
 
JP.543 Find 𝒙, 𝒚, 𝒛 > 0 such that 𝒙 + 𝒚 + 𝒛 = 𝟏 and 

(
𝒙𝟓

𝒚𝒛 + 𝟏
+

𝒚𝟓

𝒛𝒙 + 𝟏
+

𝒛𝟓

𝒙𝒚 + 𝟏
)(

𝒙𝟕

𝒚𝒛 + 𝟏
+

𝒚𝟕

𝒛𝒙 + 𝟏
+

𝒛𝟕

𝒙𝒚 + 𝟏
) =

𝟏

𝟕𝟐𝟗𝟎𝟎
 

Proposed by Daniel Sitaru – Romania  

Solution 1 by proposer 

∑
𝒙𝟓

𝒚𝒛 + 𝟏
𝒄𝒚𝒄

=∑
𝒙𝟔

𝒙𝒚𝒛 + 𝒙
𝒄𝒚𝒄

=∑
(𝒙𝟑)𝟐

𝒙𝒚𝒛 + 𝒙
𝒄𝒚𝒄

≥ 

≥
𝑩𝑬𝑹𝑮𝑺𝑻𝑹𝑶𝑴 (𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑)𝟐

𝟑𝒙𝒚𝒛 + 𝒙+ 𝒚 + 𝒛
≥

𝑨𝑴−𝑮𝑴 (𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑)𝟐

𝟑 ⋅ (
𝒙 + 𝒚 + 𝒛

𝟑 )
𝟑

+ 𝟏

= 

=
(𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑)𝟐

𝟑 ⋅
𝟏
𝟐𝟕 + 𝟏

≥
𝑱𝑬𝑵𝑺𝑬𝑵 𝟏

𝟏
𝟗 + 𝟏

⋅ (𝟑 ⋅ (
𝒙 + 𝒚 + 𝒛

𝟑
)
𝟑

)

𝟐

= 

=
𝟗

𝟏𝟎
⋅ 𝟗 ⋅

𝟏

𝟑𝟔
=

𝟑𝟒

𝟑𝟔 ⋅ 𝟏𝟎
=

𝟏

𝟗𝟎
 

Analogous: 

∑
𝒙𝟕

𝒚𝒛 + 𝟏
𝒄𝒚𝒄

≥
𝟏

𝟖𝟏𝟎
 

By multiplying: 

(∑
𝒙𝟓

𝒚𝒛 + 𝟏
𝒄𝒚𝒄

) ⋅ (∑
𝒙𝟕

𝒚𝒛 + 𝟏
𝒄𝒚𝒄

) ≥
𝟏

𝟕𝟐𝟗𝟎𝟎
 

Equality holds for 𝒙 = 𝒚 = 𝒛 =
𝟏

𝟑
. 

Solution 2 by Marin Chirciu-Romania 

∑
𝒙𝟓

𝒚𝒛 + 𝟏
≥

𝑯𝒐𝒍𝒅𝒆𝒓 (∑𝒙)𝟓

𝟑𝟑∑(𝒚𝒛 + 𝟏)
=

𝟏𝟓

𝟑𝟑(∑𝒚𝒛 + 𝟑)
≥
𝑺𝑶𝑺 𝟏

𝟑𝟑 (
𝟏
𝟑 + 𝟑)

=
𝟏

𝟗𝟎
, 

with equality for 𝒙 = 𝒚 = 𝒛 =
𝟏

𝟑
. 

