
 
JP.547 In 𝚫𝑨𝑩𝑪: 

∑
𝐜𝐨𝐬𝟒

𝑨
𝟐
+ 𝐜𝐨𝐬𝟒

𝑩
𝟐

𝐜𝐨𝐬𝟐
𝑨
𝟐
+ 𝐜𝐨𝐬𝟐

𝑩
𝟐

≥
𝟗𝒓

𝟐𝑹
 

Proposed by Marin Chirciu – Romania  

Solution 1 by proposer 

Lemma: If 𝒙, 𝒚 > 0 then: 

∑
𝒙𝟒 + 𝒚𝟒

𝒙𝟐 + 𝒚𝟐
≥∑𝒙𝟐 

Proof. 

∑
𝒙𝟒 + 𝒚𝟒

𝒙𝟐 + 𝒚𝟐
≥
𝑪𝑺
∑

(𝒙𝟐 + 𝒚𝟐)𝟐

𝟐
𝒙𝟐 + 𝒚𝟐

=
𝟏

𝟐
∑(𝒙𝟐 + 𝒚𝟐) =

𝟏

𝟐
⋅ 𝟐∑𝒙𝟐 =∑𝒙𝟐 

Let’s get back to the main problem. 

Using Lemma for (𝒙, 𝒚) = (𝐜𝐨𝐬
𝑨

𝟐
, 𝐜𝐨𝐬

𝑩

𝟐
) we obtain: 

∑
𝐜𝐨𝐬𝟒

𝑨

𝟐
+𝐜𝐨𝐬𝟒

𝑩

𝟐

𝐜𝐨𝐬𝟐
𝑨

𝟐
+𝐜𝐨𝐬𝟐

𝑩

𝟐

≥
𝑳𝒆𝒎𝒎𝒂

∑𝐜𝐨𝐬𝟐
𝑨

𝟐
≥

𝟑

𝟒
, see 

∑𝐜𝐨𝐬𝟐
𝑨

𝟐
= 𝟐 +

𝒓

𝟐𝑹
=
𝟒𝑹 + 𝒓

𝟐𝑹
≥

𝑬𝒖𝒍𝒆𝒓 𝟗𝒓

𝟐𝑹
 

Equality holds if and only if the triangle is equilateral. 

Solution 2 by Tapas Das-India 

∑
𝐜𝐨𝐬𝟒

𝑨
𝟐 + 𝐜𝐨𝐬𝟒

𝑩
𝟐

𝐜𝐨𝐬𝟐
𝑨
𝟐 + 𝐜𝐨𝐬𝟐

𝑩
𝟐

≥
𝑪𝑩𝑺

∑
(𝐜𝐨𝐬𝟐

𝑨
𝟐 + 𝐜𝐨𝐬𝟐

𝑩
𝟐)

𝟐

𝟐(𝐜𝐨𝐬𝟐
𝑨
𝟐 + 𝐜𝐨𝐬𝟐

𝑩
𝟐)

= 

 

=∑𝐜𝐨𝐬𝟐
𝑨

𝟐
= (𝟐 +

𝒓

𝟐𝑹
) =

𝟒𝑹 + 𝒓

𝟐𝑹
≥

𝑬𝒖𝒍𝒆𝒓 𝟗𝒓

𝟐𝑹
 

 
Equality holds if and only if the triangle is equilateral. 

 

 

 



 
Solution 3 by Daniel Sitaru-Romania 

∑
𝐜𝐨𝐬𝟒

𝑨
𝟐 + 𝐜𝐨𝐬𝟒

𝑩
𝟐

𝐜𝐨𝐬𝟐
𝑨
𝟐 + 𝐜𝐨𝐬𝟐

𝑩
𝟐

=∑
𝐜𝐨𝐬𝟒

𝑨
𝟐 + 𝐜𝐨𝐬𝟒

𝑩
𝟐

𝐜𝐨𝐬𝟑
𝑨
𝟐 + 𝐜𝐨𝐬𝟑

𝑩
𝟐

∙
𝐜𝐨𝐬𝟑

𝑨
𝟐 + 𝐜𝐨𝐬𝟑

𝑩
𝟐

𝐜𝐨𝐬𝟐
𝑨
𝟐 + 𝐜𝐨𝐬𝟐

𝑩
𝟐

≥⏞
𝑳𝑬𝑯𝑴𝑬𝑹

 

≥∑(
𝐜𝐨𝐬𝟑

𝑨
𝟐 + 𝐜𝐨𝐬𝟑

𝑩
𝟐

𝐜𝐨𝐬𝟐
𝑨
𝟐 + 𝐜𝐨𝐬𝟐

𝑩
𝟐

)

𝟐

𝒄𝒚𝒄

≥⏞
𝑳𝑬𝑯𝑴𝑬𝑹

∑(
𝐜𝐨𝐬𝟐

𝑨
𝟐 + 𝐜𝐨𝐬𝟐

𝑩
𝟐

𝐜𝐨𝐬
𝐀
𝟐 + 𝐜𝐨𝐬

𝐁
𝟐

)

𝟐

𝒄𝒚𝒄

≥⏞
𝑳𝑬𝑯𝑴𝑬𝑹

 

≥∑(
𝐜𝐨𝐬

𝐀
𝟐 + 𝐜𝐨𝐬

𝐁
𝟐

𝟏 + 𝟏
)

𝟐

𝒄𝒚𝒄

≥⏞
𝑨𝑴−𝑮𝑴

∑𝒄𝒐𝒔
𝑨

𝟐
𝒄𝒐𝒔

𝑩

𝟐
𝒄𝒚𝒄

≥⏞
𝑨𝑴−𝑮𝑴

 

≥ 𝟑 ∙ √(∏𝒄𝒐𝒔
𝑨

𝟐
𝒄𝒚𝒄

)

𝟐
𝟑

= 𝟑√(
𝒔

𝟒𝑹
)
𝟐𝟑

=
𝟑

𝟐𝑹
√
𝟏

𝟐
∙ 𝑹𝒔𝟐

𝟑

≥⏞
𝑬𝑼𝑳𝑬𝑹

 

≥
𝟑

𝟐𝑹
√𝒓𝒔𝟐
𝟑

≥⏞
𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰𝑪 𝟑

𝟐𝑹
√𝒓 ∙ 𝟐𝟕𝒓𝟐
𝟑

=
𝟗𝒓

𝟐𝑹
 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

 


