
 
JP.549 Let 𝑨𝑩𝑪 be a triangle with inradius 𝒓 and circumradius 𝑹. Prove that: 

∑
𝐬𝐢𝐧𝟑 𝑨 + 𝐬𝐢𝐧𝟑 𝑩

𝐬𝐢𝐧𝟓 𝑨 + 𝐬𝐢𝐧𝟓 𝑩
≤ (

𝑹

𝒓
)

𝟐

 

The sum is over all cyclic permutations of (𝑨, 𝑩, 𝑪). 

Proposed by George Apostolopoulos –Greece  

Solution 1 by proposer 

We will prove that 
𝒂𝟑+𝒃𝟑

𝒂𝟓+𝒃𝟓 ≤
𝟏

𝒂𝒃
. We have  

𝒂𝟓 + 𝒃𝟓 − 𝒂𝒃(𝒂𝟑 + 𝒃𝟑) = 𝒂𝟓 + 𝒃𝟓 − 𝒂𝟒𝒃 − 𝒂𝒃𝟒 = (𝒂 − 𝒃)𝟐(𝒂 + 𝒃)(𝒂𝟐 + 𝒃𝟐) ≥ 𝟎 

Similarly 
𝒃𝟑+𝒄𝟑

𝒃𝟓+𝒄𝟓 ≤
𝟏

𝒃𝒄
, and 

𝒄𝟑+𝒂𝟑

𝒄𝟓+𝒂𝟓 ≤
𝟏

𝒄𝒂
, where 𝒂, 𝒃, 𝒄 be the lengths of the sides of the 𝚫𝑨𝑩𝑪. 

Adding up the (3) inequalities, we get: 

∑
𝒂𝟑 + 𝒃𝟑

𝒂𝟓 + 𝒃𝟓

𝒄𝒚𝒄

≤
𝟏

𝒂𝒃
+

𝟏

𝒃𝒄
+

𝟏

𝒄𝒂
 

It is well-known the inequality 𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 ≥ 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 for 𝒙, 𝒚, 𝒛 ∈ ℝ. So, 

∑
𝒂𝟑+𝒃𝟑

𝒂𝟓+𝒃𝟓𝒄𝒚𝒄 ≤
𝟏

𝒂𝟐 +
𝟏

𝒃𝟐 +
𝟏

𝒄𝟐    (*) 

Now, will prove that 
𝟏

𝒂𝟐 +
𝟏

𝒃𝟐 +
𝟏

𝒄𝟐 ≤
𝟏

𝟒𝒓𝟐. We have 

(𝒃 − 𝒄)𝟐 ≥ 𝟎 ⇔ 𝒂𝟐 − (𝒃 − 𝒄)𝟐 ≤ 𝒂𝟐 ⇔
𝟏

𝒂𝟐
≤

𝟏

𝒂𝟐 − (𝒃 − 𝒄)𝟐
=

𝟏

(𝒂 + 𝒃 − 𝒄)(𝒂 − 𝒃 + 𝒄)
 

Let 𝟐𝒔 = 𝒂 + 𝒃 + 𝒄, then 
𝟏

𝒂𝟐 ≤
𝟏

𝟒(𝒔−𝒄)(𝒔−𝒃)
. Similarly 

𝟏

𝒃𝟐 ≤
𝟏

𝟒(𝒔−𝒂)(𝒔−𝒄)
 , and 

𝟏

𝒄𝟐 ≤
𝟏

𝟒(𝒔−𝒃)(𝒔−𝒂)
. 

So 
𝟏

𝒂𝟐 +
𝟏

𝒃𝟐 +
𝟏

𝒄𝟐 ≤
𝟏

𝟒
(

𝟏

(𝒔−𝒄)(𝒔−𝒃)
+

𝟏

(𝒔−𝒂)(𝒔−𝒄)
+

𝟏

(𝒔−𝒃)(𝒔−𝒂)
) = 

=
𝟏

𝟒
⋅

𝒔 − 𝒂 + 𝒔 − 𝒃 + 𝒔 − 𝒄

(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)
=

𝟏

𝟒
⋅

𝟑𝒔 − 𝟐𝒔

(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)
=

𝟏

𝟒
⋅

𝒔𝟐

𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)
 

We know (Heron) that 𝑭 = 𝒓 ⋅ 𝒔 = √𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄) where 𝑭 is the area of 𝚫𝑨𝑩𝑪. 

So, 
𝟏

𝒂𝟐 +
𝟏

𝒃𝟐 +
𝟏

𝒄𝟐 ≤
𝒔𝟐

𝟒𝑭𝟐 =
𝒔𝟐

𝟒𝒓𝟐𝒔𝟐 =
𝟏

𝟒𝒓𝟐. Namely 
𝟏

𝒂𝟐 +
𝟏

𝒃𝟐 +
𝟏

𝒄𝟐 ≤
𝟏

𝟒𝒓𝟐. 

