
 
JP.548 If 𝒙, 𝒚, 𝒛 ∈ [𝟎,∞) solve the system: 

{
𝒙𝟐 = 𝒚(𝒚 + 𝒛)

𝒚𝟐 = 𝒛(𝒛 + 𝒙)
 

Proposed by Cristian Miu – Romania  

Solution  by proposer 

If 𝒙 = 𝟎 or 𝒚 = 𝟎, or 𝒛 = 𝟎 it is easy to see that 𝒙 = 𝒚 = 𝒛 = 𝟎. How we can assume that 

𝒙 > 0, 𝑦 > 0 and 𝒛 > 0. 

From 𝒙𝟐 = 𝒚(𝒚 + 𝒛) we obtain that 𝒙 > 𝑦 and from 𝒚𝟐 = 𝒛(𝒛 + 𝒙) we obtain that 𝒚 > 𝑧. 

So 𝒙 > 𝑦 > 𝑧. 

But 𝒙 < 𝑦 + 𝑧 because 𝒙 < 𝑦 + 𝑧 ↔ 𝒙𝟐 < 𝒚𝟐 + 𝒛𝟐 + 𝟐𝒚𝒛 ↔ 𝒚𝟐 + 𝒚𝒛 < 𝒚𝟐 + 𝒛𝟐 + 𝟐𝒚𝒛 ↔ 

↔ 𝟎 < 𝒛𝟐 + 𝒚𝒛. So 𝒙, 𝒚, 𝒛 are the sides of a triangle 𝑿𝒀𝒁. 

Let 𝒀𝒁 = 𝒙, 𝑿𝒁 = 𝒚 and 𝑿𝒀 = 𝒛. 

𝒙𝟐 = 𝒚𝟐 + 𝒚𝒛 ↔ 𝐬𝐢𝐧𝟐𝑿 = 𝐬𝐢𝐧𝟐 𝒀 + 𝐬𝐢𝐧𝒀 𝐬𝐢𝐧𝒁 ↔ 

𝟏 − 𝐜𝐨𝐬 𝟐𝑿

𝟐
=
𝟏 − 𝐜𝐨𝐬𝟐𝒀

𝟐
+ 𝐬𝐢𝐧 𝒀 𝐬𝐢𝐧𝒁 ↔ 𝐜𝐨𝐬𝟐𝒀 − 𝐜𝐨𝐬 𝟐𝑿 = 𝟐 𝐬𝐢𝐧𝒀 𝐬𝐢𝐧𝒁 ↔ 

↔ 𝟐𝐬𝐢𝐧(𝒚 + 𝑿) 𝐬𝐢𝐧(𝑿 − 𝒀) = 𝟐𝐬𝐢𝐧𝒀 𝐬𝐢𝐧 𝒁 ↔ 𝐬𝐢𝐧(𝑿 − 𝒀) 𝐬𝐢𝐧𝒀 ↔ 
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In the same way from 

𝐬𝐢𝐧𝟐 𝒀 = 𝐬𝐢𝐧𝟐 𝒁 + 𝐬𝐢𝐧 𝒁 𝐬𝐢𝐧𝑿 we obtain 𝒀 = 𝟐𝒁 

So 𝑿 = 𝟐𝒀,𝒀 = 𝟐𝒁 and 𝑿 + 𝒀 + 𝒁 = 𝝅. We obtain 
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So 
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 and from here 

𝒙 = 𝒌 𝐬𝐢𝐧
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