
 
JP.544 If 𝒙, 𝒚 ∈ ℝ then: 

𝐥𝐨𝐠(𝟏 + 𝟑 𝐬𝐢𝐧𝟐 𝒙) ⋅ 𝐥𝐨𝐠(𝟏 + 𝟑𝐜𝐨𝐬𝟐 𝒙 𝐬𝐢𝐧𝟐 𝒚) ⋅ 𝐥𝐨𝐠(𝟏 + 𝟑 𝐜𝐨𝐬𝟐 𝒙 𝐜𝐨𝐬𝟐 𝒚) ≤ 𝐥𝐨𝐠𝟑 𝟐 

Proposed by Daniel Sitaru – Romania  

Solution 1 by proposer 

𝐥𝐨𝐠(𝟏 + 𝟑𝐬𝐢𝐧𝟐 𝒙) ⋅ 𝐥𝐨𝐠(𝟏 + 𝟑𝐜𝐨𝐬𝟐 𝒙 𝐬𝐢𝐧𝟐 𝒚) ⋅ 𝐥𝐨𝐠(𝟏 + 𝟑 𝐜𝐨𝐬𝟐 𝒙 𝐜𝐨𝐬𝟐 𝒚) ≤ 

≤
𝑨𝑴−𝑮𝑴

(
𝐥𝐨𝐠(𝟏 + 𝟑𝐬𝐢𝐧𝟐 𝒙) + 𝐥𝐨𝐠(𝟏 + 𝟑𝐜𝐨𝐬𝟐 𝒙 𝐬𝐢𝐧𝟐 𝒚) + 𝐥𝐨𝐠(𝟏 + 𝟑𝐜𝐨𝐬𝟐 𝒙 𝐜𝐨𝐬𝟐 𝒚)

𝟑
)

𝟑

= 

=
𝟏

𝟐𝟕
⋅ (𝐥𝐨𝐠 ((𝟏 + 𝟑𝐬𝐢𝐧𝟐 𝒙) ⋅ (𝟏 + 𝟑𝐜𝐨𝐬𝟐 𝒙 𝐬𝐢𝐧𝟐 𝒚) ⋅ (𝟏 + 𝟑𝐜𝐨𝐬𝟐 𝒙 𝐜𝐨𝐬𝟐 𝒚)))

𝟑

≤ 

≤
𝑨𝑴−𝑮𝑴 𝟏

𝟐𝟕
⋅ (𝐥𝐨𝐠(

𝟏 + 𝟑𝐬𝐢𝐧𝟐 𝒙 + 𝟏 + 𝟑 𝐜𝐨𝐬𝟐 𝒙 𝐬𝐢𝐧𝟐 𝒚 + 𝟏 + 𝟑𝐜𝐨𝐬𝟐 𝒙 𝐜𝐨𝐬𝟐 𝒚

𝟑
)

𝟑

)

𝟑

= 

=
𝟏

𝟐𝟕
⋅ (𝟑 𝐥𝐨𝐠

𝟑 + 𝟑𝐬𝐢𝐧𝟐 𝒙 + 𝟑𝐜𝐨𝐬𝟐 𝒙 (𝐬𝐢𝐧𝟐 𝒚 + 𝐜𝐨𝐬𝟐 𝒚)

𝟑
)

𝟑

= 

=
𝟏

𝟐𝟕
⋅ 𝟐𝟕 ⋅ (𝐥𝐨𝐠

𝟑 + 𝟑(𝐬𝐢𝐧𝟐 𝒙 + 𝐜𝐨𝐬𝟐 𝒙)

𝟑
)

𝟑

= 

= (𝐥𝐨𝐠
𝟑 + 𝟑

𝟑
)
𝟑

= 𝐥𝐨𝐠𝟑 𝟐 

Equality holds for 𝒙 = ±𝐚𝐫𝐜𝐭𝐚𝐧
𝟏

𝟐
; 𝒚 =

𝝅

𝟒
 

Solution 2 by Marin Chirciu-Romania 

Using 𝐥𝐨𝐠𝒂 ⋅ 𝐥𝐨𝐠𝒃 ⋅ 𝐥𝐨𝐠 𝒄 ≤
𝑨𝑴−𝑮𝑴

(
𝐥𝐨𝐠 𝒂+𝐥𝐨𝐠 𝒃+𝐥𝐨𝐠 𝒄

𝟑
)
𝟑

≤
(𝟏)

