (—X+y+z)(X—y+2)(x+y —2), then o} —40,0, +90, >0;

(3 (4)
(6) o5 =0,0) >0, 30,0, =30,(0,0,) > 275Z;

(@) (4)
(7) o) =0l0? >0/ 30, =30,(0,0,) >30,90,, 50 &, >270,.

(2)
(8) 26} ~70,0, +90, = (6, — 40,0, +90,) + (0} —30,0,) (%) 0.

(9) 867 —270,0, + 270, =420, — 70,0, +90,) + (0,0, —90,) % 0.
Applications
1) (X+y+2)(X* +y? +2%)>9xyz, VX,y,2>0.
Solution. The inequality becomes &, (o —25,) > 90, < o, > 20,0, +90,.
By (1) we have ¢ > 30, <> o, > 30,0, < o, > 20,0, +0,0,, than by (4) we deduce
o) > 20,0, +0,0,= 0, > 20,0, +90,.
2) 203+ Yy} + ) > X3 (y+2) + Y (z+ X) + 2% (X+Y), VX, Y,z >0.
Solution. The inequality becomes
2(c? -30,0, +30,) > 0,0, —30, < 206. - 70,0, +90, >0, true by (8).

3) 2 + 2 + 2 > 9 , VX, y,2>0.
X+yY Y+Z Z+X X+y+12Z

Solution. The inequality becomes
2(x+ Y+ 2)((X+ Y)(X+ 2) + (Y + X)(Y +2) + (2 + X)(Z + Y)) = O(X+ y)(Y + 2)(z + X) or

206,(S, +30,) > 90,0, —0,) < 20,(c? — 20, +30,) > 90,0, —0,) &
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< 267 -T70,0,+90, >0, trueby (8).

x}+y®+7° S Xty+z

4 >
)x2+y2+22 3

, VX, ¥,2>0.

Solution. The inequality becomes successively
3S, >S,S, < 3(c) - 30,0, +30,) > 0,(67 - 20,) < 26. ~T10,0, +90, >0,
true by (8).
5) (x+y+2)°>9(x*+y*+2°%), vx,y,z>0.
Solution. The inequality becomes successively o >9S, < 8c) —270,0, + 270, >0,
true by (9).
6) If X,y,z>0 suchthat x+y+z=1, then

Xy yz xz 1 1
+ <———A-3(xy+Yyz+2x)) <=, where m=min( x, Y, z
1+z 1+Xx 1+y 4 4( (xy+y ) 4’ (xy.2).

Solution. ! =1- z = Xy _ 3/(1—LJ—XY—& Analogusly:
1+z 1+z  1+z 1+z 1+
yz Xyz . Xz Xyz y
——— =y7——— §i —— =XZ——— then Xy—Xyzy ——
1+x y 1+x i 1+x 1+y’ Z Z - yz
1 9 9
1+2))29= » —>—;5s0 Xy — Xyz —< ——0,.
(Zl+z)(z( )) 1+z 4 1+z =2~ yz 473

From o, =1=m(-30,)<1- 40'2+9O'3:>O'2—%O'3<%—m(1 30,).

S A G 31—9(1—302).
1+z 1+x 1+y 4 4

Therefore,

2
Xy + yz+zx£%:>a2 3%31—302 20:—%(1—302)30 , SO
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Xy yz xz 1
+ <———A-3(xy+yz+zx <—
1+z 1+X 1+y 4 4( (xy+y )

Equality occurs iff x=y =2z = %

7) Prove that in any triangle ABC holds:

a) 2(ab+bc+ca) >a’ +b* +c?;

b) (a* +b* +c®)(a+b+c)>2(@%+b® +c?).

Solution. a) We denote x=a+b—-c,y=a—-b+c,z=-a+b+c,where x,y,z>0.

X+Y | _X+2 y+12

We have a = 5 ,C= 5 and the inequality becomes

(X+Y)X+2)+(Y+ XNy +2)+(z+xX)(z+Y) . (X+y)?+(y+2)* +(z+x)?
2 4

< 2(S, +30,)>2S, +20, <0, >0, true.

b) The inequality becomes successively

(2] (5] (3 w2205 (5

& 0,0, +30; >0, true.

