
 
JP.550 The non-coplanar points are given: 𝑨, 𝑩,C and 𝑫. If 𝑲 is the middle of 

the segment [𝑩𝑫], (𝑲𝑴 = bisector  𝑨𝑲𝑩̂, 𝑴 ∈ (𝑨𝑩), 

(𝑲𝑷 = bisector  𝑨𝑲𝑫̂, 𝑷 ∈ (𝑨𝑫), and 𝑵 ∈ (𝑨𝑪), such that 
𝑨𝑪

𝑨𝑵
−

𝑩𝑫

𝟐𝑨𝑲
= 𝟏 then 

prove that:  𝑨𝑵 ⋅ 𝑵𝑪 + 𝑨𝑴 ⋅ 𝑴𝑩 ≥ 𝟐𝑷𝑫 ⋅ (𝑨𝑵 + 𝑨𝑴 − 𝑨𝑷) 

Proposed by Gheorghe Molea – Romania  

Solution 1 by proposer 

(𝑲𝑴 = bisector  𝑨𝑲𝑩̂ ⇒
𝑩𝑲

𝑨𝑲
=

𝑩𝑴

𝑨𝑴
 

(𝑲𝑷 = bisector 𝑨𝑲𝑫 ⇒
𝑲𝑫

𝑲𝑨
=

𝑷𝑫

𝑷𝑨
 

But [𝑩𝑲] ≡ [𝑲𝑫] 

⇒
𝑩𝑴

𝑨𝑴
=

𝑷𝑫

𝑷𝑨
⇒

𝑹𝑻𝑻
𝑴𝑷 ∥ 𝑩𝑫 

 

𝑨𝑪

𝑨𝑵
−

𝑩𝑫

𝟐𝑨𝑲
= 𝟏 ⇔

𝑨𝑪

𝑨𝑵
−

𝑲𝑫

𝑨𝑲
= 𝟏 ⇔ 

𝑨𝑪

𝑨𝑵
= 𝟏 +

𝑲𝑫

𝑨𝑲
⇔

𝑨𝑪

𝑨𝑵
= 𝟏 +

𝑷𝑫

𝑷𝑨
⇔

𝑨𝑪

𝑨𝑵
=

𝑨𝑫

𝑷𝑨
⇒

𝑹𝑻𝑻
 𝑷𝑵 ∥ 𝑪𝑫 

From 𝑴𝑷 ∥ 𝑩𝑫 ⇒
𝑨𝑷

𝑷𝑫
=

𝑨𝑴

𝑴𝑩
⇔ 𝑨𝑷 ⋅ 𝑴𝑩 = 𝑨𝑴 ⋅ 𝑷𝑫 



 

Using means inequality 𝒎𝒂 ≥ 𝒎𝒈 ⇒
𝑨𝑷

𝑨𝑴
+

𝑴𝑩

𝑷𝑫
≥ 𝟐√

𝑨𝑷⋅𝑴𝑩

𝑨𝑴⋅𝑷𝑫
= 𝟐 ⇒ 

𝑨𝑷

𝑨𝑴
+

𝑴𝑩

𝑷𝑫
≥ 𝟐 ⇒ 𝑨𝑷 ⋅ 𝑷𝑫 + 𝑨𝑴 ⋅ 𝑴𝑩 ≥ 𝟐𝑨𝑴 ⋅ 𝑷𝑫   (*) 

From 𝑷𝑵 ∥ 𝑫𝑪 ⇒
𝑨𝑷

𝑷𝑫
=

𝑨𝑵

𝑵𝑪
⇔ 𝑨𝑷 ⋅ 𝑵𝑪 = 𝑷𝑫 ⋅ 𝑨𝑵 

From means inequality 𝒎𝒂 ≥ 𝒎𝒈 it follows: 
𝑨𝑷

𝑨𝑵
+

𝑵𝑪

𝑷𝑫
≥ 𝟐√

𝑨𝑷⋅𝑵𝑪

𝑨𝑵⋅𝑷𝑫
= 𝟐 ⇒ 

𝑨𝑷

𝑨𝑵
+

𝑵𝑪

𝑷𝑫
≥ 𝟐 ⇒ 𝑨𝑷 ⋅ 𝑷𝑫 + 𝑨𝑵 ⋅ 𝑵𝑪 ≥ 𝟐𝑨𝑵 ⋅ 𝑷𝑫  (**) 

Adding (*) and (**) we obtain: 

𝟐𝑨𝑷 ⋅ 𝑷𝑫 + 𝑨𝑵 ⋅ 𝑵𝑪 + 𝑨𝑴 ⋅ 𝑴𝑩 ≥ 𝟐𝑷𝑫(𝑨𝑵 + 𝑨𝑴) 

⇔ 𝑨𝑵 ⋅ 𝑵𝑪 + 𝑨𝑴 ⋅ 𝑴𝑩 ≥ 𝟐𝑷𝑫(𝑨𝑵 + 𝑨𝑴 + 𝑨𝑷) 

We have equality ⇔ [𝑨𝑩] ≡ [𝑨𝑪] ≡ [𝑨𝑫] 

Solution 2 by Marin Chirciu-Romania 

Because 𝑲 is the middle of [𝑩𝑫] ⇒
𝑩𝑫

𝟐
= 𝑲𝑩 = 𝑲𝑫 ⇒

𝑨𝑪

𝑨𝑵
−

𝑲𝑩

𝑨𝑲
= 𝟏 and 

𝑨𝑪

𝑨𝑵
−

𝑲𝑫

𝑨𝑲
= 𝟏. 