𝐥𝐨𝐠𝟑 𝟐, 

for (𝒂, 𝒃, 𝒄) = (𝟏 + 𝟑 𝐬𝐢𝐧𝟐 𝒙 , 𝟏 + 𝟑𝐜𝐨𝐬𝟐 𝒙 𝐬𝐢𝐧𝟐 𝒚 , 𝟏 + 𝟑 𝐜𝐨𝐬𝟐 𝒙 𝐜𝐨𝐬𝟐 𝒚) and 

(1) ⇔
𝐥𝐨𝐠 𝒂+𝐥𝐨𝐠 𝒃+𝐥𝐨𝐠 𝒄

𝟑
≤ 𝐥𝐨𝐠 𝟐 ⇔ 𝐥𝐨𝐠 𝒂 + 𝐥𝐨𝐠 𝒃 + 𝐥𝐨𝐠 𝒄 ≤ 𝐥𝐨𝐠 𝟖 ⇔ 

⇔ 𝐥𝐨𝐠(𝒂𝒃𝒄) ≤ 𝐥𝐨𝐠 𝟖 ⇔ 𝒂𝒃𝒄 ≤ 𝟖, see 𝒂𝒃𝒄 ≤
𝑨𝑴−𝑮𝑴

(
𝒂+𝒃+𝒄

𝟑
)
𝟑

≤
(𝟐)

𝟖 ⇔ 

⇔
𝒂+ 𝒃+ 𝒄

𝟑
≤ 𝟐 ⇔ 𝒂 + 𝒃 + 𝒄 ≤ 𝟏𝟔 ⇔ 𝟏 + 𝟑 𝐬𝐢𝐧𝟐 𝒙 + 𝟏 + 𝟑𝐜𝐨𝐬𝟐 𝒙 𝐬𝐢𝐧𝟐 𝒚 +𝟏 + 

+𝟑𝐜𝐨𝐬𝟐 𝒙 𝐜𝐨𝐬𝟐 𝒚 ≤ 𝟔 ⇔ 

⇔ 𝟑𝐬𝐢𝐧𝟐 𝒙 + 𝟑𝐜𝐨𝐬𝟐 𝒙 𝐬𝐢𝐧𝟐 𝒚 + 𝟑 𝐜𝐨𝐬𝟐 𝒙 𝐜𝐨𝐬𝟐 𝒚 ≤ 𝟑 ⇔ 



 
⇔ 𝐬𝐢𝐧𝟐 𝒙 𝐜𝐨𝐬𝟐 𝒙 𝐬𝐢𝐧𝟐 𝒚 + 𝐜𝐨𝐬𝟐 𝒙 𝐜𝐨𝐬𝟐 𝒚 ≤ 𝟏 ⇔ 

⇔ 𝐬𝐢𝐧𝟐 𝒙 + 𝐜𝐨𝐬𝟐 𝒙 (𝐬𝐢𝐧𝟐 𝒚 + 𝐜𝐨𝐬𝟐 𝒚) ≤ 𝟏 ⇔ 𝐬𝐢𝐧𝟐 𝒙 + 𝐜𝐨𝐬𝟐 𝒙 ⋅ 𝟏 ≤ 𝟏 ⇔ 𝟏 ≤ 𝟏, obviously. 

Equality holds if and only if: 

𝒂 = 𝒃 = 𝒄 ⇔ 𝟏 + 𝟑𝐬𝐢𝐧𝟐 𝒙 = 𝟏 + 𝟑 𝐜𝐨𝐬𝟐 𝒙 𝐬𝐢𝐧𝟐 𝒚 = 𝟏 + 𝟑𝐜𝐨𝐬𝟐 𝒙 𝐜𝐨𝐬𝟐 𝒚 ⇔ 

⇔ 𝟑𝐬𝐢𝐧𝟐 𝒙 = 𝟑 𝐜𝐨𝐬𝟐 𝒙 𝐬𝐢𝐧𝟐 𝒚 = 𝟑𝐜𝐨𝐬𝟐 𝒙 𝐜𝐨𝐬𝟐 𝒚 ⇔ 

𝐬𝐢𝐧𝟐 𝒙 = 𝐜𝐨𝐬𝟐 𝒙 𝐬𝐢𝐧𝟐 𝒚 = 𝐜𝐨𝐬𝟐 𝒙 𝐜𝐨𝐬𝟐 𝒚 

From 𝐜𝐨𝐬𝟐 𝒙 𝐬𝐢𝐧𝟐 𝒚 = 𝐜𝐨𝐬𝟐 𝒙 𝐜𝐨𝐬𝟐 𝒚 we obtain 𝐜𝐨𝐬𝟐 𝒙 = 𝟎 or 𝐬𝐢𝐧𝟐 𝒚 = 𝐜𝐨𝐬𝟐 𝒚 ⇔

𝐭𝐚𝐧𝟐 𝒚 = 𝟏 

 


