
 
JP. 545 If 𝒙, 𝒚, 𝒛 > 0 then: 

𝒙

𝟕𝒙 + 𝟓𝒚 + 𝟓𝒛
+

𝒚

𝟓𝒙 + 𝟕𝒚 + 𝟓𝒛
+

𝒛

𝟓𝒙 + 𝟓𝒚 + 𝟕𝒛
≤
𝟑

𝟏𝟕
 

Proposed by Daniel Sitaru – Romania  

Solution 1 by proposer 

Denote: {

𝟕𝒙 + 𝟓𝒚 + 𝟓𝒛 = 𝒖
𝟓𝒙 + 𝟕𝒚 + 𝟓𝒛 = 𝒗
𝟓𝒙 + 𝟓𝒚 + 𝟕𝒛 = 𝒘

⇒

{
 
 

 
 𝒙 =

𝟏

𝟑𝟒
(𝟏𝟐𝒖 − 𝟓𝒗 − 𝟓𝒘)

𝒚 =
𝟏

𝟑𝟒
(−𝟓𝒖 + 𝟏𝟐𝒗 − 𝟓𝒘)

𝒛 =
𝟏

𝟑𝟒
(−𝟓𝒖 − 𝟓𝒗 + 𝟏𝟐𝒘)

 

∑
𝒙

𝟕𝒙 + 𝟓𝒚 + 𝟓𝒛
𝒄𝒚𝒄

=∑
𝟏𝟐𝒖 − 𝟓𝒗 − 𝟓𝒘

𝟑𝟒𝒖
𝒄𝒚𝒄

=
𝟏

𝟑𝟒
∑(𝟏𝟐 − 𝟓 (

𝒗

𝒖
+
𝒘

𝒗
))

𝒄𝒚𝒄

= 

=
𝟏𝟐 ⋅ 𝟑

𝟑𝟒
−
𝟓

𝟑𝟒
∑(

𝒗

𝒖
+
𝒘

𝒗
)

𝒄𝒚𝒄

≤
𝟑𝟔

𝟑𝟒
−
𝟓 ⋅ 𝟔

𝟑𝟒
=
𝟔

𝟑𝟒
=
𝟑

𝟏𝟕
 

Equality holds for 𝒙 = 𝒚 = 𝒛 = 𝟏. 

Solution 2 by Marin Chirciu-Romania 

Return the inequality: ∑
𝒙

𝟕𝒙+𝟓𝒚+𝟓𝒛
≤

𝟑

𝟏𝟕
⇔ ∑

𝒚+𝒛

𝟕𝒙+𝟓𝒚+𝟓𝒛
≥

𝟔

𝟏𝟕
, which follows from: 

∑
𝒚+ 𝒛

𝟕𝒙 + 𝟓𝒚 + 𝟓𝒛
=∑

(𝒚 + 𝒛)𝟐

(𝒚 + 𝒛)(𝟕𝒙 + 𝟓𝒚 + 𝟓𝒛)
≥
𝑪𝑺 (∑(𝒚 + 𝒛))𝟐

∑(𝒚 + 𝒛)(𝟕𝒙 + 𝟓𝒚 + 𝟓𝒛)
= 

=
𝟒(∑𝒙𝟐 + 𝟐∑𝒚𝒛)

𝟏𝟎∑𝒙𝟐 + 𝟐𝟒∑𝒚𝒛
≥
(𝟏) 𝟔

𝟏𝟕
, 

where (1) ⇔
𝟒(∑𝒙𝟐+𝟐∑𝒚𝒛)

𝟏𝟎∑𝒙𝟐+𝟐𝟒 ∑𝒚𝒛
≥

𝟔

𝟏𝟕
⇔ ∑𝒙𝟐 ≥ ∑𝒚𝒛 ⇔ ∑(𝒙 − 𝒚)𝟐 ≥ 𝟎. 

Equality holds if and only if 𝒙 = 𝒚 = 𝒛. 

Remark. 

Inequality can be developed. 