Using the law of Sines, we get from (*) 



 

∑
(𝟐𝑹 𝐬𝐢𝐧 𝑨)𝟑 + (𝟐𝑹 𝐬𝐢𝐧 𝑩)𝟑

(𝟐𝑹 𝐬𝐢𝐧 𝑨)𝟓 + (𝟐𝑹 𝐬𝐢𝐧 𝑩)𝟓

𝒄𝒚𝒄

≤
𝟏

𝟒𝒓𝟐
 

or  

∑
𝐬𝐢𝐧𝟑 𝑨 + 𝐬𝐢𝐧𝟑 𝑩

𝐬𝐢𝐧𝟓 𝑨 + 𝐬𝐢𝐧𝟓 𝒃
𝒄𝒚𝒄

≤ (
𝑹

𝒓
)

𝟐

 

Equality holds if and only if the triangle 𝑨𝑩𝑪 is equilateral. 

Solution 2 by Marin Chirciu-Romania 

Using sine theorem we obtain: 

𝑳𝑯𝑺 = ∑
𝐬𝐢𝐧𝟑 𝑨 + 𝐬𝐢𝐧𝟑 𝑩

𝐬𝐢𝐧𝟓 𝑨 + 𝐬𝐢𝐧𝟓 𝑩
= ∑

(
𝒂

𝟐𝑹)
𝟑

+ (
𝒃

𝟐𝑹)
𝟑

(
𝒂

𝟐𝑹)
𝟓

+ (
𝒃

𝟐𝑹)
𝟓

= 

= 𝟒𝑹𝟐 ∑
𝒂𝟑 + 𝒃𝟑

𝒂𝟓 + 𝒃𝟓
≤
(𝟏)

𝟒𝑹𝟐 ∑
𝟏

𝒂𝒃
= 𝟒𝑹𝟐 ⋅

𝟏

𝟐𝑹𝒓
=

𝟐𝑹

𝒓
≤

𝑬𝒖𝒍𝒆𝒓
(

𝑹

𝒓
)

𝟐

= 𝑹𝑯𝑺, 

where (1) ⇔
𝒂𝟑+𝒃𝟑

𝒂𝟓+𝒃𝟓 ≤
𝟏

𝒂𝒃
⇔ 𝒂𝟓 + 𝒃𝟓 ≥ 𝒂𝒃(𝒂𝟑 + 𝒃𝟑) ⇔ (𝒂 − 𝒃)(𝒂𝟒 − 𝒃𝟒) ≥ 𝟎, because 

the factors have the same sign. 

Equality holds if and only if the triangle is equilateral. 

Remark. 

The inequality can be strengthened. 

In 𝚫𝑨𝑩𝑪: 

∑
𝐬𝐢𝐧𝟑 𝑨 + 𝐬𝐢𝐧𝟑 𝑩

𝐬𝐢𝐧𝟓 𝑨 + 𝐬𝐢𝐧𝟓 𝑩
≤

𝟐𝑹

𝒓
 

Using the sine theorem we obtain: 

𝑳𝑯𝑺 = ∑
𝐬𝐢𝐧𝟑 𝑨 + 𝐬𝐢𝐧𝟑 𝑩

𝐬𝐢𝐧𝟓 𝑨 + 𝐬𝐢𝐧𝟓 𝑩
= ∑

(
𝒂

𝟐𝑹)
𝟑

+ (
𝒃

𝟐𝑹)
𝟑

(
𝒂

𝟐𝑹)
𝟓

+ (
𝒃

𝟐𝑹)
𝟓

= 𝟒𝑹𝟐 ∑
𝒂𝟑 + 𝒃𝟑

𝒂𝟓 + 𝒃𝟓
≤
(𝟏)

𝟒𝑹𝟐 ∑
𝟏

𝒂𝒃
= 

= 𝟒𝑹𝟐 ⋅
𝟏

𝟐𝑹𝒓
=

𝟐𝑹

𝒓
≤

𝑬𝒖𝒍𝒆𝒓
(

𝑹

𝒓
)

𝟐

= 𝑹𝑯𝑺, 



 

where (1) ⇔
𝒂𝟑+𝒃𝟑

𝒂𝟓+𝒃𝟓 ≤
𝟏

𝒂𝒃
⇔ 𝒂𝟓 + 𝒃𝟓 ≥ 𝒂𝒃(𝒂𝟑 + 𝒃𝟑) ⇔ (𝒂 − 𝒃)(𝒂𝟒 − 𝒃𝟒) ≥ 𝟎, because 

the factors have the same sign. 

Equality holds if and only if the triangle is equilateral. 

Remark. 

We can write the inequalities: 

In 𝚫𝑨𝑩𝑪: 

∑
𝐬𝐢𝐧𝟑 𝑨 + 𝐬𝐢𝐧𝟑 𝑩

𝐬𝐢𝐧𝟓 𝑨 + 𝐬𝐢𝐧𝟓 𝑩
≤

𝟐𝑹

𝒓
≤ (

𝑹

𝒓
)

𝟐

. 

