
 
JP.555. In 𝚫𝑨𝑩𝑪 we know: 𝒎(�̂�) = 𝟗𝟎∘, 𝑨𝑫 ⊥ 𝑩𝑪, 𝑫 ∈ (𝑩𝑪), 𝑫𝑬 ⊥ 𝑨𝑩,  

𝑬 ∈ (𝑨𝑩), 𝑫𝑭 ⊥ 𝑨𝑪, 𝑭 ∈ (𝑨𝑪), 𝑩𝑬 = 𝒂, 𝑪𝑭 = 𝒃, 𝑩𝑪 = 𝒄, 𝒂, 𝒃, 𝒄 > 0 

Prove that 𝒄 ≤ 𝟐√𝒂𝟐 + 𝒃𝟐. 

Proposed by Gheorghe Molea – Romania  

Solution 1 by proposer 

We denote: 𝑨𝑫 = 𝒉, 𝑨𝑬 = 𝒚, 𝑨𝑭 = 𝒙, 𝑩𝑫 = 𝒛, 𝑪𝑫 = 𝒕. 

We have:  

𝒉𝟐 = 𝒙𝟐 + 𝒚𝟐 

𝒙𝟐 = 𝒛𝟐 − 𝒂𝟐 

𝒚𝟐 = 𝒕𝟐 − 𝒃𝟐 

𝒄 = 𝒛 + 𝒕 

⇒ 𝒉𝟐 = 𝒙𝟐 + 𝒚𝟐 = 𝒛𝟐 − 𝒂𝟐 + 𝒕𝟐 − 𝒃𝟐 = 𝒛𝟐 + 𝒕𝟐 − (𝒂𝟐 + 𝒃𝟐)    (*) 

 

But 𝒄𝟐 = (𝒛 + 𝒕)𝟐 = 𝒛𝟐 + 𝒕𝟐 + 𝟐𝒛𝒕 ⇒ 𝒄𝟐 = 𝒛𝟐 + 𝒕𝟐 + 𝟐𝒉𝟐 ⇒ 𝒛𝟐 + 𝒕𝟐 = 𝒄𝟐 − 𝟐𝒉𝟐 

The relationship (*) becomes: 

𝒉𝟐 = 𝒄𝟐 − 𝟐𝒉𝟐 − (𝒂𝟐 + 𝒃𝟐) ⇒ 𝒉𝟐 =
𝒄𝟐 − (𝒂𝟐 + 𝒃𝟐)

𝟑
 

But 𝒉 ≤ the median for 𝑨 ⇒ 𝒉𝟐 ≤ (the median from 𝑨)𝟐 ⇒
𝒄𝟐−(𝒂𝟐+𝒃𝟐)

𝟑
≤ (

𝒄

𝟐
)

𝟐

 

⇒ 𝟒𝒄𝟐 − 𝟒(𝒂𝟐 + 𝒃𝟐) ≤ 𝟑𝒄𝟐 ⇒ 𝒄𝟐 ≤ 𝟒(𝒂𝟐 + 𝒃𝟐) 



 

⇒ 𝒄 ≤ 𝟐√𝒂𝟐 + 𝒃𝟐 

We have equality ⇔ 𝒂 = 𝒃 ⇔ 𝚫𝑨𝑩𝑪 is an right isoscel triangle. 

Solution 2 by Marin Chirciu-Romania 

We denote 𝑨𝑭 = 𝒙, 𝑨𝑬 = 𝒚 ⇒ 𝑫𝑬 = 𝒙, 𝑫𝑭 = 𝒚. 

Using the height theorem in right triangles 𝑨𝑩𝑫 and 𝑨𝑫𝑪 we obtain: 

𝒙𝟐 = 𝒂𝒚, 𝒚𝟐 = 𝒃𝒙 ⇒ 𝒙𝟐 + 𝒚𝟐 = 𝒂𝒚 + 𝒃𝒙 

Using Pythagoras’s theorem in 𝚫𝑨𝑩𝑪 ⇒ 𝒄𝟐(𝒂 + 𝒚)𝟐 + (𝒃 + 𝒙)𝟐. 

The inequality we must prove 𝒄 ≤ 𝟐√𝒂𝟐 + 𝒃𝟐 ⇔ 𝒄𝟐 ≤ 𝟒(𝒂𝟐 + 𝒃𝟐) ⇔ 

⇔ (𝒂 + 𝒚)𝟐 + (𝒃 + 𝒙)𝟐 ≤ 𝟒(𝒂𝟐 + 𝒃𝟐) ⇔ 𝒂𝟐 + 𝒚𝟐 + 𝟐𝒂𝒚 + 𝒃𝟐 + 𝒙𝟐 + 𝟐𝒃𝒙 ≤ 𝟒(𝒂𝟐 + 𝒃𝟐) 

⇔ (𝒙𝟐 + 𝒚𝟐) + 𝟐𝒂𝒚 + 𝟐𝒃𝒙 ≤ 𝟑(𝒂𝟐 + 𝒃𝟐) ⇔
𝒙𝟐+𝒚𝟐=𝒂𝒚+𝒃𝒙

 

⇔ (𝒂𝒚 + 𝒃𝒙) + 𝟐𝒂𝒚 + 𝟐𝒃𝒙 ≤ 𝟑(𝒂𝟐 + 𝒃𝟐) ⇔ 

⇔ 𝟑(𝒂𝒚 + 𝒃𝒙) ≤ 𝟑(𝒂𝟐 + 𝒃𝟐) ⇔ (𝒂𝒚 + 𝒃𝒙) ≤ (𝒂𝟐 + 𝒃𝟐) ⇔
𝒙𝟐+𝒚𝟐=𝒂𝒚+𝒃𝒙

 

⇔ (𝒂𝒚 + 𝒃𝒙)𝟐 ≤ (𝒂𝟐 + 𝒃𝟐)(𝒚𝟐 + 𝒙𝟐) 

see CBS inequality, with equality for 𝒂𝒙 = 𝒃𝒚. 