If 𝒙, 𝒚, 𝒛 > 0 and 𝝀 ≥ 𝒏 > 0 then 

∑
𝒙

𝝀𝒙 + 𝒏𝒚 + 𝒏𝒛
≤

𝟑

𝝀 + 𝟐𝒏
 

Marin Chirciu  

Solution 

Return the inequality: ∑
𝒙

𝝀+𝒏𝒚+𝒏𝒛
≤

𝟑

𝝀+𝟐𝒏
⇔ ∑

𝒚+𝒛

𝝀𝒙+𝒏𝒚+𝒏𝒛
≥

𝟔

𝝀+𝟐𝒏
, which follows from: 



 

∑
𝒚+ 𝒛

𝝀𝒙 + 𝒏𝒚 + 𝒏𝒛
=∑

(𝒚 + 𝒛)𝟐

(𝒚 + 𝒛)(𝝀𝒙 + 𝒏𝒚 + 𝒏𝒛)
≥
𝑪𝑺 (∑(𝒚 + 𝒛))𝟐

∑(𝒚 + 𝒛)(𝝀𝒙 + 𝒏𝒚 + 𝒏𝒛)
= 

=
𝟒(∑𝒙𝟐 + 𝟐∑𝒚𝒛)

𝟐𝒏∑𝒙𝟐 + 𝟐(𝝀 + 𝒏)∑𝒚𝒛
≥
(𝟏) 𝟔

𝟐𝝀 + 𝒏
 

where (1) ⇔
𝟒(∑𝒙𝟐+𝟐∑𝒚𝒛)

𝟐𝒏∑𝒙𝟐+𝟐(𝝀+𝒏)∑𝒚𝒛
≥

𝟔

𝟐𝝀+𝒏
⇔ (𝝀 − 𝒏)∑𝒙𝟐 ≥ (𝝀 − 𝒏)∑𝒚𝒛, which follows from 

the condition for hypothesis 𝝀 ≥ 𝒏 ≥ 𝟎 and ∑𝒙𝟐 ≥ ∑𝒚𝒛 ⇔ ∑(𝒙 − 𝒚)
𝟐
≥ 𝟎 

Equality holds if and only if 𝒙 = 𝒚 = 𝒛. 

Note. 

For 𝝀 = 𝟕, 𝒏 = 𝟓 we obtain Problem JP.545 from RMM Nr. 37 – Summer 2025 

Solution 3  by Tapas Das-India 

𝒍𝒆𝒕 𝒙 + 𝒚 + 𝒛 = 𝒑, 𝒕𝒉𝒆𝒏 𝒕𝒉𝒆 𝒈𝒊𝒗𝒆𝒏 𝒑𝒓𝒐𝒃𝒍𝒆𝒎 𝒄𝒂𝒏 𝒃𝒆 𝒘𝒓𝒊𝒕𝒕𝒆𝒏 𝒂𝒔 
 

𝒙

𝟐𝒙 + 𝟓𝒑
+

𝒚

𝟐𝒚+ 𝟓𝒑
+

𝒛

𝟐𝒛 + 𝟓𝒑
≤
𝟑

𝟏𝟕
, 𝒍𝒆𝒕 𝒇(𝒂) =

𝒂

𝟐𝒂 + 𝟓𝒑
  

 

𝒘𝒉𝒆𝒓𝒆 𝒂 > 𝟎, 𝒇′(𝒂) =
𝟓𝒑

(𝟐𝒂+ 𝟓𝒑)𝟐
, 𝒇′′(𝒂) =

−𝟏𝟎𝒑

(𝟐𝒂 + 𝟓𝒑)𝟑
   

𝒔𝒐 𝒇 𝒊𝒔 𝒄𝒐𝒏𝒄𝒂𝒗𝒆  𝒊𝒏 𝒂 ∈ (𝟎,∞).  
 

𝑵𝒐𝒘 𝒖𝒔𝒊𝒏𝒈 𝑱𝒆𝒏𝒔𝒆𝒏 𝒇(𝒙) + 𝒇(𝒚) + 𝒇(𝒛) ≤ 𝟑𝒇(
𝒙 + 𝒚 + 𝒛

𝟑
) = 𝟑𝒇 (

𝒑

𝟑
)  𝒐𝒓, 

∑
𝒙

𝟐𝒙 + 𝟓𝒑
=∑

𝒙

𝟕𝒙 + 𝟓𝒚 + 𝟓𝒛
≤  𝟑

𝒑
𝟑

𝟐𝒑
𝟑 + 𝟓𝒑

=
𝟑

𝟏𝟕
 

 

 