Using bisector’s theorem in 𝚫𝑨𝑲𝑩 and 𝚫𝑨𝑲𝑫 ⇒
𝑨𝑴

𝑴𝑩
=

𝑨𝑲

𝑲𝑩
 and 

𝑨𝑷

𝑷𝑫
=

𝑨𝑲

𝑲𝑫
. 

From 
𝑨𝑪

𝑨𝑵
−

𝑲𝑩

𝑨𝑲
= 𝟏 ⇔

𝑨𝑵+𝑵𝑪

𝑨𝑵
−

𝑲𝑩

𝑨𝑲
= 𝟏 ⇔ 𝟏 +

𝑵𝑪

𝑨𝑵
−

𝑲𝑩

𝑨𝑲
= 𝟏 ⇔

𝑵𝑪

𝑨𝑵
=

𝑲𝑩

𝑨𝑲
⇒ 

⇒
𝑵𝑪

𝑨𝑵
=

𝑲𝑩

𝑨𝑲
⇒

𝑻−𝒃𝒊𝒔 𝑴𝑩

𝑨𝑴
⇒

𝑵𝑪

𝑨𝑵
=

𝑴𝑩

𝑨𝑴
⇒

𝑹−𝑻𝒉𝒂𝒍𝒆𝒔
𝑴𝑵 ∥ 𝑩𝑪   (1) 

Analogous: 

From 
𝑨𝑪

𝑨𝑵
−

𝑲𝑫

𝑨𝑲
= 𝟏 ⇔

𝑨𝑵+𝑵𝑪

𝑨𝑵
−

𝑲𝑫

𝑨𝑲
= 𝟏 ⇔ 𝟏 +

𝑵𝑪

𝑨𝑵
−

𝑲𝑫

𝑨𝑲
= 𝟏 ⇔

𝑵𝑪

𝑨𝑵
=

𝑲𝑫

𝑨𝑲
⇒ 

⇒
𝑵𝑪

𝑨𝑵
=

𝑲𝑫

𝑨𝑲
⇒

𝑻−𝒃𝒊𝒔 𝑷𝑫

𝑨𝑷
⇒

𝑵𝑪

𝑨𝑵
=

𝑷𝑫

𝑨𝑷
⇒

𝑹−𝑻𝒉𝒂𝒍𝒆𝒔
𝑷𝑵 ∥ 𝑫𝑪  (2). 

From 
𝑵𝑪

𝑨𝑵
=

𝑴𝑩

𝑨𝑴
 and 

𝑵𝑪

𝑨𝑵
=

𝑷𝑫

𝑨𝑷
⇒

𝑴𝑩

𝑨𝑴
=

𝑷𝑫

𝑨𝑷
⇒

𝑹−𝑻𝒉𝒂𝒍𝒔
𝑷𝑴 ∥ 𝑩𝑫   (3). 

From (1), (2) and (3) ⇒ 𝚫𝑴𝑵𝑷 ≃ 𝚫𝑩𝑪𝑫. 

Let’s get to the main problem. 

Dividing both members by 𝑨𝑴 ⋅ 𝑴𝑩 we obtain: 

𝑨𝑵 ⋅ 𝑵𝑪 + 𝑨𝑴 ⋅ 𝑴𝑩

𝑨𝑴 ⋅ 𝑴𝑩
≥

𝟐𝑷𝑫 ⋅ (𝑨𝑵 + 𝑨𝑴 − 𝑨𝑷)

𝑨𝑴 ⋅ 𝑴𝑩
⇔ 



 
𝑨𝑵

𝑨𝑴
⋅

𝑵𝑪

𝑴𝑩
+ 𝟏 ≥

𝟐𝑷𝑫

𝑴𝑩
(

𝑨𝑵

𝑨𝑴
+ 𝟏 −

𝑨𝑷

𝑨𝑴
) 

Using 𝚫𝑴𝑵𝑷 ≃ 𝑩𝑪𝑫 ⇒
𝑨𝑵

𝑨𝑴
=

𝑨𝑪

𝑨𝑩
,

𝑵𝑪

𝑴𝑩
=

𝑨𝑪

𝑨𝑩
,

𝑷𝑫

𝑴𝑩
=

𝑨𝑫

𝑨𝑩
 and 

𝑨𝑷

𝑨𝑴
=

𝑨𝑫

𝑨𝑩
 

The above equalities substituted into the required inequality lead to: 

𝑨𝑪

𝑨𝑩
⋅

𝑨𝑪

𝑨𝑩
+ 𝟏 ≥

𝟐𝑨𝑫

𝑨𝑩
(

𝑨𝑪

𝑨𝑩
+ 𝟏 −

𝑨𝑫

𝑨𝑩
) ⇔ 𝑨𝑩𝟐 + 𝑨𝑪𝟐 ≥ 𝟐𝑨𝑫(𝑨𝑩 + 𝑨𝑪 − 𝑨𝑫) ⇔ 

⇔ 𝑨𝑩𝟐 + 𝑨𝑪𝟐 + 𝟐𝑨𝑫𝟐 ≥ 𝟐𝑨𝑫(𝑨𝑩 + 𝑨𝑪) ⇔ 

⇔ (𝑨𝑩𝟐 + 𝑨𝑫𝟐) + (𝑨𝑪𝟐 + 𝑨𝑫𝟐) ≥ 𝟐𝑨𝑫(𝑨𝑩 + 𝑨𝑪) ⇔ (𝑨𝑩 − 𝑨𝑫)𝟐 + (𝑨𝑪 − 𝑨𝑫)𝟐 ≥ 𝟎, 

with equality for 𝑨𝑩 = 𝑨𝑪 = 𝑨𝑫. 


