ROMANIAN MATHEMATICAL MAGAZINE

JP.553 Prove that for any a, b, c € R, we have the inequality:
a’+a . b3+b . A +c -y
at+a?2+1 b*+b%2+1 c*+c2+1"

Proposed by Laura Molea and Gheorghe Molea — Romania

Solution 1 by proposers

fa=b=c=0=>0+0+0<2 (True)

x+x

We suppose a, b, ¢ # 0 and we will prove that e

S%,(V)xER
We obtain: 2x* +2x2+2-3x3-3x >0
2xt+ a3 +2x2 —4x3 - 2x2—4x+2x*+x+2=20
x?2x*+x+2)-2x2x*+x+2)+2x2+x+2) >0
o 2x2+x+2)x-1)?>0e

1
@(x—l)z(x2+ix+1)20=>

(:)(x—l)z( +1x+i+15) >0
2 16 16

2
o (x—1)>%- [(x + %) + E > 0, true, (V)x € R with equality if x = 1.

a+a b3+b 3+c
a*+a?+1  b*+b%2+1  ct+c?+1

We have

S%-B=2,withequality=>a=b=c=1.

Solution 2 by Marin Chirciu-Romania

LHS = @’ ta ¢ 2 = RHS,
Za4+a2+1 _23_ N

a+a

where (1) = a2l

<lo2a*-3a®+2a*-3a+2206
& (a—1)%2(2a? + a + 2) > 0 with equality for a = 1.
Equality holds if and onlyifa = b = ¢ = 1.
Remark: The inequality can be developed.

Ifa,b,c € Rand —2 < 1 < 2 then

Z a+a 6
a4+Aa2+1 A+2

Marin Chirciu
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Solution:

LHS = @ +a (1) 6 RHS
Za4+la2+1 ZA+2_,1+2_ ’

al+a 2 _ 3 _
a4+la2+1<l+2<=2a (A+2)a®+24a’-(1+2)a+2>0s

Where (1) ©
e (a—1)%2a? + (2 — AVa + 2) = 0, with equality fora = 1,see —2 < 1 < 2.
Equality holds if and onlyifa = b = ¢ = 1.

Note: For A = 1 we obtain Problem JP.553 from RMM Nr.37 — Summer 2025