Using the sine theorem we obtain: 

𝑳𝑯𝑺 = ∑
𝐬𝐢𝐧𝟑 𝑨 + 𝐬𝐢𝐧𝟑 𝑩

𝐬𝐢𝐧𝟓 𝑨 + 𝐬𝐢𝐧𝟓 𝑩
= ∑

(
𝒂

𝟐𝑹)
𝟑

+ (
𝒃

𝟐𝑹)
𝟑

(
𝒂

𝟐𝑹)
𝟓

+ (
𝒃

𝟐𝑹)
𝟓

= 𝟒𝑹𝟐 ∑
𝒂𝟑 + 𝒃𝟑

𝒂𝟓 + 𝒃𝟓
≤
(𝟏)

𝟒𝑹𝟐 ∑
𝟏

𝒂𝒃
= 

= 𝟒𝑹𝟐 ⋅
𝟏

𝟐𝑹𝒓
=

𝟐𝑹

𝒓
≤

𝑬𝒖𝒍𝒆𝒓
(

𝑹

𝒓
)

𝟐

= 𝑹𝑯𝑺, 

where (1) ⇔
𝒂𝟑+𝒃𝟑

𝒂𝟓+𝒃𝟓 ≤
𝟏

𝒂𝒃
⇔ 𝒂𝟓 + 𝒃𝟓 ≥ 𝒂𝒃(𝒂𝟑 + 𝒃𝟑) ⇔ (𝒂 − 𝒃)(𝒂𝟒 − 𝒃𝟒) ≥ 𝟎, because 

the factors have the same sign. 

Equality hold if and only if the triangle is equilateral. 

Remark. 

The problem can be developed and strengthened. 

If 𝒏 ∈ ℕ then in 𝚫𝑨𝑩𝑪 holds: 

∑
𝐬𝐢𝐧𝒏 𝑨 + 𝐬𝐢𝐧𝒏 𝑩

𝐬𝐢𝐧𝒏+𝟐 𝑨 + 𝐬𝐢𝐧𝒏+𝟐 𝑩
≤

𝟐𝑹

𝒓
 

Marin Chirciu  

Using the sine theorem: 

𝑳𝑯𝑺 = ∑
𝐬𝐢𝐧𝒏 𝑨 + 𝐬𝐢𝐧𝒏 𝑩

𝐬𝐢𝐧𝒏+𝟐 𝑨 + 𝐬𝐢𝐧𝒏+𝟐 𝑩
= ∑

(
𝒂

𝟐𝑹)
𝒏

+ (
𝒃

𝟐𝑹)
𝒏

(
𝒂

𝟐𝑹)
𝒏+𝟐

+ (
𝒃

𝟐𝑹)
𝒏+𝟐 = 𝟒𝑹𝟐 ∑

𝒂𝒏 + 𝒃𝒏

𝒂𝒏+𝟐 + 𝒃𝒏+𝟐
≤
(𝟏)

 

≤ 𝟒𝑹𝟐 ∑
𝟏

𝒂𝒃
= 𝟒𝑹𝟐 ⋅

𝟏

𝟐𝑹𝒓
=

𝟐𝑹

𝒓
= 𝑹𝑯𝑺, 



 
where (1) 

⇔
𝒂𝒏 + 𝒃𝒏

𝒂𝒏+𝟐 + 𝒃𝒏+𝟐
≤

𝟏

𝒂𝒃
⇔ 𝒂𝒏+𝟐 + 𝒃𝒏+𝟐 ≥ 𝒂𝒃(𝒂𝒏 + 𝒃𝒏) ⇔ (𝒂 − 𝒃)(𝒂𝒏+𝟏 − 𝒃𝒏+𝟏) ≥ 𝟎 

because the factors have the same sign. 

Equality holds if and only if the triangle is equilateral. 

Solution 3 by Tapas Das-India 

∑
𝐬𝐢𝐧𝟑 𝑨 + 𝐬𝐢𝐧𝟑 𝑩

𝐬𝐢𝐧𝟓 𝑨 + 𝐬𝐢𝐧𝟓 𝑩
≤⏞

𝑪𝑬𝑩𝒀𝑺𝑯𝑬𝑽

∑
𝐬𝐢𝐧𝟑 𝑨 + 𝐬𝐢𝐧𝟑 𝑩

𝟏
𝟐

(𝐬𝐢𝐧𝟑 𝑨 + 𝐬𝐢𝐧𝟑 𝑩)(𝐬𝐢𝐧𝟐 𝑨 + 𝐬𝐢𝐧𝟐 𝑩)
= 

 

= ∑
𝟐

𝐬𝐢𝐧𝟐 𝑨 + 𝐬𝐢𝐧𝟐 𝑩
= 𝟖𝑹𝟐  ∑

𝟏

𝒂𝟐 + 𝒃𝟐
≤

𝑨𝑴−𝑯𝑴
 𝟐𝑹𝟐 ∑ (

𝟏

𝒂𝟐
+

𝟏

𝒃𝟐
) = 

 

= 𝟒𝑹𝟐 ∑
𝟏

𝒂𝟐
≤

𝑺𝑻𝑬𝑰𝑵𝑰𝑵𝑮 𝟒𝑹𝟐

𝟒𝒓𝟐
= (

𝑹

𝒓
)

𝟐

 

 
Equality holds if and only if the triangle is equilateral. 

 