We have used ∑𝒚𝒛 ≤
𝟏

𝟑
, see: 𝟏 = (𝒙 + 𝒚 + 𝒛)𝟐 ≥ 𝟑(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) ⇒ 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 ≤

𝟏

𝟑
 

Analogous: 



 

∑
𝒙𝟕

𝒚𝒛 + 𝟏
≥

𝑯𝒐𝒍𝒅𝒆𝒓 (∑ 𝒙)𝟕

𝟑𝟓∑(𝒚𝒛 + 𝟏)
=

𝟏𝟕

𝟑𝟓(∑𝒚𝒛 + 𝟑)
≥
𝑺𝑶𝑺 𝟏

𝟑𝟓 (
𝟏
𝟑 + 𝟑)

=
𝟏

𝟖𝟏𝟎
 

with equality for 𝒙 = 𝒚 = 𝒛 =
𝟏

𝟑
 

It follows: 

∑
𝒙𝟓

𝒚𝒛+𝟏
⋅ ∑

𝒙𝟕

𝒚𝒛+𝟏
≥

𝟏

𝟗𝟎
⋅

𝟏

𝟖𝟏𝟎
=

𝟏

𝟕𝟐𝟗𝟎𝟎
, with equality for 𝒙 = 𝒚 = 𝒛 =

𝟏

𝟑
. 

We deduce that 𝒙 = 𝒚 = 𝒛 =
𝟏

𝟑
 is the solution of the problem. 

Remark. 

The inequality can be developed. 

Let 𝒏 ∈ ℕ. Find 𝒙, 𝒚, 𝒛 > 𝟎 such that 𝒙 + 𝒚 + 𝒛 = 𝟏 and 

∑
𝒙𝒏+𝟐

𝒚𝒛 + 𝟏
⋅∑

𝒙𝒏+𝟒

𝒚𝒛 + 𝟏
=

𝟏

𝟗𝒏 ⋅ 𝟏𝟎𝟎
 

Marin Chirciu 

Solution 

∑
𝒙𝒏+𝟐

𝒚𝒛 + 𝟏
≥

𝑯𝒐𝒍𝒅𝒆𝒓 (∑𝒙)𝒏+𝟐

𝟑𝒏∑(𝒚𝒛 + 𝟏)
=

𝟏𝒏+𝟐

𝟑𝒏(∑𝒚𝒛 + 𝟑)
≥
𝑺𝑶𝑺 𝟏

𝟑𝒏 (
𝟏
𝟑 + 𝟑)

=
𝟏

𝟑𝒏−𝟏 ⋅ 𝟏𝟎
, 

with equality for 𝒙 = 𝒚 = 𝒛 =
𝟏

𝟑
 

We have used ∑𝒚𝒛 ≤
𝟏

𝟑
, see: 𝟏 = (𝒙 + 𝒚 + 𝒛)𝟐 ≥ 𝟑(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) ⇒ 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 ≤

𝟏

𝟑
. 

Analogous: 

∑
𝒙𝒏+𝟒

𝒚𝒛 + 𝟏
≥

𝑯𝒐𝒍𝒅𝒆𝒓 (∑𝒙)𝒏+𝟒

𝟑𝒏+𝟐 ∑(𝒚𝒛 + 𝟏)
=

𝟏𝒏+𝟒

𝟑𝒏+𝟐(∑𝒚𝒛 + 𝟑)
≥
𝑺𝑶𝑺 𝟏

𝟑𝒏+𝟐 (
𝟏
𝟑 + 𝟑)

=
𝟏

𝟑𝒏+𝟏 ⋅ 𝟏𝟎
, 

with equality for 𝒙 = 𝒚 = 𝒛 =
𝟏

𝟑
. 

It follows: 

∑
𝒙𝒏+𝟐

𝒚𝒛+𝟏
⋅ ∑

𝒙𝒏+𝟒

𝒚𝒛+𝟏
≥

𝟏

𝟑𝒏−𝟏⋅𝟏𝟎
⋅

𝟏

𝟑𝒏+𝟏⋅𝟏𝟎
=

𝟏

𝟑𝟐𝒏⋅𝟏𝟎𝟎
, with equality for 𝒙 = 𝒚 = 𝒛 =

𝟏

𝟑
. 

We deduce that 𝒙 = 𝒚 = 𝒛 =
𝟏

𝟑
 is the solution of the problem. 

Remark: For 𝒏 = 𝟑 we obtain Problem JP.543 from RMM Nr. 37 – Summer 2025 