8) Prove that among all triangles with the same perimeter, the equilateral triangle has the
maximum area.
Solution. Let a,b,c be the sides of triangle and p the semiperimeter, so 2p = o;.

(a+b+c)b+c—a)a+c—b)(a+b-c)
16 '

The area of triangle is S =

We denote x=a+b—-c,y=a—-b+c,z=-a+b+c, then:

(X+Yy+2z)xyz _ 1 (7> 1 al af\/_
16 27
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2
o3 . . . . o
Hence, —% represents the area of an equilateral triangle with the side | = ?1

9) (IMO, 1977) x°> + Yy + 2% +3xyz > X*(y+ 2) + Y* (X + 2) + 2° (X + y), VX, Y,z > 0.
Solution. The inequality becomes successively
o. —30,0, +30, +30, > 0,0, — 30, < o, —40,0, +90, >0, i.e. the inequality of Schur.
10) (IMO, 1964) Prove that in any triangle ABC is true the following inequality:
a’(b+c—a)+b*(a+c—b)+c*(a+b—c)<3abc.

Solution. Denoting x=b+c—a,y=a-b+c,z=a+b-c ( X,y,z>0)the inequality

becomes:

> (y+2)? % < g(y+ 2)(z+X)(x+y) <= 2D (y* +2° +2yz)x§3(Zx2y+2xyz)<:>

X
<D (y+2) 2 < g(y+ 2)(z + X)(x+Y) < 0,0, —30, > 60, < 0,0, >90,,
true by (4).
11) x'+y* + 2% + xyz(x+ y+2) > 2(x’y* + y?z® + 2°x%), vx,y,z > 0.
Solution. The inequality becomes successively
S, +0,0, > 2(c? —30,0,) < o) —40{0, +205 +40,0, + 0,0, > 205 — 40,0, &

< o) —40,0, +90, >0, i.e. Schur’sinequality.
1 1 1
12) If X,y,z>0 suchthat x+y+z=1,then|1+— |1+—||1+— |>64.
X y z

Solution. The inequality becomes successively

1+ X+y+z+Xy+Yyz+2X>263Xyz < 20, + 0, = 630;,, true since 60, <2 =20,

20} <540, and ¢, <90,.

13) ( Moldavia Republic , National Math Olympiad 1993)
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X(X=2)>+y(y—2)> > (x-2)(y—2)(Xx+ y+12),VXx,y,z>0.
Solution. The inequality becomes successively
X3+ y® +2° +3xyz > xy? + yx* +yz° + 2y® + X’ + x2°* < S, + 30, > 0,0, — 30, <
& o) 40,0, +90, >0, true (Schur).

14) If x,y,z > 0 such that xyz=1, then
2(X+ Y +2)° + (Xy+ yz+2x)° + 27 > 18(X + Y + 2)(Xy + yZ + 2X).

Solution. The inequality becomes successively 2c7 + 305 +27 >180,0, .
o} -40,0,+90, >0« 20’ +18>80,0, ; o5 +90? > 40,0, < 30, +27>120,6, and
0,0, 290, < 20,0, 218, which by adding up yields to the desired inequality la inegalitatea.

15) a° +b® +c® —3abc > (a2 +b? +c2)Wa? +b% +¢2, va,b,c e R

a b c
Solution. Denoting X=————, Yy = 7=

’ y ) ’
va? +b? +c? va? +b? +c? va?+b? +¢c?

(a#0,b=0,c#0 ) and we have x> +y* +z° =1.The case a=b=c=0 itis obvious.

The inequality becomes successively :
X+ yP+2° -3xyz<le (X+y+2)(XP +y2 + 2 —xy-yz-X) <1l 0,(3-0)) <2 =
< (0, -1)%(o, +2) =0, true.
Equality occurs if o, =1<ab+bc+ca=0 orif
o,=22)ab=3)a’=2> (a-h)*+> a*=0<a=b=c=0.
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